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The preceding two talks were motivated by the courageous 

faith that our present ideas of the continuum and the gravita- 

tional field extend into the range of elementary particle 

sizes and far below. Equally interesting to high-energy 

physicists is the possibilitv that these ideas of saace and 

time are already at the very edge of their domain and are 

wrong for shorter distances and times, and that high-energy 

experiments are a probe through which departure from the 

classical continuum can be discovered. The present talk is 

devoted to this alternative. The difficulty is that all our 

present theoretical work is based on a microscopic continuum 

and one is faced by the rather formidable problem of re-doing 

all physics in a continuum-free manner. Yet I think those 
who cope with the conceptual problems of quantum field theory 

for enough years eventually get sick of the ambiguities and 

divergencies that seem to derive from the continuum and are 

driven to seek some way out of this intellectual impasse. 

I would like to describe a program of this kind that I have 
been led into after vainly trying to extract some information,; 

about the small from extremely non-linear field theories. 

The starting point here also is Riemann, who explicitly 

poses the question of whether the world is a continuous or 

a discrete manifold in his famous inaugural lecture. He 

points out certain philosophical advantages of the discrete 

manifold, in fact argues for it more strongly than for the 

continuous. and set devotes his life to the continuous. m Y  



I th ink  pr imar i ly  on grounds of s imp l i c i ty .  Why i s  t he  
continuous simpler  than the  d i s c r e t e  manifold? For one 
th ing  because i t  has more symmetries a v a i l a b l e  t o  i t .  A 

continuum can have r o t a t i o n a l  symmetry, t h e  world has ro t a t ion -  
a l  symmetry, a checkerboard cannot have r o t a t i o n a l  symmetry. 
Today, however, t h e r e  a r e  more opt ions  open t o  us  than  the re  

?nc e were t o  Riemann. Faced wi th  t h e  apparent  dilemma of t he  
zr York d i s c r e t e  and t h e  continuum, our experience wi th  quantum theory 

leads  us t o  plunge bold ly  between these  two w i t h  the  synthes is  
by t h e  courageous c a l l e d  quantum. By a quantum I mean an ob jec t  whose proposi-  

m and t h e  g r a v i t a -  t i o n a l  ca l cu lus  i s  isomorphic t o  t h e  l a t t i c e  of subspaces of 
i t a r y  p a r t i c l e  
2 high-energy quantum concepts a r e  i n j e c t e d  a t  t he  top .  We make up a com- 
?as of space and p l e t e  c l a s s i c a l  p i c t u r e  of t he  world, a geometrical  and 
iomain and a r e  dynamical s t r u c t u r e  which could i n  p r i n c i p l e  descr ibe  a r e a l  
t ha t  high-energy world, and then we t ake  this b e a u t i f u l  theory and amend i t  by 
ture  from the  quant iza t ion .  I s  i t  not  poss ib l e  t h a t  i n  f a c t  quantum concepts 
present  t a l k  i s  belong i n  the  foundation? I n  p a r t i c u l a r ,  t h a t  i n s t e a d  of 

q i s  t h a t  a l l  our  tak ing  geometry and quant iz ing  it ,  so t o  speak, we should take  
~ s c o p i c  continuum quanta and geometrize them? Should we n o t  t r y  t o  make a 
roblem of re-doing space-time theory i n  which from the  s t a r t  t h e  elementary 
t I th ink  those  ob jec t s  which make up t h e  space-time a r e  descr ibed  by quantum 
wtum f i e l d  theory laws and t h e  space-time i t s e l f  i s  assembled ou t  of these  by 
ambiguit ies  and the  quantum-logical procedures t h a t  we have mastered already 

~nt inuum and a r e  i n  t h e  quantum many-body problem? 
: t u a l  impasse. I was f o r c e f u l l y  introduced t o  th is  whole i d e a  by Feynman 
cind t h a t  I have some e i g h t  yea r s  ago. He d i d n ' t  be l i eve  i n  continuum then .  
; some information (He s t i l l  doesn ' t  be l i eve  i n  t h e  continuum. See h i s  "Character 
i e ld  t h e o r i e s .  of Phys ica l  ~ a w s " ) ~  . He suggested t h a t  a reasonable model 
1, who e x p l i c i t l y  f o r  t h e  world i s  a computer, a g i a n t  d i g i t a l  computer. The 
t continuous o r  th ings  we c a l l  events  a r e  processes  of computation, and t h e  
l e c t u r e .  He fundamental f i e l d s  represent  s to red  information.  The continuum 
of t h e  d i s c r e t e  theory of t he  world i s  t o t a l l y  absurd from t h i s  poin t  of view. 

