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Abstract. We apply recently obtained results on the hyperbolic-
ity of semigroups to delay equations. The main tool is the theory
of operator valued Fourier multipliers.

Dedicated to Rainer Nagel on the occasion of his 60th birthday

1. Introduction

Partial differential equations with delay have been studied for many
years and by many different methods. In an abstract way and using
the standard notation (see [20]), they can be written as

(DE)


u′(t) = Bu(t) + Φut, t ≥ 0,

u(0) = x,

u0 = f,

in a Banach space X, where (B,D(B)) is a (unbounded) linear operator
on X, ut(·) = u(t+ ·) on [−1, 0], and the delay operator Φ is supposed
to belong to, e.g., L(W 1,p([−1, 0], X), X) for some 1 ≤ p <∞.

J. Hale [7] and G. Webb [19] were among the first to apply semi-
group theory to delay equations, and we refer to [20] for more recent
references on partial differential equations with delay. There are deep
results on stability and hyperbolicity using compactness properties of
the semigroup by J. Milota [14] (see also in [20]), or the positivity [16].

As a first step one has to choose an appropriate state space. One of
the possibilities is to work in the space of continuous X-valued func-
tions. In this case, the relationship between solutions of (DE) and a
corresponding semigroup has been studied intensively (see for example
[8], [20] or [6, Section VI.6]) and is well understood. On the other hand,
the state space E := X ×Lp([−1, 0], X) turns out to be a better choice
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with regards to certain applications (e.g., to control theory, see [17], to
numerical methods, see [15]) and will be used in this paper.

The aim of this work is to give robust hyperbolicity and stability
results for linear partial differential equations with delay, especially for
the cases where no spectral mapping theorems are available and we
cannot use the powerful technics of characteristic equations. Our ap-
proach is based on a recently obtained characterization of hyperbolicity
resp. stability in terms of the resolvent being a Fourier multiplier (see
[12] resp. [10]).

In the next section we collect some results on the semigroup approach
for delay equations in the Lp history space, mainly from [2, 3]. A similar
method have been used by H. Petzeltová [18] with different spaces; they
allow less space regularity of the delay operator, but require analyticity
of the semigroup generated by B, and also more time regularity in the
delay term. Our approach is especially useful in the Hilbert space case
and allows stability results in the case where the semigroup generated
by (B,D(B)) is not compact, see [4] for applications.

In Section 3 we collect the results on the hyperbolicity and uniform
exponential stability of semigroups which we will apply to the delay
semigroup in Section 4.

The main problem is that in applications we have quite often a good
characterization of the generator but no explicit knowledge on the semi-
group itself, i.e., the solutions of the differential equation. Thus, it
would be useful if we could find conditions on the generator or its re-
solvent implying the hyperbolicity or uniform exponential stability of
the semigroup. In Hilbert spaces the celebrated theorem of Gearhart
allows us to make the connection. Recently, a generalization of this
stability theorem has been formulated in Banach spaces using the no-
tion of Fourier multipliers [5, 10], and hyperbolicity of a semigroup has
been also characterized in this way [12, 11].

The contributions of this paper are formulated and proved in Section
4. We present robust hyperbolicity results of the following kind: assume
that (B,D(B)) generates a hyperbolic semigroup and that the delay
operator Φ is ”small” in some sense, then the delay semigroup remains
hyperbolic. As a special case we consider uniform exponential stability.

We make a small remark about another approach to the problem
(DE). Formally, taking the Laplace transform of the solution u (re-
spectively Fourier transform when considered on R extended by zero
to the negative axis) we get

û(λ) = (λ−B − Φλ)
−1

(
x+ Φ

(
eλ.
∫ 0

.

e−λsf(s)ds

))
,
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where Φλx := Φ(eλ.x). Arranging the terms at λ = α + i%, after a
straightforward computation, using the Neumann series representation
of the resolvent, we obtain

û(α + i%)

= (α + i%−B)−1

∞∑
n=0

(
Φα+i%(α + i%−B)−1

)n
∗
[
x+ Fz(Φ(f(z + .)χ(.,0)(z + .)e−αz)(%)

