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Abstract. This paper discussesPenrosespin networks in relation to the bracket polynomial.

1. Intro duction. This paper is an introduction to the relationship betweenPenrose
spin networks and the bracket polynomial. The paper is organisedas follows. Section 2
recallsthe bracket model for the Jonespolynomial invariant of knots and links. In Section
3 we shawv how the bracket state model is a natural generalization of the original Penrose
spin networks, and how this model is related to the quantum group corresponding to
SL(2;C): In particular, we shaov how the binor identity of the spin networks, the skein
identit y of the bracket polynomial (at a special value) and the trace identity

tr (AB) + tr (AB 1) = tr (A)tr (B)

of SL(2; C) arereally all the same.The section continueswith a discussionof the role of
thesegeneralizednetworks in low dimensionaltopology. In particular we discussthe rela-
tionship of thesenets with the evaluation of the Witten-Reshetikhin-T uraev invariant of
3-manifolds and corresponding relations with quantum gravity theories (Regge-RPonzano
in 2+1 and Ashtekar-Smolin-Rovelli in 3+1).

Acknowledgemen ts. It givesthe author pleasureto thank the National Science
Foundation for support of this researd under NSF Grant DMS-2528707.

2. Recalling the bracket state summation and the Jones polynomial. The
bracket state summation [10], [11], is a model for the original Jonespolynomial [9] as a
partition function de ned in terms of combinatorial states of the link diagram.

This partition function will be referred to as the bracket state model for the Jones
polynomial. It is the purpose of this section to describe the bracket model. The next
section will show how this model is a perspicuousgeneralisation of the binor calculus of
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Roger Penrose[17]. The binor calculus forms the underpinning of the Penrosetheory of
spin networks [18], and is directly related to the group SL(2;C):

The bracket polynomial is basedon the structure of the two smoothings at a crossing
in a knot diagram. At a given crossingthere are four local regions. Call two out of the
four local regionsa pair if they meetonly at the vertex. Call the pair that are swept out
by a counterclockwise turn of the overcrossinga line the A-pair. Call the remaining pair
the B-pair . The A-smoothing is the smoothing that joins the local regionsof the A-pair.
The B-smoothing is the smoothing that joins the local regionsof the B-pair. SeeFigure 1
for an illustration of this basic distinction.
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Fig. 1. Smoothings and bracket expansion

The three-variable bracket polynomial is de ned on link diagrams by the following
formulas:

1. Ki = AKK ;i + BHK,i whereK; and K, are two diagrams obtained from a given
crossingin K by smoothing the crossingin the two possibleways illustrated in Figure 1.
with an A-smoothing in K; and a B-smoothing in K:
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F
2./ K Di = dKi where D denotesany Jordan curve that is placed into the com-
plemert of the diagram K in the plane.
3. hDi = 1 for any Jordan curve D in the plane.

Here the small diagrams stand for otherwise identical parts of larger diagrams, and
the secondformula meansthat any Jordan curve disjoint from the rest of the diagram
cortributes a factor of d to the polynomial. This recursive description of the bracket is
well-de ned solong asthe variables A, B and d commute with one another.

The bracket can be expressedas a state summation where the states are obtained by
smoothing the link diagram in one of two ways at ead crossing.A smoothing of type A
cortributes a vertex weight of A to the state sum. A smoothing of type B cortributes
a vertex weight of B to the state sum. The norm of a state S, denoted jjSjj, is de ned
to be the number of Jordan curvesin S. It then follows that the bracket is given by the
formula

hKi= shKjSidiSi *
where the summation is over all states S of the diagram K, and hK jSi denotesthe
product of the vertex weights for the state S of K .

In the variables A, B and d the bracket polynomial is not invariant under the Reide-
meister moves.However the following Lemma providesthe clueto nding a specialization
of the polynomial that is an invariant of regular isotopy, the equivalencerelation gener-
ated by the secondand third Reidemeistermoves[20].