Ly than  f o r  t h e  It imparts  t o  each po in t  of space-time an i n f i n i t e  memory 
continuous. Why? capaci ty,  i n  t h a t  an  i n f i n i t e  number of b i t s  a r e  requi red  

t o  def ine  a fundamental f i e l d  l i k e  t h e  e l e c t r i c  vec tor  poten- 
t ia l .  It takes  an i n f i n i t e  channel  capaci ty  t o  communicate 

r of Physics,  
Foundation. these numbers from one po in t  of space t o  another .  An i n f i n i t e  

number of computations must be done by t h e  computing element 

a t  each poin t  t o  work ou t  t h e  f i e l d  equations and pass  on t h e  

, output t o  t he  f u t u r e .  



The i d e a  t h a t  t he  world i s  some kind of computer i s  not  
f a r  removed, i n c i d e n t a l l y ,  from t h e  i d e a  t h a t  t he  world i s  

some kind of b ra in ;  which i s  no t  f a r  removed from the  i d e a  
t h a t  t he  world i s  the  mind of God; which stems back t o  the  
hermetic doc t r ines  of t h e  second century B. C .  (I am indebted 
t o  Professor  Jauch f o r  this r e fe rence )  so  we a r e  working i n  
an ancient  and honorable t r a d i t i o n .  

The ques t ion  i s ,  however, can we make a computer which 
i s  compatible from the  s t a r t  w i ih  t h e  p r i n c i p l e s  of Quantum 

s e t  up a l i t t l e  d i c t iona ry  i n  which we t r a n s l a t e  t h e  bas i c  
terms of physics i n t o  d i s c r e t e  o r  computer terms, i n s t e a d  of 
i n t o  continuum terms a s  we have had so much p r a c t i c e  i n  doing. 
It w i l l  t ake  a l i t t l e  more than  h a l f  an hour t o  present  a  
d e t a i l e d  d i c t iona ry  of t h i s  k ind .  Let  me simply i n d i c a t e  t he  

s p i r i t  i n  which t h i s  can be done and t h e  f a c t  t h a t  t o  my 
s u r p r i s e  t h e r e  seems t o  be no d e f i n i t e  obs t ac l e .  I w i l l  

i n d i c a t e  j u s t  a few of t h e  poss ib l e  models toward the  end of 
my t a l k  but  I have t h e  impression t h a t  I have wandered i n t o  
open meadows where t h e r e  a r e  as y e t  no fences  and unl imi table  
expanses of g ra s s  i n  which t o  graze.  

To begin t h e  d i c t iona ry ,  i t ' s  h e l p f u l  t o  organize the  
s t r u c t u r e  of phys ics  i n t o  t h r e e  groups of concepts : 

A t  t h e  top,  dynamics - concepts  c l u s t e r i n g  pr imar i ly  
about ac t ion ,  i n  which th ings  l i k e  charge and mass f i g u r e .  

I n  t h e  l e v e l  of dynamics we move f r e e l y  with geometric 
concepts which make up t h e  next  lower l e v e l ,  i n  which the  
fundamental s i n g l e  quan t i t y  i s  probably t h e  not ion  of time, 
and i n  which we a l s o  have such b a s i c  t h ings  as space-time 
events ,  a r e l a t i o n  of c a u s a l i t y ,  and t h e  speed of l i g h t .  

I n  dea l ing  wi th  both  t h e  dynamic and geometrical  l e v e l s  

of physics we work wi th  t h e  t o o l s  of l o g i c ,  which make up 
t h e  deepest  l e v e l .  I n  a sense t h i s  program i s  an at tempt 
t o  reduce a l l  physics t o  l o g i c .  There i s  n o t  t h a t  much 
d i f f e rence  between a l o g i c a l  recurs ion  procedure and a 
f i n i t a r y  computer. 

Now I i n d i c a t e  b r i e f l y  t h e  manner of t r a n s l a t i o n  a t  
each of these  l e v e l s ,  t h e  l o g i c a l ,  geometrical  and t h e  dynami- 
c a l ,  i n  a way which I th ink  makes t h e  procedure f a i r l y  easy 
t o  fol low f o r  anyone e l s e  who c a r e s  t o  r e t r a c e  my s t e p s .  
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' computer i s  not  The f i r s t  t h ing  i s  t o  make our computer out  of quantum 

.t t h e  world i s  elements. Computers a r e  o r d i n a r i l y  made out  of binary 

. from the  i d e a  elements, b i t s ,  zeros and ones. Let  u s  simply suppose t h a t  

:ms  back t o  t h e  i n s t e a d  of dea l ing  wi th  these  by the  t o o l s  of ordinary 
C .  (I am indebted Boolean a lgebra  we use the  a lgeb ra  of subspaces of H i l b e r t  