]
,

where χI is the characteristic function of the interval I. Applying the
inverse Fourier transform with respect to % we get for t > 0

u(t) = etα
[
e(−α+B)sH(s) ?s F−1

% (
∑

)(s)
]

(t)x

+ etα
[
e(−α+B)sH(s) ?s F−1

% (
∑

)(s) ?s Φ(f(s+ .)χ(.,0)(s+ .)e−αs)
]

(t),

If one could show that the middle term

F−1
%

(
∞∑
n=0

(
Φα+i%(α + i%−B)−1

)n) ∈ L1(R,Ls(X)),

then for the solution one would get that e−α.u(.) is in Lp resp. C0, as
a convolution with an L1-function. Here, we denoted by Ls(X) the set
of continuous linear operators on X endowed with the strong operator
topology. A weaker condition is that the expression in the brackets is a
Fourier multiplier. Such estimates can yield stability results. To make
the computations correct, and to be able to cover also hyperbolicity
results, we have chosen the semigroup approach on a product space to
the problem (DE).

2. The semigroup approach to delay equations

Let us summarize here some results from [2, 3] on the semigroup
approach to linear partial differential equations with delay.

Consider the equation

(DE)


u′(t) = Bu(t) + Φut, t ≥ 0,

u(0) = x,

u0 = f,

where

• x ∈ X, X is a Banach space,
• B : D(B) ⊆ X −→ X is a linear, closed, and densely defined

operator,
• f ∈ Lp([−1, 0], X), p ≥ 1,
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• Φ : W 1,p([−1, 0], X) −→ X is a linear, bounded operator,
• u : [−1,∞) −→ X and ut : [−1, 0] −→ X is defined by ut(σ) :=
u(t+ σ).

Definition 2.1. We say that a function u : [−1,∞) −→ X is a (clas-
sical) solution of (DE) if

(i) u ∈ C([−1,∞), X) ∩ C1([0,∞), X),
(ii) u(t) ∈ D(B) and ut ∈ W 1,p([−1, 0], X) for all t ≥ 0, and

(iii) u satisfies (DE) for all t ≥ 0.

To be able to solve (DE) by semigroup methods, we introduce the
Banach space

E := X × Lp([−1, 0], X)

and the operator

(1) A :=

(
B Φ
0 d

dσ

)
with domain

(2) D(A) :=
{(

x
f

)
∈ D(B)×W 1,p([−1, 0], X) : f(0) = x

}
.

Consider now the abstract Cauchy problem

(ACP)

{
v′(t) = A v(t), t ≥ 0,

v(0) = v0

associated to the operator matrix (A, D(A)) on the Banach space E
with initial value v0 :=

(
x
f

)
. There is a natural correspondence between

the solutions of the two problems (see [3, Proposition 2.3 and 2.4]).

Lemma 2.2. (i) If u is a solution of (DE), then t 7→
(
u(t)
ut

)
is a

solution of the equation (ACP).

(ii) If t 7→
( u(t)
v(t)

)
is a solution of (ACP), then v(t) = ut for all t ≥ 0

and u is a solution of (DE).

We can then give the following definition for well-posedness.

Definition 2.3. We say that (DE) is well-posed if

(i) for every
(
x
f

)
∈ D(A) there is a unique solution u(x, f, ·), and

(ii) the solutions depend continuously on the initial values, i.e., if a se-
quence

( xn
fn

)
in D(A) converges to

(
x
f

)
∈ D(A), then u(xn, fn, t)

converges to u(x, f, t) uniformly for t in compact intervals.

There is also a correspondence between the well-posedness of equa-
tion (DE) and of the abstract Cauchy problem (ACP), see also [3,
Theorem 2.8].
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Proposition 2.4. Let (A, D(A)) be the operator matrix defined by (1)
and (2). Then the following assertions are equivalent.

(i) Equation (DE) is well-posed.
(ii) (A, D(A)) is the generator of a strongly continuous semigroup on
E.