Lemma. Let K denote a diagram with the local con gur ation shownin Figure 2.
Let Ky and Ky, denote the two local smaothings of this con gur ation as shown also in
Figure 2. Then

K i= ABHK,i+ (ABd+ A%+ B?)HKi:

Proof. The proofis illustrated in Figure 2. m

Since K is obtained from K by a secondReidemeistermove, it follows that HKi
can be made invariant under the secondReidemeister move if we take B = A !, and
d= A% A 2 In fact, with this specialization, KK i is also invariant under the third
Reidemeister move, and it behaves multiplicativ ely under the rst Reidemeister move.
This allows the normalization

f = (A% WEOK:
fk is aninvariant of ambient isotopy for links in three space.Here w(K) is the sum of
the signsof the crossingsof the oriented link K.

Theorem [10). fx (t ™) = Vk (t) wher Vk (t) is the original Jones polynomial [9].

3. Spin networks. The original Penrosespin networks [17], [18] were devised to
create a diagrammatic and combinatorial substrate for the recoupling theory of quantum
mechanical angular momertum. The key to this diagrammatics is a system of abstract
tensorsbasedon the properties of a classicalepsilon (the de nition will be given below)
and adjusted to obtain topological invariance under planar deformations of the diagrams.
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It is this adjustment in the direction of topological invariance that makesthese networks
a special caseof the bracket state model for the Jonespolynomial [12].
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Fig. 2. Bracket invariance

The classical epsilon is de ned by the equations 12 = 1, 2 = 1and j = Oif
i = j: The indices are in the set f 1;2g: Note that the Kronecker delta is de ned by the
equation o= ® = 2= 1ifa=band0if a6 b:Epsilons and deltas are related by
the fundamertal equation

ab — ab a b.
cd = ¢ d d c-

We shall refer to this equation asthe epsilonidentity . It is natural to diagram this relation
by letting a vertical line represert a single Kronecker delta, a cup (a local minimum, see
Figure 3) represen an epsilonwith upper indices, a cap (a local maximum, seeFigure 3)
represert an epsilonwith lower indices. Note that in such a corvertion 2 P isrepreserted
by vertical parallel lines, while 2 £ is represerted by vertical crossedlines. The key to
topological invariance is that the cups and the caps should satisfy the cancellation to a
delta asin

CAP, CUP® = 2
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(with implicit summation over i). This is accomplishedin this formalism with
CAPgy =i ap; CUP® = a:

Herei? = 1.Finally it is conveniert to introduce a minus sign at the the crossingof two
diagrammatic lines. With thesecorvertions we obtain the binor identity asillustrated in
Figure 3.
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Fig. 3. Epsilons and the binor identity

Notational warning. We have usedi both asa matrix index and as the notation for
the squareroot of minus one. This di erence is clear from context - the squareroot of
minus one never occurs as an index, the index i never occurs as a separatevariable!

The reader will note that the binor identity is exactly the exchangeidentity for the
bracket polynomial whenA = 1= B andd= A? A 2= 2: Note particularly that
the loop value -2 coincideswith the loop value in abstract tensorsas shown in Figure 3.
This loop value is aCUP®CAP,, = 1 1= 2 The binor identity is the basis of
the original Penrosespin nets.
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The use of the epsilon tensor in the spin networks is directly related to the group
SL(2; C): The algebraic reasonfor this is that for any 2 2 matrix P with commuting
entries,

PP'= det(P)
where is regardedasa 2 2 matrix, and P' denotesthe transposeof the matrix P.
Thus SL(2;C) isthe setof 2 2 matrices P over C sud that
PP'=":
The identity that is at the basisof the binors is then easily seento be the sourceof the
following fundamertal lemma about SL (2; C):

Lemma. If A and B are matricesin SL(2;C) and tr denotesthe standard matrix

trace, then
tr (AB) + tr (AB 1) = tr (A)tr (B):
Proof. In this proof we will usethe Einstein summation corvention for repeated

indices (i.e. we sum over all valuesin the index setf 1; 2g wheneer an index occurstwice
in a given expression).Note that if A isin SL(2;C), then

AA' = :
Note that
1 =
Therefore
A= (AY
Hence
tr(AB) = AikBiki = Air 1s((B") s i = Air (BY) Hsi(rs i)

= Ay ((Bt) 1)sl( rl si ri sl)