: a r e  working' i n  space. I n  more f a m i l i a r  terms, i f  a b i t  can take  on the  

va lues  0 and 1 it can a l s o  t ake  on coherent  superposi- 
. computer which t i o n s  of these  s t a t e s .  I n  b r i e f ,  t h e  n a t u r a l  bui ld ing  block 

p l e s  of Quantum f o r  a quantum computer i s  t h e  s p i n  -a theory,  a s  a  n a t u r a l  
I do t h i s  i s  t o  bu i ld ing  block f o r  a  c l a s s i c a l  computer i s  t h e  s e t  wi th  two 

: l a t e  t h e  b a s i c  elements . 
.erms, i n s t e a d  of Table I i n d i c a t e s  i n  f a i r  d e t a i l  how t h e  processes of 
p r a c t i c e  i n  doing. p ropos i t i ona l  ca l cu lus  which f i g u r e  i n  t he  syn thes i s  of 

t o  p re sen t  a  computers i n  modern automata theory a r e  t o  be t r a n s l a t e d  
.mply i n d i c a t e  t h e  from Boolean a lgebra  i n t o  H i l b e r t  space theory.  Perhaps the  

:t t h a t  t o  my only element of novelty involved i s  the  need t o  go beyond 
~ c l e .  I w i l l  t he  lowest-order p ropos i t i ona l  ca l cu lus .  We make up computers 

;award the  end of out  of t h ings  l i k e  words, sequences of b i t s ,  and we must look 

re wandered i n t o  forward t o  making a p a t h  out  of sequences of quantum elements 

!s and un l imi t ab le  f o r  example, so  we need t h e  p r e s c r i p t i o n s  f o r  making such 

assemblages out  of i nd iv idua l s .  
;o organize t h e  Pu t t i ng  it  d i f f e r e n t l y ,  we need t o  go deeper i n t o  t h e  
~ncep t s :  p ropos i t i ona l  ca l cu lus  and d e a l  w i t h  systems having i n t e r n a l  
. ing p r imar i ly  s t r u c t u r e .  

~d mass f i g u r e .  This i s  d e a l t  w i th  i n  a  h igher  order  o r  p red ica t e  ca lcu-  

wi th  geometric l u s  i n  ord inary  log ic ,  but  i n  quantum mechanics we encounter 
i n  which t h e  the  same problems every time we do many-body theory.  We know 

not ion  of time, how, given a theory of two ob jec t s ,  t h a t  i s  two Hi lbe r t  spaces, 

a s  space-time t o  make a theory of t h e  pair, which i s  one of t h e  bas i c  s t e p s  
:ed of l i g h t .  i n  t he  synthes is  of computers. Another of t h e  important 

:ometrical  l e v e l s  opera t ions  i s  going from an ob jec t  t o  a  new one c a l l e d  an 
which make up a r b i t r a r y  s e t  of such ob jec t s .  This  i s  sometimes c a l l e d  the  
i s  an at tempt star process i n  automata syn thes i s .  The corresponding pro- 
)t t h a t  much cedure i n  s e t  theory i s  going from a Set  S t o  2' . I n  a 
: d u e  and a case where an ob jec t  i s  described by a H i l b e r t  space S+ t he  

immediate obs t ac l e  i s :  what do we mean by two t o  the  power 
- ans l a t ion  at of a  ~ i l b e r t  space? I n  f a c t ,  t h e r e  i s  a b e a u t i f u l  correspon- 
:a1 and t h e  dynami- dence between t h e  laws of s e t  theory  and the  laws of t he  

lure f a i r l y  easy e x t e r i o r  a lgebra  over a H i l b e r t  space.  This  i s  t h e  a lgebra  
~ c e  my s t e p s .  t h a t  comes i n  whenever we do t h e  theory of many fermions. 
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s :  when we t h a t  we s ingled  out  a t  t h e  l o g i c a l  l e v e l .  What a r e  t he  
ac s t a t i s t i c s ,  corresponding th ings  a t  the  geometric l e v e l ?  
undamental A l l  t he  concepts of space and time can be expressed a l s o  
ns ;  not  f o r  i n  a theory of a p a r t i a l l y  ordered s e t .  ( I t ' s  odd t h a t  the  
d i f f e r e n t  same t o o l  should work tw ice . )  Space-time can be regarded 
, nor what I a s  a causa l  measure space: t h a t  i s  t o  say, a l l  t he  met r ic  
membership i s  concepts can be expressed i n  terms of two th ings :  t he  measure 
i t  o r  i s n ' t ,  of a space-time volume, and the  r e l a t i o n  of c a u s a l i t y .  For 

ed i n  the  Fermi- example, t he  d is tance  between two events  can be defined i n  
terms of t he  measure of t he  causa l  i n t e r v a l  between the  two 

h e s i s  of auto-  events .  The topology of space-time can be defined i n  terms 
i s  a proper ty  of a system of neighborhoods cons i s t i ng  of causa l  i n t e r v a l s .  
t i e s  as sub- I n  f a c t ,  I would say t h a t  r e l a t i v i t y  ga ins  by t h i s  t r a n s l a -  

s eve ra l  o b j e c t s  t i o n  i n  t h a t  t h e  t h e o r i e s  of i t s  e n t i r e  s t r u c t u r e ,  from the  
3 no d i f f i c u l t y  topologica l  l e v e l  up t o  t h e  l e v e l  of  c a u s a l i t y  and geodesics, 

