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New Invariants in the Theory of Knots

Louls H. KAUFFMAN

Louis H. KAUFFMAN received his Bachelor of Arts degree at MIT and his
Ph.D. degree from Princeton University in 1972. He has been at the University
of Illinois at Chicago since 1971, where he is now Professor of Mathematics.

His interest in the theory of knots began at Princeton University through
conversations with William Browder (his thesis advisor), Ralph Fox, fellow
students, and teachers. He has worked on the relationship of knot theory
with singularities of algebraic varieties, manifolds of many dimensions,
circuit theory, logic, formal mathematics and physics.

He is grateful to the knots for being such a fertile place in the meeting of
ideas and the people who come along with these ideas and give them life.

I. Introduction

In this article I will concentrate on a diagrammatic approach to invariants of
knots. I will talk about connections with graph theory, physics, and other topics. In
the process I shall construct the Jones polynomial and its associated algebra. I will
also discuss generalizations of the Jones polynomial due to myself and others. [Jones
introduced his polynomial in 1984. Almost immediately, Hoste, Ocneanu, Millett,
Lickorish, Freyd, Yetter, Przytcki, and Traczwyk had a significant generalization.
Shortly, yet another invariant was crafted by Brandt, Lickorish, Millett, and Ho. I
generalized this one, and in the process found new approaches to the original Jones
polynomial.] We'll also explain how proofs of some old conjectures about alternat-
ing knots emerge from this work (due to myself, Murasugi, and Thistlethwaite).
Many people have helped in this resurgence of the theory of knots. This article is
dedicated to all of them.

Let’s begin by thinking about how one might go about making a theory of knots
and links in three-dimensional space. The typical example of a knot is illustrated in
FIGURE 1.

a (realistic) b (schematic)
Fic. 1.
195



196 LOUIS H. KAUFFMAN [March

Actually, FIGURE 1 has two illustrations of a trefoil knot 7. In the first (a), the
trefoil is depicted realistically as a physical tube with thickness and shading in the
three-dimensional space. This picture reminds you that the trefoil might be made of
rope or rubber—and that such a model would exhibit thickness, tension, friction,
and other physical properties. In the second illustration (b), there is a schematic
representation consisting of three continuous planar segments meeting at crossings.
The crossings have local forms as shown in FIGURE 2.

Vertex

N

——————————

|

F1G. 2. Two forms of crossing associated to a vertex.

A schematic diagram of this type is a sufficient pattern to allow reconstruction of
the knot or link from rope or string. It also encodes key topological properties, and
allows the construction of a diagrammatic theory.

Thus, I shall regard a knot or link as extra structure (via crossing choices) on a
(locally) 4-valent planar graph. Each vertex of such a graph has the form seen in
FIGURE 2, and we shall call such a graph a universe. Thus in FIGURE 3 you see the
trefoil and its universe.

(unknot) K) T (trefoil)
\ l/

U (trefoil universe)

Fi6. 3.
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As FIGURE 3 indicates, you may regard the universe as the shadow, under
projection to the plane, of the overlying knot or link. In general a universe of n
vertices can be the projection of 2" corresponding knots/links. Many of these will
be unknotted or unlinked (see FIGURE 3).

But we now need a definition of equivalence so that the words unknotted and
unlinked make sense. This equivalence is essentially generated by three fundamental
types of diagram moves (the Reidemeister moves). See FIGURE 4. I have designated
the Reidemeister moves as type I (add or remove a curl), type II (remove or add two
consecutive under (over) crossings), and type III (triangle move). Reidemeister
proved in the 1920s that these three moves (in conjunction with planar topological
equivalences of the underlying universes) are sufficient to generate spatial isotopy.
In other words, Reidemeister proved that two knots (links) in space can be
deformed into each other (ambient isotopy) if and only if their diagrams can be
transformed into one another by planar isotopy and the three moves (see [R]).

SO D) =>O
O ~DC

AR

F1G. 4. Reidemeister moves.

By a planar isotopy I just mean a motion of the diagram in the plane that
preserves the graphical structure of the underlying universe. See FIGURE 5.