As an easy consequence of Lemma 2.2 and Proposition 2.4, we have
that if (A, D(A)) generates a strongly continuous semigroup (T (t))t≥0

, then the solutions of equation (DE) are given by the first component
of the function t 7→ T (t)

(
x
f

)
for
(
x
f

)
∈ D(A).

By means of the perturbation theorem of Miyadera-Voigt (see [6,
Corollary III.3.16]) one can formulate the following sufficient condition
on the well-posedness, see [3, Theorem 3.2 ]. Here (B,D(B)) is assumed
to be the generator of a strongly continuous semigroup (S(t))t≥0 on X,
(T0(t))t≥0 is the nilpotent left shift semigroup on Lp([−1, 0], X) and
St : X → Lp([−1, 0], X) is defined by

(St x)(τ) :=

{
S(t+ τ)x, −t < τ ≤ 0,

0, −1 ≤ τ ≤ −t.

Theorem 2.5. Let (B,D(B)) be the generator of a strongly continuous
semigroup on X and assume that there exist t0 > 0 and 0 ≤ q < 1 such
that

(M)

∫ t0

0

‖Φ(Sr x+ T0(r)f)‖ dr ≤ q
∥∥( x

f

)∥∥
for all

(
x
f

)
∈ D(A). Then the operator (A, D(A)) is the generator of

a strongly continuous semigroup on E. Thus, (DE) is well-posed.

One can formulate the following special case of the above result, see
[3, Theorem 3.3, Examples 3.4], [13].

Corollary 2.6. Assume that (B,D(B)) generates a strongly contin-
uous semigroup (S(t))t≥0 on X, ∞ > p ≥ 1, and that there ex-
ists a function η : [−1, 0] → L(X) of bounded variation such that
Φ : C([−1, 0], X)→ X is given by the Riemann-Stieltjes integral

(3) Φ(f) :=

∫ 0

−1

dηf.

Then (A, D(A)) is a generator on E.

Important special cases are operators Φ defined by

Φ(f) :=
n∑
k=0

Bkf(hk), f ∈ W 1,p([−1, 0], X),
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where Bk ∈ L(X) and hk ∈ [−1, 0] for k = 0, . . . , n.
We now characterize the resolvent set and the resolvent operator

of A (see [3, Lemma 4.1]). Here ελ(t) := eλt and Φλ ∈ L(X) is
defined by Φλx := Φ(ελ ⊗ Id)x = Φ(eλ·x) for x ∈ X. The opera-
tor (A0, D(A0)) is the generator of the nilpotent left shift semigroup
(T0(t))t≥0 in Lp([−1, 0], X).

Lemma 2.7. Let X be a Banach space, (B,D(B)) be linear, closed
and densely defined, and Φ : W 1,p([−1, 0], X) −→ X be linear and
bounded. Let (A, D(A)) be the operator matrix defined in (1) and (2).
Then λ ∈ ρ(A) if and only if λ ∈ ρ(B + Φλ). Moreover, for λ ∈ ρ(A)
the resolvent R(λ,A) is given by

(4)

(
R(λ,B + Φλ) R(λ,B + Φλ)ΦR(λ,A0)

ελ ⊗R(λ,B + Φλ) [ελ ⊗R(λ,B + Φλ)Φ + Id]R(λ,A0)

)
.

3. Fourier multiplier theorems and stability

It was shown recently by Clark, Latushkin, Montgomery-Smith, Ran-
dolph [5] and Hieber [10] that Fourier multipliers also play an important
role in the stability theory of semigroups. Hyperbolicity is character-
ized in [12, 11]. For the theory of operator valued Fourier multipliers
and their applications in semigroup theory see also [1, 9].

Definition 3.1. We say that the function m ∈ L∞(R,L(X, Y )) is an
Lp Fourier multiplier from Lp(R, X) to Lp(R, Y ) if

f 7→ F−1(mFf) = F−1m ∗ f,
f ∈ S(R, X) extends to an element of L(Lp(R, X), Lp(R, Y )). The set
of Lp Fourier multipliers from Lp(R, X) into itself will be denoted by

ML(X)
p and normed with

‖m‖ML(X)
p

:= ‖F−1mF‖L(Lp(R,X)).