Some concepts can a l l  be expressed i n  terms of t hese  two th ings  i n  analogy 
quantum t r a n s l a -  wi th  the  way we develop the  corresponding t h e o r i e s  of t h e  

Lar t h e  not ion  one-dimensional time ax i s ;  whereas i n  t h e  ord inary  development 
t h e  usual  t he  topology and the  met r ic  s t r u c t u r e  a r e  somehow divorced 

Ly and I found i n  t h a t  we do not  use t h e  th ings  corresponding t o  spheres i n  
r precedence genera l  r e l a t i v i t y  t o  def ine  this topology. It would give 
)n. I n  c l a s s i -  r a t h e r  odd r e s u l t s  i f  we s a i d  t h e  d i s t a n t  s t a r s  a r e  i n  topo- 
us ing  one r a t h e r  l o g i c a l  contac t  wi th  us  j u s t  because we r ece ive  n u l l  rays  

:iven of a from them. 

: t r a n s i t i v i t y )  So: Space-time i s  a causa l  measure spacs5. Where i n  
) ry  of H i l b e r t  the  theory of quantum automata do we f i n d  t h e  corresponding 
is such immediate concepts? Right on the  sur face ,  wai t ing  f o r  us t o  grasp them. 
Lence. We know F i r s t ,  t he  r u l e  f o r  t r a n s l a t i n g  measure i s  derived from 
-econs t ruc t  t h e  the  lower l e v e l .  Measure i s  b a s i c a l l y  a l o g i c a l  concept i n  
! s t i on  of neg- the  theory of. automata: you j u s t  count processes .  So I w i l l  

consider  t h a t  our causa l  measure space i s  t o  have a measure 
i n  each l e v e l  derived by counting. I n  t h e  quantum theory counting i s  done 
smal les t  number by the  t r a c e  opera t ion .  Statements of l o c a t i o n  i n  space-time 

.m, - i n  t he  hope i n  a theory of t h i s  kind a r e  represented  i n  H i l b e r t  space, 

a l l  e l s e  w i l l  
t h e  whole mechanics a r e  represented  i n  H i l b e r t  space i n  quantum mechanics. 
l i t y  amplitudes, The only th ing  t h a t  remains i s  t o  spec i fy  a causa l  s t r u c t u r e .  
l b e r t  space, Where i n  automata do we f i n d  t h e  causa l  r e l a t i o n  but  i n  

n r e l a t i o n s  the  f a c t  tha t  some computations must take  p l ace  before  o the r  
H i lbe r t  space computations, i n  t h e  r e l a t i o n  of l o g i c a l  dependence. I n  f a c t ,  



i n  von Neumannls b e a u t i f u l  comparison of t h e  computer and 

t h e  bra in ,  one comes very c lose  t o  d iscuss ing  the  geometry 

of t h e  b r a i n  o r  of t he  automaton i n  terms of j u s t  t h e  one 

not ion  of what I w i l l  c a l l  l o g i c a l  precedence. The measure- 

ments t h a t  von Neumann makes on comnuters and b ra ins  he 

Ari thmetic  depth i s  t he  maximum number of l o g i c a l l y  dependent 

processes.  Arithmetic breadth  i s  t he  maximum number of 

l o g i c a l l y  independent, concurrent  processes i n  t he  cha in .  

computers a r e  s t i l l  e s s e n t i a l l y  one dimensional,  having per-  

ha  s a l o g i c a l  breadth  of-10 . For t h e  b r a i n  i t ' s  about i; 10  i n  both d i r e c t i o n s .  You might say t h a t  man i s  a two- 

dimensional c r ea tu re .  I f  we wish t o  model space-time we w i l l  

have t o  t h ink  even more i n  terms of such h ighly  p a r a l l e l  o r  

asynchronous computational models. Each event i n  space-time 

i s  somehow a c a l c u l a t i o n  going on independently of those 

t h a t  occur i n  space l ike  su r f aces  r e l a t i v e  t o  it ,  and i f  you 

push t h e  dura t ion  of t h e  fundamental s t e p  down below 10 -14cm 

f o r  s a fe ty ,  then t h e  a r i t hme t i c  depth of t h e  universe i s  a t  

rv- 
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number of course, expressing t h e  four-dimensional na tu re  of the 

the1 
computational process t h a t  we must seek t o  model. The poin t  

mode 
i s ,  given these  two bas i c  not ions  of cause and measure f o r  

automata a complete l o g i c a l  theory of t he  geometry of automata 

can be worked out .  