F16. 5. Planar isotopy.
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-
(G O

F1G. 6. Ambient isotopy.

it

—_—

In FIGURE 6 an ambient isotopy to an unknotted circle is shown. FIGURE 7
illustrates an ambient isotopy between the figure eight knot E and its mirror image
E*. A knot (link) is said to be ambient isotopic (equivalent) to another if there is a
sequence of Reidemeister moves and planar equivalences between them. We write

~ for equivalence. Thus E ~ E*. (Note that the last two steps in the FIGURE 7
deformation are planar equivalences.)

D
i C fii i
e
E
i 11, T 1, 11 i
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The next thing one wants in a theory of knots are methods for distinguishing
inequivalent knots and links. For example, we know that there is no equivalence
between () and ) O : for the number of components remains invariant under ~ .
Note that you can determine the number of components even from a complicated
diagram by choosing a point on some arc of the diagram and then taking a walk
along the diagram—crossing crossings when you come to them. Each component is
a complete cycle obtained in this way. (See FIGURE 8).

3 components

L
/

F1G. 8. Counting components.

Note indeed that it is a consequence of the Reidemeister moves that the number
of components is unchanged by equivalence. Thus the component count is our first
invariant of knots and links. By itself it is, however, not very strong. In particular,
QO and @D each have two components but are, in fact, inequivalent. The next
invariant is the linking number. It gives a measure of how two curves wrap around
each other. To define it we need notions of orientation and sign.

A link is said to be oriented if each of its components is assigned a direction
indicated by arrow(s) on its arcs. The arrows are consistently arranged in the form
—*74—'—. Oriented crossings are given signs of +1 as shown in FIGURE 9.

F1G. 9. Crossing signs.

Given a link of two components « and S8, let « M B denote the set of crossings of
the component a with the component B. (Thus a M B does not include self-



200 LOUIS H. KAUFFMAN [March

crossings of a or of B.) Then the linking number of a and 8 is defined by the
formula:

1
(e B)=5 T e(p).
peanp
In other words, the linking number is one-half of the sum of crossing signs of one
curve with another.

B

Example 1. Q k(e B)=31+1) =1
o
Bl
Example 2. @ k(a,B)=4(-1-1)= -1
a/

Once an orientation has been assigned to a link of two components, it is immediate
from the Reidemeister moves that the linking number is an invariant. For type I

moves do not contribute to the linking number, while type II moves add or remove
both a +1 and a —1. And type 111 moves do not alter the summation.
Thus the two examples above suffice to prove that the simplest link

&

is indeed linked. For whatever orientation we assign to it, this link has a nonzero
linking number.

Cﬁﬁ
) =
Example 3. <+ > “ k(e,B)=31+1-1-1)=0.

This is the Whitehead link (named after the topologist J. H. C. Whitehead). Even
though it has linking number zero, it is linked.

Example 4.

t
%
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Thus &%~.‘ e

] ] i
' ]
! \ |

|

>

keeping the endpoints fixed. This is a familiar phenomenon that you can illustrate
with a belt (the two arcs forming the edges of the belt.)

é::%~g>@<3

If the edges of the belt are oriented in the same direction then we can see what the
linking number contribution will be from either of these forms.

TS (-1-1)= -1
(o (-1-1)= -1
S J

S e (self-crossings are not counted)

In the curl form zz@ it is worth noting that the linking contribution is the
same as the contribution of the self-crossing —<

We can use these observations to find the linking number of a more complex link
such as

o

B

Y each curl contributes +1 to the linking number
> occurs twice giving 11+ 1) =1
k(a,B)=1+1+1=3.

In fact, we can always find the linking number of a link that is built from a knot
diagram by adding a parallel strand:

k(a,B) =w(K)=3.
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The resulting link has linking number equal to the sum of the crossing signs of K. We
have denoted this sum by w(K). It is called the writhe of K (or the twist number of
K). The writhe w(K) is not necessarily an invariant of K since it changes by + 1
under the type I move. But the writhe is an invariant of the associated link K
obtained by drawing parallel strands as above.

