EATENSION I5 + S5IMGLE INITIRL FOR THE PRIMARY ALGEBRA

by Louis H. Kauf+tman . -

1. INTRODUCTION
This note assumes the conventions of Laws of Form by &,
Spencer—Brown [41. I show that extension

single initial +or the primary algebra.
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There are tTwo sections +to the paper. Saction 2 contains
+he promised derivation. Section I discusses the historical
context of +this +esults @and 1its relation +to +the work of

Huntington [2]s Rodney Johnsonaand Graham Ellsbqrg 1

II. COMSERUEMCES DF EXTEMSTION

) I‘shall assume extension, denoted Es and the conwventions of
substitution and teplacement. #Hny variable can be replaced by an
arbitrary algebraic -expression — dncluding the unmarked =tats

twoid substitutions.

E.(Extansiaonl aQ, = -a—." b a“m‘

i.o. PF1 71 Fer any p and Q.

Dem. ppl = FZN FIEN P (£.)
ﬂ—j—\ﬂ (e.)
7l pliga] FIgAll AUl Cimpliit

=¢ FAzN el (e.)
= 27l (E..



Qf (+r ef§'|'e»cﬂ'.{i on) x =a .
= =al =zl (19)

= d : (e .') »

37 (position) PIpl=

Dem . -fﬂ p = g3 any P and % (4°)
Let ¢ be wnmar ked.
Flp =1 | (void subs.)
Pl = 7 | (subs.)
=l = - (2° with

As VOTJ ) °
Y2 (iteration) aa=a

| Dem. aa = aol| | (22)
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W2 ‘hawve derived both position <3.7 and transposition 6.7
from extension. Position and transposition are -+the traditional

initials for the primary algebra [4]. Therefore, extension is 3

single initial fgor the primary algebra.

I1I1. HISTORY
This result has been in the Folklore o+ Laws of Form Ffor
some years. 1t was mentioned to wme by Spencer—Brown in 1988 — as

& -

a result obtained by Dr. Rodhey Johnson, =2 participant in his

seminak ‘at +he Maval Ressarch Laboratory in Maryland,USH.
ficcording +o Spencer—Brown.  this ,demonstration was long and
arduous. In any case. no manuscript appearad in the dintervening
Y2ars.

In April of 19838, 1 discoverad thehdemonstfation iﬁcluded
herain. It is simple, short, and ”as natural as the
demonstrations of the primary algebra in [4].

Upon telaying this rasult +o Spencer-Brown I was informed
+hat Mr. Graham Ellsbury +see [17]2 had found an =legant

demonstration that the cross—transposed form of .extension

CE: dcrosstransposed extensionl

O = ab] a..m“

iz 3lso a single initial for the primary algebra.
While *these +*wo initials {E and CE} are closely relateds
+here is & particular mathematical difference betwesn them. The
initial of cross-transposad axtansion is more delicate in =&

+achnical sense. If  we do not allow void substitution ti.=.

substituting the unmarked state for = variablel in the slgebra

*—

+then it is an unsolvwed problem (e [3] whather

cross—-transposed extension is 3 single initial For an algebra of

primary tTupe tequivalent to a2 bonlean al3sbras.
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on 1He other ‘“hand - éxfension is +the formal counterpart o+
an axiom used by Huntington [2] to give 3 three—axiom system +or
boolean algebra. Huntington’s other two axioms weare
commutativity and associativity. Thus: sHuntington’s work
pradates +that of Rodney Johnson and myselF. 0+ course Huntington
was not working in the context of Laws of Form and he had to
work harder in ‘his domain because he 'did nhot =allow woid
substitution. These iszsues are discussed at greater length in

[31.

1+t has been the purpose of *This papér +5 present a simple
derivation of the primary algebra ¥rom-exiension, and to place
thiz result in its;historical contexta
&5 +this discussion indicates, the problem we now Fface is fo
chare;terizg +the structure ﬁ+ a sTnglé ini%ial “that can génerate

the -antire primary algebra.
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