= Ay ((Bt) l)sl riosi + Ajr ((Bt) l)sl ri sl

= Au((BY) Y+ Ai((BY) Y= tr(AB H+tr(A)tr(B 1):
This completesthe proof. m

Remark. This lemmashowsthat the SL(2) identity tr (AB )+ tr (AB  1)=tr (A)tr (B)
is essetially a matrix algebraic expressionof the binor identit y, and henceequivalent to
the corresponding identit y for the bracket polynomial at the special value A = 1. This
explainsthe relationship of the bracket polynomial with SL (2; C) that is found in the work
of Bullock [1]. It alsosuggeststhe possibility of generalisingBullo ck's work to the corre-
sponding quantum group, just asthe introduction to the variable A into the bracket poly-
nomial correspondsto the movemert from SL(2;C) to the quantum group (See[13] for
more details on the relationship of the bracket polynomial to the SL(2) quantum group.)

In Figure 4 we illustrate how a deformation of the epsilon matrix, via the variable A,
Ieadst% a model of the bracket polynomial. It is customary to call this a g-deformation
where” g = A: In the deformation, is replacedby ~ a matrix that is a function of A.
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The quantum group SL (2)4 arisesby generalisingthe equationP P' = to
P-P'=~ and P'P =~

The entries of P becomeelemerts of a non-comnutativ e algebra. It is this algebrathat is
called SL(2)4: As illustrated in Figure 4, the binor identity generalisesto the smoothing
identit y for the bracket polynomial, and the crossingof lines deformsto the under or over
crossingof strands in a knot diagram.
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Fig. 4. Bracket polynomial and deformed epsilons

3.1. Classi@l spin networks. This subsectionis a quick resumeof the classicaltheory
of (Penrose)spin networks. As we have seen the binor identit y (Figure 3) canberegarded
as an expressionof the basic epsilonidentit y

ab — ab a
cd= c¢d d

b.
o

In the binor expressionfor the epsilonidentity the diagrams can be manipulated topo-
logically in the plane, without changing the valuesof the corresponding evaluations. The

topological manipulation that we refer to is regular homotopy augmerted by a projection
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of the rst Reidemeister move. This provides the basis for a more complex theory of
network evaluations.

A key ingredient in the full theory is the use of network lines that stand for multi-
plicities of parallel strands. Suc a line is labelled with a positive integer to indicate the
multiplicit y of strands. Then permutations, symmetrizers and antisymmetrizers are in-
troduced. A permutation takesthe form of the projection of a braid to the plane. That is,
a permutation (as a network) consistsin n start points and n end points. Each strand in
the network connectsone start point to a unique endpoint. The mapping of start points
to end points is the corresponding permutation. The strands can crossone another in
the planar represenation, and being subject to augmerted regular homotopy, really only
represen this permutation. Since the binor identity allows us to resolve a crossingin
a permutation, we seethat the permutation network can be rewritten as a sum of at
tanglesthat have no crossings.SeeFigure 6. The permutation is expressedn terms of the
diagrammatic Temperley Lieb algebra[13]. In the original Penrosenets, the expansion
into networks free of crossingswas certral to the network evaluations.
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Fig. 5. Permutations and traces
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~—

Fig. 6. Antisymmetrizers

A symmetrizer or antisymmetrizer is a formal sum of permutations with appropriate
coe cien ts. Thusif [ ] denotesthe network permutation corresponding to the permuta-
tion in the symmetric group Sy, then we denote by [[n]] the antisymmetrizer net

= s, D'Or]

wheret( ) denotesthe least number of transpositions neededto transform to the iden-
tity permutation. SeeFigures 5 and 6. In Figure 5 we illustrate properties of these nets
where the only tensors under consideration are Kronecker deltas. In this formalism the
trace of a matrix is diagrammed by connecting the top and the bottom of the diagram-
matic tensor. Figure 5 shows how, with an integer N valued loop (positive N -dimensional
underlying vector space)the trace of the antisymmetrizer is given by the formula

tr([[n])) = Cy

where C\ denotesthe binomial coe cien t that courts the number of choicesof n items
from N items. Letting N = 2, we obtain the trace value for the corresponding antsym-
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metrizer in the binor calculus. The result is:

CN=N(N 1)(N 2)::(N n+ 1)=n

Co2=( 2(( 2 1 2 2::(( 2) n+ 1)=nt
Hence

C,2=( 2)( 3)( 4)::( (n+1)=nl=( 1)"(n+ 1)