The following results play an important role in our investigations.

Theorem 3.2. [12] Let (G,D(G)) be the generator of a strongly contin-
uous semigroup (T (t))t≥0 in the Banach space X. Then the semigroup
is hyperbolic if and only if

R(i·, G) ∈ML(X)
p .

Theorem 3.3. [10] Assume that (G,D(G)) is the generator of a strongly
continuous semigroup (T (t))t≥0 . Then

ω0(G) = inf

{
µ > s(G) : sup

α≥µ
‖R(α + i·, G)‖ML(X)

p
<∞

}
.
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Here ω0(G) is the growth bound and s(G) is the spectral bound of
the generator G, see [6] for the notations. We make the remark that
the infimum in the previous theorem in never attained.

4. Hyperbolicity and stability of delay equations

Definition 4.1. We call the delay operator Φ ∈ L(W 1,p([−1, 0], X), X)
Fourier-admissible if

(a) the operator (A, D(A)) is a generator for each generator (B,D(B))
and

(b) the function ΦR(α + i·, A0) is an Lp Fourier multiplier from
Lp(R, Lp([−1, 0], X)) to Lp(R, X) for all α ∈ R.

Proposition 4.2. Assume that Φ is given by (3) as in Corollary 2.6.
Then Φ is Fourier-admissible.

Proof. Condition (a) of Definition 4.1 is satisfied by Corollary 2.6. So
we only have to prove that condition (b) is satisfied. Let us fix an arbi-
trary α ∈ R. Denote byM the operator acting from Lp(R, Lp([−1, 0], X)) =:
Z into Lp(R, X) by the rule

(Mf)(t) :=

∫
R

ΦR(α + is, A0)f̂(s)eitsds.

We need to prove that for all f from a dense subspace D ⊂ Z and
for some constant cα,η > 0, the following inequality holds:

(5)

∫
R
‖(Mf)(t)‖pX dt ≤ cα,η‖f‖pZ .

We takeD to be the space of all Schwartz functions from R to Lp([−1, 0], X)
whose Fourier transform has compact support. This will be enough to
justify the use of the theorem of Fubini in our further computations.
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Before we prove (5), let us simplify the expression for (Mf)(t) using
(3) and the definition of A0.

(Mf)(t) =

∫
R

∫ 0

−1

[R(α + is, A0)f̂(s)](τ)dη(τ)eistds

=

∫
R

∫ 0

−1

∫ 0

τ

e(α+is)(τ−r)f̂(s)(r)drdη(τ)eistds

=

∫ 0

−1

∫ 0

τ

∫
R
e(α+is)(τ−r)+istf̂(s)(r)dsdrdη(τ)

=

∫ 0

−1

∫ 0

τ

eα(τ−r)
∫

R
eis(τ−r+t)f̂(s)(r)dsdrdη(τ)

=

∫ 0

−1

∫ 0

τ

eα(τ−r)f(τ − r + t)(r)drdη(τ).

Now observe that eα(τ−r) is bounded by some constant C for all τ and
r from the domain of integration. Therefore, using this and the Hölder
inequality, we obtain the following estimates:∫

R
‖(Mf)(t)‖pX dt ≤

∫
R

∫ 0

−1

∫ 0

τ

‖f(τ − r + t)(r)‖pXdrd|η|(τ)dt

= C

∫ 0

−1

∫ 0

τ

∫
R
‖f(τ − r + t)(r)‖pXdtdrd|η|(τ)

= C

∫ 0

−1

∫ 0

τ

∫
R
‖f(t)(r)‖pXdtdrd|η|(τ)

≤ C

∫ 0

−1

∫ 0

−1

∫
R
‖f(t)(r)‖pXdtdrd|η|(τ)

= C|η|([−1, 0])

∫
R

∫ 0

−1

‖f(t)(r)‖pXdrdt = Cα,η‖f‖pZ ,

which is the desired result. Here |η| is the positive valued Borel measure
defined from η by its total variation. �

Theorem 4.3. Assume that Φ is admissible, (B,D(B)) generates a
hyperbolic semigroup and let

(6) an := ‖(Φi·R(i·, B))n‖ML(X)
p

<∞.