Let  me j u s t  mention two examples, one motivated e n t i r e l y  

by t h e  i d e a  of a l o g i c a l  model without  any cons idera t ion  of 
the0  

r e l a t i v i s t i c  invar iance ,  and then  a modif ica t ion  of t h i s  t o  
c o m  

make i t  exac t ly  Lorentz i n v a r i a n t .  
t h e r  

L e t ' s  cons ider  t h e  s imples t  kind of s e r i a l  computation, 
geom 

which I c a l l  t he  b inary  code. Suppose we s t a r t  from a s ingle  
s t rul  

k ind  of b inary  d i g i t  represent ing  two a l t e r n a t i v e s  which you 
w i t h  

can th ink  of a s  0 ,  a move forward i n  time and a s t e p  t o  the 
toge-  

r i g h t  o r  1, a move forward i n  time and a s t e p  t o  t he  l e f t  i n  
a sir 

a k ind  of checkerboard diagram. We b u i l d  a pa th  as a sequence 

of such th ings ,  so l e t  me c a l l  t h i s  bas i c  t h i n g  ou t  of which 
l i t y  

we w i l l  assemble space-time a l i n k .  Let  u s  pass t o  t he  quantum 
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theory by descr ib ing  t h e  l i n k  1 by a two-dimensional H i lbe r t  

space. The not ion  of a pa th  IT i s  then  a well-defined 

Hilbert-space concept, a quantum sequence of such l i n k s :  

n = seq 1. For the  end-point of the  pa th ,  i t  s u f f i c e s  simply 

t o  ignore  order ,  t o  say t h a t  two pa ths  correspond t o  t h e  same 

po in t  i n  space-time, have the  same end-point,  i f  they d i f f e r  

only by a permutation of t h e i r  l i n k s .  The Hi lbe r t  space 

descr ib ing  the  po in t  of space-time p i s  then go t t en  from 

the  Hi lbe r t  space descr ib ing  t h e  pa th  n i n  t h i s  p r imi t ive  

space-time by a symmetrization procedure t h a t  l eads  from the  

usual  d i r e c t  product t o  t he  f a m i l i a r  Bose-Einstein quantiza-  

t i o n .  A po in t  of space-time of t h i s  model i s  a  Bose-Einstein 

ensemble o r  s e r i e s  of two-state  ob jec t s ,  l i n k s  described by 

a two-dimensional H i l b e r t  space: p = s e r  . 
I ' v e  given the  lowest  l e v e l  of t h i s  model. The next  

t h ing  i s  t h e  causa l  s t r u c t u r e :  what does i t  mean t o  say one 

such ensemble 
1 

comes before  another  p i n  t he  assembly 
2 

process? The simplest  procedure i s  t o  say t h a t  p 
1 P2 

i f  

t he  number of l i n k s  of each k ind  i n  p i s  smal ler ,  so t h a t  
1 

you can g e t  t o  p , i n t u i t i v e l y  speaking, by j u s t  adding 
2 

more l i n k s  and not  sub t r ac t ing .  This  can be expressed i n  

terms of quantum symbolic l o g i c  q u i t e  t r i v i a l l y .  Considering 

two po in t s  p 
1, P2 

and a kind of l i n k  6 , f o r  each poin t  

t he re  i s  a number opera tor  n 6 ( 1 ) ,  n 6 ( 2 ) .  Then the  p r imi t ive  

model f o r  t he  causa l  r e l a t i o n  i s  

I f  we go over t o  t h e  c l a s s i c a l  l i m i t  of t h i s  quantum 

theory,  which I do very c h i l d i s h l y  j u s t  by dropping the  

commutators, we ob ta in  a c l a s s i c a l  causa l  measure space S, 

t he re fo re  a c l a s s i c a l  geometry which we can then  look at a s  a 
geometrical  ob jec t  i n  i t s e l f .  What i s  i t s  s t ruc tu re?  I t s  
s t r u c t u r e  i s  the  f u t u r e  n u l l  cone N' of s p e c i a l  r e l a t i v i t y  

w i th  exac t ly  t h e  f a m i l i a r  Minkowsky measure and causa l  order ing  

together  wi th  what has t o  be counted as an i n t e r n a l  coordinate,  

a  s i n g l e  angle : S=N'X S 1 . 
From t h e  f u t u r e  n u l l  cone N+ i t  i s  of course a  t r i v i a -  

l i t y  t o  assemble a l l  of space-time by very simple formal pro- 

cedures. I n  p a r t i c u l a r ,  two words i n  t h e  binary code pro- I 



of the null cone. The theory is not exactly covariant be- 
cause the commutation relations of two harmonic oscillators, 
which is what we are dealing with here are not invariant 
under SL even though the causal ordering C is invariant 