Example 5. . m_ m
D 2

k(K) =w(K) = +1

O &

In the context of the associated parallel link K, it is appropriate to call w(K) the
writhe of K and to reserve the word twist and a number T(K) for the twisting of the
strands. Thus we shall call :><>\_ one full positive twist. And we’ll write

T(EED) = +1.

Then for links L composed of parallel twisted strands we have the formula
Ik(L) = w(L) + T(L). (See [Wh].)

The linking number for parallel twisted strands is the sum of the writhing and
twisting. Thus

77
«—»
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Example 6.

EP

w(L) = +3
T(L) = -3
k(L)=3-3=0.

This is another example of a link with zero linking number that is nevertheless
linked. ‘

Remark. The formula [Wh] lk(L) = w(L) + T(L) can be regarded as a kind of
“conservation law” for links of closed parallel (twisted) strands. Neither w(L) nor
T(L) are individually topological invariants. But since the sum of writhing and
twisting is a topological invariant, this sum must remain a constant. You can
observe this conservation by playing with a rubber band. And it has been used to
help understand the geometry of closed double-stranded DNA. ((BCW], [F])

—_——

There is much more to say about linking numbers—many other points of view.
See Knots and Links by Dale Rolfsen or my books Formal Knot Theory; On Knots;
Knots and Physics for other points of view. We now pass on to the next problem: zo

show that the trefoil @D is indeed knotted. The most elementary proof of this fact
that is known to me runs as follows: Color the arcs of the trefoil diagram red (r),

blue (b) and yellow ().
CQ) y

Say that a knot diagram is tricolored if every arc is colored r, b, or y and at any
given crossing either all three colors appear or only one color appears. Of course to
be tricolored there must be arcs of each color in the diagram. Then prove (exercise!)
that for knots (one component) tricoloration is preserved under the Reidemeister
moves.

Since the trefoil is tricolored and the unknot is not tricolored, this method
articulates a topological property of the trefoil and shows that it can not be
unknotted. In the next section we will show that the trefoil is chiral. That is, we will
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prove that it is not equivalent to its mirror image. In the old days (before 1984) this
was something that required a lot of mathematical background. Now we can prove
it using only diagrams and a few definitions and calculations. That new invariants
can be both simple and powerful makes the subject of knots very exciting.

In the next section we construct the bracket invariant and show how it gives rise
to the Jones polynomial and to chirality for the trefoil. Section 3 uses the bracket to
get at subtle facts about alternating knots and links. Section 4 gives more discussion
of the bracket and its relation to braids and the algebra of Jones’ original
representation. Section 5 discusses 2-variable generalized polynomials and the
historical background of Alexander and Conway polynomials. Section 6 shows how
the bracket (hence, the Jones polynomial) is directly related to the Potts model in
statistical physics. Sections 7 and 8 explain and generalize a relation with the Tutte
polynomial in graph theory (see [T1] by M. Thistlethwaite). Section 9 discusses the
knot theory of graphs embedded in three-dimensional space. Section 10 has specu-
lations and problems.

II. The Bracket Polynomial

I begin by defining a 3-variable polynomial on unoriented link diagrams. Given
an unoriented link diagram K, [K] € Z[A4, B, d] will denote the corresponding
polynomial in commuting variables 4, B, and d. The bracket polynomial satisfies
the axioms:

Bracket Axioms
1. [><]=4[=1+B[)(]
[>}J=B[=1+4[)(]
2. [OK]=d[K]
[0] = d.

Some explanation of these rules is in order. First note that an unoriented crossing
discriminates two out of the four regions incident at its vertex. This can be done
conventionally by rotating the over-crossing line counterclockwise and choosing the
two regions swept out. Thus

&

<]

By using this convention, we can label the regions 4 and B, respectively:
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The formula in (1) then reads
/AB =4 +B
RN

and we see that A corresponds to a splice that “opens the A-channel” while B
corresponds to a splice that opens the B-channel. By this convention, the second
equation in (1) is correct, and a repetition of the first.

The crossings in these equations stand for larger diagrams that contain them.