If

(7) a :=
∞∑
n=0

an <∞,

then (A, D(A)) generates a hyperbolic semigroup.
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Proof. By Theorem 3.2, we have to show that the resolvent operator
given by (4) is a Fourier multiplier on the line {λ ∈ iR}. Since Φ
is admissible, this follows if the function R(i·, B + Φi·) is bounded as
a Fourier multiplier on the line iR. We make here the remark that
if m is a Fourier-multiplier, then εα+i· ⊗ m(·) is a Fourier multiplier
between the Banach spaces Lp(R, Lp([−1, 0]), X)) and Lp(R, X), and
that R(i., A0) is an Lp Fourier multiplier from Lp(R, Lp([−1, 0]), X))
into itself.

Defining

M := ‖R(i·, B)‖ML(X)
p

,

which is finite by Theorem 3.2, we obtain that

R(iω,B)
∞∑
n=0

(ΦiωR(iω,B))n ∈ L(X)

for all ω ∈ R and that∥∥∥∥∥R(i·, B)
∞∑
n=0

(Φi·R(i·, B))n

∥∥∥∥∥
ML(X)

p

≤M
∞∑
n=0

‖ (Φi·R(i·, B))n ‖ML(X)
p

≤M
∞∑
n=0

an = Ma.

Easy calculations show that this operator defines an inverse for (iω −
B − Φiω). �

Theorem 4.4. Assume that Φ is admissible, ω0(B) < 0 and let α ∈
(ω0(B), 0] such that

(8) aα,n := sup
β≥α
‖(Φβ+i·R(β + i·, B))n‖ML(X)

p
<∞.

If

(9) aα :=
∞∑
n=0

aα,n <∞,

then ω0(A) < α ≤ 0.

Proof. By our assumptions and using Theorem 4.3, we have that (A−β)
generates a hyperbolic semigroup for all β ≥ α. Thus, ω0(A) < α ≤
0. �

We now formulate an immediate consequence of the theorem.
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Corollary 4.5. Assume that Φ is admissible, ω0(B) < 0 and let α ∈
(ω0(B), 0]. If

(10) sup
β≥α
‖Φβ+i·R(β + i·, B)‖ML(X)

p
< 1,

then ω0(A) < α ≤ 0.

Corollary 4.6. Consider the case Φ = Cδ−τ , where C ∈ L(X) and
τ ∈ [0, 1]. Assume that (B,D(B)) generates an exponentially stable
semigroup (S(t))t≥0 , let α ∈ (ω0(B), 0] and take ω ∈ [ω0(B), α) and
M ≥ 1 such that ‖S(t)‖ ≤Meωt. If

Me−ατ

α− ω
‖C‖ < 1,

then ω0(A) < α ≤ 0.

Proof. It follows from the elementary properties of the Fourier trans-
form and from the connection of the semigroup and its resolvent that
for t ∈ R, β ≥ α and for x ∈ X

F−1(Φβ+i·R(β + i·, B)x)(t) = Ce−βτF−1(e−iτ ·R(i·, B − β)x)(t)

(11)

= Ce−βτ S̃β(t+ τ)x =

{
Ce−βτe−β(τ+t)S(τ + t)x, if t+ τ > 0,

0, if t+ τ < 0.

Here we have used the notations of [10] and denoted with Sβ(t) :=
e−βtS(t) the rescaled, exponentially stable semigroup and with

S̃β(t) :=

{
Sβ(t), if t ≥ 0,

0, if t < 0.

It follows that S̃β ∈ L1(R,Ls(X)). Taking ω ∈ [ω0(B), α), M := Mω ≥
1 such that ‖S(t)‖ ≤ Meωt, we obtain from (11) using the Hausdorff-
Young inequality

‖Φβ+i·R(β + i·, B)‖ML(X)
p
≤
∥∥F−1(Φβ+i·R(β + i·, B))

∥∥
L1 =

∫ ∞
0

∥∥Ce−β(s+τ)S(s)
∥∥ ds

≤ ‖C‖
∫ ∞

0

e−β(s+τ)eωsds = M‖C‖e−βτ
∫ ∞

0

e(ω−β)sds

=
Me−βτ

β − ω
‖C‖ ≤ Me−ατ

α− ω
‖C‖.

