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ABSTRACT

The Temperley-Lieb algebra T,, with parameter 2 is the associative algebra
over Q generated by 1,eq,e€1,.-..,e,, where the generators satisfy the rela-
tions e? = 2e;, ejeje; = e; if [i — | =1 and e;e; = eje; if [i — | 2 e
use the our Color Theorem to give a necessary and su cient condition for
certain elements of T, to be non ero It turns out that the characteri ation
is, in fact, e uivalent to the our Color Theorem
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INTRODUCTION

Let 1 be an integer The Temperley-Lieb algebra 11 7T, with parameter 2 is the
associative algebra over Q generated by 1,eg,e1,...,e,, where the generators satisfy the
relations

1 ef = 2e;

2 €i€j€; = € if "L — | =1

3 €i€j — €564 if ‘Z - | 2

foralli, =0,1,..., ort=1,2,..., wede ne

1—1e; ifiisodd
2¢; —1 if 7 is even

7:_

otice that for i, =0,1,..., with [ — |=1 we have
€ j= jé
and for i, =0,1,..., with |i— |=1 we have

i€ = 0 if 7 is odd

6 e; iej =0 if 7 is even
Let , denote the set of all nite words over the alphabet eg,e1,....€n, 05 1,---5 n
ollowing 6 we say that two words in ,, are if the rst can be
transformed to the second using the relations 2, 3, , and the relations e? = e; for
1=0,1,..., Let n e say that a word n 1S a of if either

= ,or isobtained from by repeatedly replacing occurrences of 5; by es;, and or
deleting occurrences of 5; ; Thus for instance the word e e3 e 2e; is a reduction of
€ 9 ey 9 €1 e say that n is a of a word n if either

= andno ;occursin ,or isareduction of ande actly one symbolin is ;
for some 1 = 0, 1,..., e say that a word n 18 if no complete reduction
of ise terior e uivalent to a word containing e; ; or e; je; in consecutive positions for
some integers 7, , where 1, 0,1,..., ,|i— |=1,andiisodd e have the following

result



ededuce 11 from the our Color Theorem CT ,and show that, conversely, 11
implies the CT Thus 11 is e uivalent to the CT There are many other e uivalent
formulations of the our Color Theorem, some of them rather pu ling Therefore, 11 is
not an isolated curiosity, but rather an addition to an already e tensive list of e uivalent
formulations of the CT e refer the reader to the e cellent survey 10 and to 12 for a
survey of the newer results 3, |,

The statement of 11 was inspired by 6 Unfortunately, the authors of 6 overloo ed
the e istence of large loops, and hence Theorem 6 of that paper is incorrect  ur result

11 remedies that problem

PLANAR GRAPHS AND COLORING

A consists of a set of , a set of , and an

between vertices and edges such that every edge e is incident with precisely two vertices

, , called the ofe If = | then e is called a A graph is if it
has no loop edges A graph is if it can be drawn in the plane without crossings
A of a graph  is a function 1,2,3, such that =
whenever , are the ends of some edge of A graph is if it admits at least

one -coloring The our Color Theorem 1, 2, 8 asserts the following

The only if part is, of course, trivial every -colorable not necessarily planar
graph is loopless, but the converse is much much harder So far, there are only two proofs
of 21 , and both are computer-assisted

e need to restate the CT in terms of subgraphs of grid graphs with some edges

contracted  or integers 1, the is the graph  with verte -set all pairs
i, fori=0,1,..., and =0,1,..., in which 4, isis oined by an edge to 7, if
andonlyif[t—i| | — |=1and =2 e also say that is a See igure 1
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for an e ample Let be agraph A on is a function 0,1, If
is a grid we call the pair , a Given a graph  and a coupling on
we wish to de ne a new graph , which we shall call the of The graph
is obtained from by deleting all edges with = 1 and contracting all edges
with = More precisely, let 1 be the subgraph of  with verte -set and
edge-set e e = Then is the set of all connected components of
1 = e e =0 ,ande is incident with if and only
if an end of e belongs to , the verte -set of the component of 1 This is illustrated
in igure 2, where we use the convention that edges with =  are drawn thic er
and edges with = 1 are not drawn e need the following well- nown result A