At the loop value 2 the trace of the antsymmetrizer on n lines is the integer

( D)"(n + 1): The reader may glimpse from this example why Penrosecalled the bi-
nors a calculus of \negativ e-dimensional" tensors! The trace calculation that we have
shown is a miniature example of the so called chromatic methad of spin network evalu-

ation. In making the transition to the g-deformed networks, the integer value of C, 2 is
replacedby a \quantum integer". See[14] for the details of this transition.
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Fig. 7. Three-vertices

With the machinery of the permutation nets, we can de ne three-vertices. A three-
vertex is a meeting of three multiple lines with multiplicities a, b and c. Theselines are



SPIN NETW ORKS 197

interconnected according to the schema shown in Figure 7. Each line contains an anti-

symmetrizer, and the lines emanating from the three antisymmetrizers are interconnected
asshown in Figure 7. This entails the condition that a+ b+ cis even and that the sum
of any two members of the set f a;b;cg is greater than the value of the remaining third

member. A spin network is a trivalent graph (possibly with somefree ends) sud that
ead vertex is assigneda speci ¢ cyclic order, and ead edgeis labelled with a natural

number. (An edgelabelled with zero can be deleted from the net.)

Fig. 8. Special nets and recoupling

Spin networks without free endsare evaluated by expanding them as sums of signed
products of loop evaluations. Each loop evaluatesto 2: Sudch direct evaluations can be
donein principle, but in practice it is useful to have a calculus of network recombination
to help in the evaluations. In Figure 8 | have indicated someof the main features of this
recombination calculus. Theseformulas insure that any network can be evaluated by just
knowing the valuesof the \theta" and \tetrahedral" nets (asillustrated in Figure 8). The
recombination formulas are a direct analogueof corresponding structures in the theory of
angular momertum assaiated with the groups SU(2) and SL(2;C): In fact, the three-
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vertex, as we have described it, is a combinatorial version of taking the tensor product
of two irreducible represenations of SU(2), and projecting the result into an irreducible
factor of the tensor product. The spin network calculus shows that this theory, based
on SU(2) has a completely combinatorial expressionthat is intimately related to the
topology of plane nets (via the binor identit y).

One of the most interesting features of the classical spin nets is that they can be
evaluated by a method that cournts certain colorings of the loops in the graph of the
network. These \chromatic evaluations" of the spin nets were originally described by
Penroseand Moussourisin [16]. The readercan nd an accourting of this point of view in
[14] along with a comparisonof the analogoussituation for the g-deformed spin networks
that we use in studying invariants of three-manifolds. It is not obvious how to fully
generalisethe chromatic method to the g-deformed spin nets.

4. Spin geometry and the geometry of spin networks. The bracket polynomial
provides a natural generalization or deformation of the classicalspin networks where the
polynomial variable A becomesa deformation parameter. In fact, this mode of generaliza-
tion carries over on all levels of the structure. The group SL(2;C), naturally assiated
with the spin networks is generalizedto a corresponding quantum group (Hopf algebra).
The at networks projected into the plane becomewoven networks in three dimensional
space.The symmetrizers and apparatus of recoupling theory have braided analogsthat
can be expressedpurely diagrammatically and in terms of the quantum groups.

In Figure 9 we haveindicated someof the changesthat occurin deforming the classical
spin nets. In particular, we have illustrated the de nition of the deformation of the
antisymmetrizer as a sum over permutations that are lifted to braids. For the details of
this theory the reader can consult [13], [14], [2], [5], [3].

One of the key facts about the classical spin networks is the Penrose Spin Geome-
try Theorem [17], [16]. This theorem states that for su ciently large and well-behavel
networks, the properties of three dimensional space (in particular , properties of angles
emerge of their own accord from the network structure. In this way the networks pro-
vide a combinatorial background for the emergenceof properties of spaceand time. The
emergenceof space-timefrom such networks is not yet fully articulated.

More precisely the Spin Geometry Theorem givesa method of determining an \angle"
betweentwo subnetworks of the larger network by considering the results of exchanges
of spin betweenthe subnetworks in relation to global network evaluations. The theorem
statesthat theseanglesolkey the dependencyrelations expected of anglesin three dimen-
sional Euclidean space. It is in this way that the angular properties of three dimensional
spacebegin to emergefrom the combinatorics of the nets.