2 
under SL2 . The non-covariance# of the commutation relations 
disappears in the classical limit. That's why we end ur, with 

We then are faced with a decision between two models; th 1; one covariant only in the classical limit, which suggests th 

6 that if we look at fine enough regions in space-time it is Fe; 

' fi not inconsistent to imagine that departures from special sp: 
:I! relativistic covariance show up; the other, exactly covariant in 

at all distances, obtained by replacing the commutation re- YO[ 
lations for two harmonic oscillators by the commutation re- che 

lations of the Majorana representation. If you like you can be 

say that what we have here is a new interpretation for the for 

Majorana representation and algebra. The idempotents in it a P 
can be regarded as statements of location in a space which lin 

could be regarded as a quantized null cone in which the e qu 

covariant relation p Cp within the Majorana algebra plays tha 
1 2  

the role of the causal order. So I call this exactly invari- is 

ant theory the Majorana space-time. Two of these modeis suf - dif: 

fice to make up a four-dimensional space-time, but when you tudc 

double up on the number of external coordinates, you also 
multiply the number of internal coordinates. It turns out 
that the full structure of the algebra of the automaton 

1 
generating what I would call two words in the binary code 
is that of the solid future cone C+ multiplied not into S1 

I , but into U(2,C)=S1 x SU . These are internal coordinates 
2 

in the simple sense that changing the values of these coordi- 
i 

I; nates does not produce any causal separation. 
Let's ascend to the dynamical level, where the action is. thou, 

11 
I 

'I 
What is the form in which the laws of nature should be ex- when 

/ /  pressed in such a space-time? Guided by our success in deal- over 
I;! ing with partial orderings of the two lower levels, it is repre 
4 

4 suggested that we try and express the laws of mechanics also give 
I /  

I r by the theory of a partially ordered set. (1t is encouraging e quat 
It, 
,I that in the theory of thermodynamics, which really belongs inter 
11 I 

,I to the same level as dynamics, such a formulation in terms of per c 
/I 

partial ordering is actually more unified and beautiful than 



z i a n t  be- t h a t ,  say, i n  terms of an entropy p r i n c i p l e ,  o r  t h e  more 

l s c i l l a t o r s ,  c l a s s i c a l  ones. A l l  of t h e  thermodynamics has  been e q r e s s e d  

war i  an t  a s  a theory of a p a r t i a l l y  ordered s e t  i n  which t h e  ob jec t s  

nva r i an t  a r e  t h e  s t a t e s  and t h e  p a r t i a l  o rde r ing  i s  t h e  r e l a t i o n  of 

In r e l a t i o n s  the  exis tence  of a n a t u r a l  process  going from one s t a t e  t o  

b end up wi th  another .  The entropy appears a s  a va lua t ion  of t h i s  p a r t i a l  

order ing  i n  the  same way t h a t  time appears  a s  a va lua t ion  of 

ro models; 
t h e  imp l i ca t ive  order ing  of t h e  previous two l e v e l s )  suggests  

,ime i t  i s  Feynman has exh ib i t ed  a model of quantum theory i n  a d i s c r e t e  

s p e c i a l  space, which i s  a b i g  s t e p  towards a quantum space. It i s  

, l y  cova r i an t  i n  f a c t  a two-dimensional model of  t h e  Dirac equation.  I f  

 tati ion r e -  you th ink  of a two-dimensional space-time i n  t h e  form of a 

i t a t i o n  r e -  checkerboard, i f  you suppose t h a t  only the  black squares can 

.ike you can be occupied a s  i n  t h e  game of checkers  and t h a t  a man can s t e p  

)n f o r  t h e  forward t o  the  r i g h t  o r  s t e p  forward t o  t h e  l e f t ,  then again  

;en ts  i n  it a p a t h  i s  obviously a b inary  sequence, and t h e  elementary 

)ace which link i s  a binary d i g i t .  Feynman poin ted  ou t  t h a t  t h e  Dirac 

.ch t h e  equation on t h i s  simple model could be derived from the  law 

Lgebra p l ays  t h a t  t h e  t r a n s i t i o n  amplitude f o r  a p a t h  i s  (im)R where R 

t c t l y  i n v a r i -  i s  the  number of r e f l e c t i o n s  of motion along t h e  path7. The 

modeis su f -  d i f f e rence  form of t h i s  law i s  t h e  s tatement  t h a t  t h e  ampli- 