proof may be found in , Theorem 1

Y

Let beagraph, and let beacouplingon A in , isacycle in such
that for some edge e , e =0and = for all — e e say that
, is if it has no loop A - of , isafunction 1,2,3,

such that = whenever , are the ends of an edge e with e = 0 and
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= whenever | are the ends of an edge e with e = e say that
, s if it admits at least one -coloring The following is immediate
THE POTTS MODEL REPRESENTATION
Let 1 be an integer, and let  be the set of all mappings 0,1,..., 1,2,3,
e de ne matrices o, 1,..., opn asfollows ori=0,1,..., wede ne
0 _ 12 if = for all 0,1,..., — 1
’ 0 otherwise
and for i =1,2,..., we de ne
2 if = and 1 = -1
2i 1

0 otherwise



It is easy to see that the matrices ¢, 1,..., 2 satisfy the relations 1, 2, 3 of

T5, The matri algebra generated by ¢, 1,..., 2, iscalled the
, and will be denoted by 5, Let 1 = | the identity matri ,and for:=0,1,...,2
let e; = ; Then uni uely e tends to a homomorphism 7%, on The following

is a special case of |, Theorem 2 8

1 T T, Q
i T =T T , T,
i T 1=n"1
i T =T ; Ty
iv T e =1iT i=0,1,..., T,
17 €0, €1, ;€ 1
\ T, T, T =0
e deduce
T2n 2n
Let denote the usual trace of a matri then conditions i iv of 31 imply
that T = for every Ty, owlet beanon eroelement of Ty, Itsu ces
to show that is a non ero matri y 31 v there e ists T,, such that
0 — T = = ,
which implies that is a non ero matri , as desired O
GRIDS AND ORDS
Let n, and let us write as = 1 g9... 9, aconcatentation of 2 possibly null
words, where for each ¢ =1,2,...,2 and each =0,1,...,

i at most one of e;, ; occursin ;, and if it does, then it occurs at most once,

ii ifejor joccursin ;, then ¢ and have the same parity
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esay that = 1 o,..., 2 isa of  Clearly every word n has

7

a decomposition

Let = 1 5... 2 beadecomposition of a word on ith this decomposition
we associate the pair , , where is the grid, and is a coupling on , de ned
as follows Let ¢ 1,2,..., and 0,1,..., —1 , and let denote the edge of
with ends 7 —1, and 1, e put

0 if 9 ;occursin o5
= if eg; 1 occursin 95 1
1  otherwise

ow let 0,1,..., and 1,2,..., , and let denote the edge of with ends
1, —1 and 1, e put

0 if g occursin o
= 1 if ey occursin o

otherwise
e say that | is with the decomposition = 1 5... 2 Conversely,
for every coupled grid , there e ists a word and a decomposition = 1 9... o
of such that , is the associated coupled grid Moreover, if = ; 45... 5 1is
another decomposition of the same word such that , is also associated with the
decomposition ; ,... , ,then = ,andforeach:=1,2,...,2, ;and , differ only

by a permutation of their entries Thus and  are e terior e uivalent

Let = 1 2... o and = 4 9... o Dbe two decompositions of such

that either = — 2 and for some integer % 1,2,...,2 the words ; 1 and ;

are null, ;= for i—land ;= ; ,for i, or = and for some integer

1 2,3,...,2 -1, ;and , arenull, and for some word oan Wwehave , ;= ; 1,
i1= ;pand ;= forall other In those circumstances we say that the two

decompositions of are It is easy to see that



i if two decompositions of are ad acent, then the reali ations of the corresponding
associated coupled grids are isomorphic, and
ii for any two decompositions , of theree ist decompositions = , 1,..., =

such that ; 1 and ; are ad acent for all:=1,2,...,

The result follows from i and ii O
1 1, 2 2n
1=1,2 iy 1% i i
iy 14 i [
1 2
Let 4, 4, i, ¢and , be as stated It su ces to prove the lemma in the
case when 1 is obtained from 2 by means of the relations 2, 3, , or the relations