With the Spin Geometry Theoremin mind, it is quite signi cant to seewhat is added
by going to the topological spin nets with their deformation parameter A: When A is
a root of unity, the topological networks can be used to describe invariants of three
dimensional manifolds. Theseinvariants are de ned in terms of surgery on links in three
space,but the prescription of the three manifold structure is actually purely combinatorial
in terms of the link diagrams. The evaluation of thesediagramsin terms of topological spin
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networks is accomplishedvia generalisedrecoupling theory, and it expressesverything
in terms of evaluations of triv alent networks with appropriate spin assignmerts on their
edges.n this way, certain small spin networks encade deeptopological properties of three
dimensional manifolds. Theseresults should be regardedas adding another dimensionto
the philosophy behind the Spin Geometry Theorem.

Fig. 9. Deformation

The rst combinatorial appearanceof thesethree manifold invariants wasin the work
of Reshetikhin and Turaev [21] who shoved how to construct invariants of three manifolds
from invariants of knots and links by using the represeration theory of quantum groups.
In the caseof the quantum group assaiated with SU(2) (equivalerntly SL(2;C)) it is
possibleto rephrasethe Resehikhin-T uraev work in terms of spin networks assaiated
with the bracket polynomial [12], [13], [14]. It is to this version of the invariant that we
refer when we speak of the spin network invariant of three-manifolds.

In Figure 10 we have indicated some of the features of this spin network invariant
of three-manifolds. We show the formula for the unnormalised invariant (of the three-
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manifold obtained from surgery on the given link diagram) as a sum over generalised
bracket invariants of knots labelled with (g-deformed) antisymmetrizers. A recoupling
formula rewrites the crossingsin the knot diagramsassumsof triv alent graph evaluations.
The result is a formula for the three-manifold invariant in terms of evaluations of triv alent
graphs. This is oneversionof the spin network evaluation for the three-manifold invariant.
There are a number of other reformulations of this basic set-up. We refer the reader to
[14] for an accourt of the the Kirillo v-Reshetikhin shadov world in this cortext. This
shadav world performsa translation of the knot diagramsinto spin nets, showing that the
invariant can be computed by a state summation with labelson the regionsaswell ason
the lines. The vertex weights then involve tetrahedral net evaluations at the crossingsand
theta nets at the edges.This puts the generalinvariant in line with ( its product with its
complex conjugate) the Turaev-Viro invariant. The Turaev-Viro invariant hasa beautiful
description as a state summation on the triangulation of the three manifold. This gives
a direct relationship betweenthe spin network approach and the combinatorial structure

Fig. 10. Invariants of three-manifolds
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of the assaiated three-manifold. It also motivatesa generalisationto four-manifolds that
gives a state summation formula for the signature of a four manifold (again via the
g-deformed spin nets) [5].

If there were a generalisationof the Penrose-Moussourishromatic evaluation of spin
nets to this category, there would be signi cant global formulas for theseinvariants. The
seard for such formulas is tied in with our next topic.

4.1. Witten's functional integral. Simultaneously and independenly of Reshetikhin
and Turaev, Edward Witten deviseda presenation of three-manifold invariants via func-
tional integrals. (Witten had a precursor in the 1978 work of A. Schwarz [23]. Schwarz
showed how to expressthe Ray-Singer-Reidemeistertorsion of a three manifold asa func-
tional integral. Witten generalizesSchwarz.) Witten's work adds a signi cant dimension
to the spin network approach. His integral formula is expressedas follows:

Z(M S,K) - dAe(ik=4 ) w tr (AdA +(2 =3)A3)tr (PeK A):

The integration is over all gaugepotentials modulo gaugeequivalencefor SU(2) gauge
at the fundamental represenation. A is a gaugepotential on three dimensionalspacewith
valuesin this represernation of SU(2): The Chern-SimonsLagrangian,

L= tr(AdA + (2=3)A%);
M
providesthe formally correct weighting factor againstwhich to integrate the Wilson loop,
tr (Pex A), to obtain afunction Z (M 3; K ) of a three manifold M cortaining alink K. This
function is, up to a normalization related to framing, an invariant of the three manifold,
link pair. We shall referto Z(M 3;K) asthe Witten invariant of the three-manifold. In
particular, we shall write

Z(M 3) = dae(k=4) , tr (AdA +2 =3)A%)

for the corresponding functional, de ned on a three manifold without a specied link
embeddedwithin it.