~t when you tude y f o r  t he  p a t t e r n  

you a l s o  

t u r n s  ou t  

tomaton 

i a ry  code t e r n s  wi th  a c e r t a i n  coherent phase: 

no t  i n t o  S1 

coordina tes  

these coordi-  

This  i s  i n  f a c t  t h e  Dirac equation i n  t h i s  space, a l -  
the a c t i o n  i s .  though i t  i s  no t  e n t i r e l y  f a m i l i a r  looking.  I n  the  case 

uld be ex- where we go over t o  wave-functions which change s l i g h t l y  

cess  i n  dea l -  over  a s i n g l e  square, so t h a t  t h e i r  changes can be accura te ly  

Is, it  i s  represented i n  terms of de r iva t ives ,  t he  f i r s t  two amplitudes 

chanics  a l s o  

s encouraging 

l y  belongs i n t e r p r e t a t i o n  as the  p r o b a b i l i t y  amplitude of j i t t e r  ( z i t t e r )  

n i n  terms of pe r  chronon, t h e  p robab i l i t y  amplitude f o r  r e f l e c t i o n  of 

a u t i f u l  than  motion i n  one u n i t  of time on t h i s  l a t t i c e .  The argument i n  



t he  amplitude y i s  not  merely a  po in t  i n  space, but  

a poin t  and a d i r ec t ion ,  which i s  s u f f i c i e n t  t o  def ine  

a pa th  i n  t h e  c l a s s i c a l  motion. 

The space of pa ths  of t h i s  model i s  t he  conf igura t ion  

space of t he  l i n e a r  I s i n g  model and t h e  quan t i t y  R i n  

Feynman's t r a n s i t i o n  amplitude i s  t h e  p a i r  Hamiltonian f o r  

t he  l i n e a r  I s i n g  model. The gene ra l i za t ion  from two d i s c r e t e  

dimensions t o  a covar iant  model i s  simply t o  r ep lace  the  

I s i n g  model by t h e  l i n e a r  Heisenberg model, t h e  I s i n g  Hamil- 
t on ian  opera tor  by the  Heisenberg p a i r  Hamiltonian. 

But I must s top  now. 



, but  

def ine  
TABLE I. CONCEPTS OF QUANTUM LOGIC 

Propos i t i ona l  System 
f i g u r a t i o n  

Notat ion Representat ion 
R i n  

System, Object a ,b,  ..., A,B ... 
ton ian  f o r  

Propos i t ion  
two d i s c r e t e  p,&, ... subspace 

i n c l u s i o n  
l ace  t h e  

I d e n t i t y  propos i t ion  I,Ia the  H i l b e r t  space 
I s i n g  H a m i l -  

WI. Null  propos i t ion  t h e  zero vec tor  

O r ,  ad junct ion  

And, conjunction i n t e r s e c t i o n  
N orthocomplement 

orthogonal  

dimension 

P,q, . . opera tor  
Function of a  quant i ty  f  ( p ) ,  p2 , .  . . c f .  func t iona l  

ca l cu lus  
Propos i t ional  func t ion  
of a  quant i ty  P(P)  ,PX,. "predica te"  

s i n g l e t ,  pure s t a t e  

Calculus of P ropos i t i ona l  Systems 

Sum, d i s junc t ion  
d i r e c t  sum 

d i r e c t  product 

Theory of Binary Rela t ions  

subspace of IaxIb 

exchange subspace 

Trans i t i ve  a ~ b  fl ~ R C C  aRc 
Function, Mapping F: (P c Q) c ( F ( P ) c  l i n e a r  

~ F ( Q )  ) , I F ( P )  I I I P I  t r ansformat ion  

s e t  a, 2" (F.D) e x t e r i o r  a lgebra  

Se r i e s  of a ' s  s e r  a (B.E.) symmetric 

Sequence of a ' s  seq a (M.B.) t enso r s  on I& 



Concept 

Quantifiers 

Numerical 

Universal 

Existential 
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TABLE: 11. CONCEPTS OF GEOMETRY OF LOGICAL NETS 

Concept Notation Representation 

Point (Event) P Computational step 

Measure (of point set) \ P I  Cardinality 

Causal precedence PCP ' Logical precedence 

Time-like path 7~ Maximal well-ordered set 

Space-like surf ace Z Maximal non-ordered set 
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-cs, Addison- - 
DISCUSSION 

LWJ, M.I.T. 

JAUCH The exposition of Professor Finkelstein offers such 
,ry, Tata Insti- dazzling possibilities that if I make a simple question or 
? Computer and two it will not do justice to all the richness of what he 

has presented us; but I would like to make one statement and 
, The Physics one question. 