e2

2=¢; eshall do so for the relation e3;, = es;, leaving the other cases to the reader In

the other cases 1 and 5 are isomorphic

Let us assume then that | = egeq; and o = e for some | on Let
1= 1 9--- g and 9= 1 5... 5, be the decompositions of that give rise to
1, 1 and o, o, respectively 'y 1 we may assume that =  and for some
null, and ; = ; for all other indices Then it follows that the subgraph of  with
verte -set i, and no edges is an isolated verte of i, and that the graph obtained
from 1 by deleting this verte is isomorphic to o, as desired O
e deduce
1 1, 2 2n
1=1,2 iy 1% 7
1, 1 2, 2
This follows immediately from 2 O
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Let bealoopin , of length four Then the e istence of  implies that
has one of the fOHOWiIlg forms = €2; 112 1 , = €2; 1 1 2¢ 2€2; 1 , =
€2 11 2 2 262 1 , O = 9; 1 1€62; 1 , where the words ; and 5 include no

terms with inde within one from the indices of the entries immediately surrounding 1
and 9 in the e pression for Using 3 and it follows that is e terior e uivalent

to one of the desired words |

Let be a grid, and let 1, 5 be two couplings on  such that for some edge |,

1 =1, o = and 1 = o for every edge — If is a verte
of incident with such that 1 = 1 for every edge incident with , then we say that
1, g arel If isacyclein of length four such that and 1 =
for every , then we say that 1 and o are 2 e say that two couplings
, on are if there e ists a se uence o= , 1,..., = of couplings on

such that ; 1 and ; are 1-similar or 2-similar for all 1 = 1,2,...,

1 1, 2 on 1, 2

It su ces to prove the statement in the case when | and 4 are 1-similar or

2-similar Assume rst that they are l-similar, and let = 1, be as in the
de nition of 1-similar Using relations 3 and we may assume that ; has the form
1 = egieg; and that o = egeg; 1€9; Or 9 = eg9;€9; 1€9; Or o = e9; In each

case we see that ; and 4 are e terior e uivalent, as desired
Assume now that 1 and o are 2-similar, and let be a cyclein asin the de nition
of 2-similar Then using relations 3 and we may assume that o has the form

2 = eg; 1€2; 1 for some integer ¢, and that ;= ey 1 or 1= ey 1€3i€9; 1 Or



1 = e9; 1€2; 2e9; 1 In each case we see that 1 and o are e terior e uivalent, as

desired O

e need some terminology and a lemma Let be a grid e say that a se-

uence 1, 9,..., of distinct vertices of is if there e ist edge-dis oint cycles

1y 2ye-es 1 in , each of length four, such that fori =1,2,..., —1, ; 1 and ; are

diagonally opposite vertices of ; The cycles 1, o,..., 1 are uni uely determined,

and we say that 1, o,..., isa 1y 2yeees 1 oW
let  be a cycle in e say that a verte  of isa of if the two edges of

incident with  belong to a cycle  of length four In that case is uni ue, and we say

that is a if the dis bounded by is a subset of the dis bounded by
and we say that it is a otherwise  ow let be a conve corner and a
concave corner of a cycle , and assume that there is a diagonal se uence 1, o,...,

with cycles 1, o,..., i1suchthat { = , = |, none of the vertices o, ,..., 1

belongs to , the two edges of ; incident with ; belong to , and so do the two edges

incident with  that do not belong to 1 It follows that o, ..., 1 belong to the
open dis bounded by In those circumstances we say that This is illustrated
in igure 3 e also say that the four edges of ;1 e need the following lemma
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This follows easily from the well- nown fact that the number of conve corners is

e ual to the number of concave corners plus four O

ow let be a coupling on , let be a cycle in , and let ; be a conve cor-

ner of A, - based at ; is a diagonal se uence 1, 2,..., with cycles
Ty 29eeey 1 such that

i the two edges of 1 incident with ; belong to
ii fore=1,2,..., —1, = if ; 1s incident with ; and =1 if

i 1s not incident with ;, and

iii sub ect to 1 and ii, isma imum
Thus for every conve corner of there is a uni ue , -stairway based at See
igure
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