The functional integral is, at this point in time, a purely formal approac to this
invariant of links and three manifolds. Neverthelessit doesfollow from Witten's work that
the invariant under discussionmust be identical to that invariant that we have described
as computed from generalisedspin networks assaiated with the bracket polynomial. (If
A = € 72 then the coupling constart k in Witten's integral correspondsto r (up to a
xed nite shift).) The verication of this fact is indirect, relying on an understanding
of the behaviour of the Witten invariant under surgery on links in the three manifold.
It is an open problem to derive this relationship betweenthe Witten invariant and the
spin network invariant by an appropriate discretization of the functional integral. Suc a
derivation would shedlight on the nature of both the spin networks and the integration
process.

Oncethe invariant has beenexpressedn terms of the functional integral, many con-
jectures and relationships about the spin network evaluations come forth. For example,
the large k limit of the functional integral is asymptotically approximated by sumsover
at gaugepotentials, leadingto speci ¢ formulas for the asymptotic approximation of the
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spin nets asthe order of the root of unity goesto in nit y. See[6], [8], [15],[22]. Thesecon-
jectures have beenveri ed in many special casesbut the generalproblem remains open.
It is quite possiblethat this problem will be elucidated by an appropriate generalisation
of the chromatic method of spin network evaluation [18], [12], [14].

Another remarkable relationship is noted by Witten in [27]. The product of Z(M 3)
and its complex conjugate can be expressedas an integral that naturally interprets asa
functional integral for 2+1 quantum gravity with a cosmologicalconstart:

iz(M 3)j2= dAdB glik=4 ) tr (AdA +(2 =3)A% BdB (2=3)B?)

= ded!d tr(eR+(= 3)ed)
wheree= (k=8 )(A B),! = (1=2)(A+B),R=d! +!2and = (4 =k)2: Hereeis
interpreted asa metric. while ! is interpreted asa connectionsothat R is the curvature.

We know that this functional integral is a topological invariant (up to standard nor-
malization) of the 3-manifold M , and furthermore the invariant can be computed by spin
network methods from any triangulation of M via the Turaev-Viro state summation [25]
(Seealso[14]). The rst hint that such a state summation might be related to gravity
appearedin the work of Regge-Ponzano[19] and Hasslaher-Perry [7]. Theseauthors in-
vestigated analogousstate sumsusing approximations to classicalrecoupling coe cien ts.
They found that the state summations give approximations to simplicial quantum grav-
ity in the Reggecalculus. The Chern-Simonsfunctional integral formulation shovn above
suggeststhat there should be a simplicial quantum gravity with cosmologicalconstant
that correspondsto the topological invariant jZ (M 2)j2:This meansthat there should be
an appropriate formulation of 2+1 quantum gravity that can be done simplicially and
that involves either the deformed spin networks or (equivalertly) the quantum group
corresponding to SL(2; C) with deformation parameter a root of unity. These are open
problems.

2+1 quantum gravity is related to a three dimensional topological quantum eld
theory. The analogfor 3+1 quantum gravity is equally tantalizing, but unful lled due to
a lack, at presert time, of combinatorial models for topological quantum eld theories
in dimension four. We refer the reader to [4], [3] and [5]. Perhaps amplitudes for 3+1
guantum gravity will correspond to relative topological invariants of four dimensional
manifolds.

Finally, we mertion the long-standing work of Ashtekar,Rovelli and Smolin that starts
with the loop represertation of the Ashtekar formulation of quantum gravity. In this
theory of quantum gravity the wave functions  are functions (A) of (the equivalert
of) a gaugepotential A on three dimensional space.Smolin and Rovelli considerthe loop
transform

"K)= dA (A)tr(Pex A):

This formal transform rewrites the theory in terms of functionals on knots and links
in three dimensional space.Recen work [24] developsquantum gravity directly in terms
of knots, links and spin networks. It remainsto be seenhow this form of quantum gravity
will interface with topological quantum eld theoriesin dimension four.
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