3 r  Theoretical First, the motivation of all this was given in terms of 

Riemannls question about the replacement of the continuum by 
see especially discreteness. However, when you start out you throw continui- 

J. - 79,38 (1947); ty out the front door and it comes in the back door again, 
3 sm&n , namely through Hilbert space. Hilbert space, of course, is 

Naturforschung constructed with coefficients from the continuum, and so 
~tum Theory and continuity comes in; at the lower level to be sure, but 

still it is there, somehow you will not be able to get rid 
, The Space-Time of it, and you have to live with it. 
rheoretical The second is a question, simply a technical question. 

I did not quite understand: did you get the three-plus-one 
rmodynamics, dimensionality of space, or is that an input that you have 

n Mechanics and FINKELSTEIN It was put in by hand when I said the binary 
code. If you take the singulary code, you get a one- 

dimensional space-time consisting of nothing but a time axis, 

plus a single internal degree of freedom having nothing to 

do with causality, a kind of Newtonian world. If you wanted, 

say, a nine-dimensional world yould only have to use a 

ternary code with three basic characters. 

As for the continuity, remember it is not discreteness 

which is the goal, but finiteness. I don't ever want to 

have to do an integral again as long as I live. I want to 

do nothing but finite sums, and if we work with finite dimen- 

sional Hilbert spaces, we find nothing but finite sums to 

be computed, even though they possess the full continuous 

symmetry group of, in this case, the Lorentz group. In- 

cidentally, I should mention that in this kind of a model, 
and in fact all the ones I've exhibited, time is the number 

of chronons. This is also the dimensionality of the Hilbert 





me. At the 
one needs a 

FINKELSTEIN Exactly. Back in the quantum theory there must 
be some remnants of this invariance and I have not fully 
explored it yet. There is always available something like 

if you want, 

as in el~gtron 
nly 2(10 ) , 

the ruture tlme-translat~on. ~ n l s  IS the seml-group, rather 

than group, of future-time-like translations by discrete 
amounts, multiples of course of the fundamental constant r . 
The spectra that one gets for the coordinates in the quantum 

sely what one 

Clearly to speak 

other time is 

of the electric 

than another 
quantized the 

. Now we know 

ional quantum 

lassical value 

we have to 

lectric field 

s happens in 
ed back to 

theory before going to the classical limits varies slightly 

from model to model, but typically, in spite of the exact 

Lorentz covariance, one might have that t is an integer 
multiple of the fundamental constant, whereas x,y and z 

possess purely continuous spectra. 

WIGNER I am a good deal confused by a number of things 
that you said, particularly about the invariance of the theory. 

You don't postulate Poincare' invariance, but you do postulate 

Lorentz invariance and time-displacement invariance, or 
did I mishear that? 
FINKELSTEIN In fact, I've described several theories so 

that it's understandable that the hypotheses could get garbled. 

In my initial work I postulated no invariance at all. I simply 

11. I looked for quantum models of binary computation procedures, I 
v know. I've I and was rather shocked to discover that the simplest non- I 
mitive sorts 

mological origin. 
nite, and so 

up models which I 

trivial model possessed Lorentz invariance in the classical 

limit. Then I noticed that one could restore full Lorentz 
invariance in the quantum theory by a slight change in the 

commutation relations and exhibit a whole class of other 

rate in infinite- models. These models still lack time-transitional invariance 

onf ronted with as unitary transformations, as one might expect for a theory 

te sum. Rinht which contains only the future light cone. A time-translation - 
ven in  re- f does exist, which is not unitary but an isometric linear trans- I 
much more evi- formation in the quantum theory. 

WIGNER I see, but you don't have time-translation invariance. 

tz but not FINKELSTEIN Time-translation is not represented by a unitary 

Z I I transformation. Time-translation by discrete quantities is 

mi+ im -me 9 1 represented by an operation something like the excitation I 

incar; invari - WIGNER The question which is not terribly clear is simply 
this: if you have time-translation invariance and Lorentz he continuum 
invariance, by the combination of the two you have also 

invariance with respect to every other translation. Now, 





one restricts of group-theoretical structure that comes up here. 

se manifold FINKLESTEIN Incidentally, it's typical of automata that 

st the same for them the passage of time is a semi-group rather than 

f I may talk a group of transformations. 

sentations were 

here is space- 

led somewhat 

one wants 

o restriction 

dense and 

ion of symmetry 

he first thing 

say is that, 

onal invariance. 

exhibited here. 

ture, but not 

into the future 

re not even 
have here, but 

no inverse. 

fy Professor 

full complexity 

ou consider the 

ns whose support 

t is a legitimate 

natural way, 

mations . They 

e functions 

ou consider 

onlt change 

pace into a 

ere defined 

oup represented 

group, to wit 

ward light cone, 

but by isometrics 
d thatt s sort 
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