We can finish the proof using Corollary 4.5. �
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Corollary 4.7. Consider the case Φ = Cδ−τ , where C ∈ L(X) com-
muting with (B,D(B)) and τ ∈ [0, 1]. Assume that (B,D(B)) gen-
erates an exponentially stable semigroup, let α ∈ (ω0(B), 0] and take
ω ∈ [ω0(B), α) and M ≥ 1 such that ‖S(t)‖ ≤Meωt. If

Me−ατ

α− ω
r(C) < 1,

then ω0(A) < α ≤ 0.

Proof. Taking Me−ατ

α−ω r(C) < q < 1 there exists N ∈ N such that for all
n ≥ N

(
Me−ατ

α− ω

)n
‖Cn‖ < qn.

Then it follows for n ≥ N that

aα,n = sup
β≥α
‖(Φβ+i·R(β + i·, B))n‖ML(X)

p
=
∥∥Φn

β+i·R(β + i·, B))n
∥∥
ML(X)

p

≤
∥∥(e−ατC)n∥∥∥∥e−i·τR(β + i·, B))n

∥∥
ML(X)

p
≤ ‖Cn‖ e−ατn

∥∥e−i·τR(β + i·, B))
∥∥n
ML(X)

p

≤ ‖Cn‖
(
Me−ατ

α− ω

)n
< qn,

and the statement follows applying Theorem 4.4. �

Corollary 4.8. Assume that Φ is of the form (3), that (B,D(B)) gen-
erates an exponentially stable semigroup (S(t))t≥0 , let α ∈ (ω0(B), 0]
and take ω ∈ [ω0(B), α) and M ≥ 1 such that ‖S(t)‖ ≤Meωt. If

|η|([−1, 0])
M

α− ω
< 1,

then ω0(A) < α ≤ 0.
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Proof. Analogously to the proof of Corollary 4.6, we have for t ∈ R
and β ≥ α

F−1(Φβ+i·R(β + i·, B)x)(t) = F−1

(∫ 0

−1

e(β+i·)sdη(s)R(β + i·, B)x

)
(t)

(12)

=

∫
R

∫ 0

−1

e(β+iw)seiwtdη(s)R(β + iw,B)x

=

∫ 0

−1

eβsdη(s)

∫
R
eiwteiwsR(β + iw,B)xdw

=

∫ 0

−1

eβsdη(s)F−1
(
eis·R(β + i·, B)x

)
(t)

=

∫ 0

−1

eβsdη(s)S̃β(t− s)x = Φ (Sβ,tx) .

Here Sβ,t is defined from the semigroup Sβ analogously to the expression
St. Taking now ω and M as in the text of the Corollary, we obtain

‖Φβ+i·R(β + i·, B)‖ML(X)
p
≤
∥∥F−1(Φβ+i·R(β + i·, B))

∥∥
L1 =

∫ ∞
0

‖Φ (Sβ,t)‖ dt

=

∫ ∞
0

∥∥∥∥∫ 0

−1

dη(s)Sβ,t(s)

∥∥∥∥ dt ≤ ∫ ∞
0

∫ 0

−1

‖Sβ,t(s)‖ d|η|(s)dt

=

∫ 0

−1

∫ ∞
0

‖e−β(t−s)S(t− s)‖dtd|η|(s) ≤ |η|([−1, 0])
M

β − ω

≤ |η|([−1, 0])
M

α− ω
.

The proof can be finished by using Corollary 4.5. �
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[3] Bátkai, A., Piazzera, S., Semigroups and linear partial differential equations
with delay, to appear in J. Math. Anal. Appl.
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Kecskeméti u. 10-12, Hungary.
E-mail address: batka@cs.elte.hu

Department of Mathematical Analysis, Charles University,
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