Thus >, —, ) ( are assumed to be parts of otherwise identical diagrams. In this
sense the expansion formula (1) stands for infinitely many particular formulas such

@D —a| A 48] o

The second equation asserts that an extra disjoint circle placed anywhere in the
diagram multiplies the value of the bracket by d. In particular

[any N disjoint simple closed curves] = dV.

©O] -

Clearly, these axioms lead to a recursive calculation of [ K] by continued expansion
to evaluations of collections of simple closed curves. To see that [ K] is well-defined,
it suffices to reformulate it as a sum over states S of the universe U underlying K.

Let U be the universe for K. A state S of U is a choice of splitting for each vertex
of U. I denote such a choice by a marker at the vertex (see FIGURE 10). FIGURE 11
shows a state of the trefoil universe and its corresponding splitting.

Given a state S, let |S| denote the number of components in its splitting. Let
ix(S) denote the number of A-channels opened in S and j;(S) denote the number
of B-channels in S. For example,

Thus

ig(S) =2, Jx(8) =1

LEMMA 2.1. [K] = X A*SOBxS)IS| This formula for the value of the bracket
follows directly from the axioms (by expanding using (1) and (2)). It gives a unique
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—>

marker

split

Fia. 10.

split

FIG. 11. A state of the trefoil universe.

value for the bracket on diagrams (no Reidemeister moves yet) and can be taken as the
definition of [K for a strictly logical development.

We now ask: Under what restrictions on A, B, and 4 will [K] become a
topological invariant of knots and links?
This question is easy to answer via the next lemma. (See [KS].)

LEMMA 2.2. [ X ]| = AB[ > ] + (ABd + A> + B> —_].
Prodof. .
[Z]=4[=—] + B[><"]
=A*[Z ]|+ AB[ = ]+ BA[D <] + B[ =
=AB[> <]+ (4> + B* + dAB)[—].
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Thus with AB=1 and d = —A4% — B> we obtain invariance under the second
Reidemeister move.

LEMMA 23. If [ ] =[D> ], then [ ] is also invariant under the type I1I
move.

Proof.
[T =40 =]+ B[]
= AN 1+ B[] (by)
A0T=10 ]

So for the rest of this section we'll take B =A%, d = —A%* — A~? and also write
(K) = d '[K] so that (O) = 1. We then have

L () =A(=7) +A7) ()
(<Y =A==y +4 OO
2. (OK)=d(K)
(0) =1.

This special bracket is invariant under moves II and III. It behaves as follows under
the type I move:

LEMMA 2.4, Let a = —A3. Then

(D) =a(——)
() =ak—)

We can do two things at this point. We can understand that (K ) is a special kind
of invariant and it is possible to create an ambient isotopy invariant from (K ) for
K oriented. First we call the equivalence generated by moves II and III regular
isotopy. Thus (K') is a regular isotopy invariant.

Recall from section 1 that the twist number w(k) for an oriented link X is also a
regular isotopy invariant. (Recall that w(K) is the sum of all crossing signs.) Thus if
K is oriented we define f = a **)(K) where { ) forgets the particular orienta-
tion. Then f; is an ambient isotopy invariant for oriented knots and links K.

For mirror images we have:

LEMMA 2.5. Let K* denote the mirror image of K obtained by reversing all the
crossings. Then (K*)(A) = (KY(A™') and fx+(A) = fx(A7).

We omit the (easy) proof.

Now it turns out that f is a version of Vaughan Jones’ original polynomial. To
see this we need a definition of the Jones polynomial. Later we will have a deeper
look at this. For now it suffices to say that Jones’ polynomial Vi (¢) is determined
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by the axioms: (see [J1], [J2], [J3].)

1 -
1) 7V >< —tV/ ( - V‘;)V/—N
v O=1
3) V() is an invariant of ambient isotopy.
LEMMA 2.6. fe(17/%) = Vi (2).
Proof.
<>\>-A< Y+ A 1<)(>
(S =A== +4() (
AT X> — A—l<x> - (A2 —-A_Z)(:)
Aa(X)a‘W(/\’l) — A‘la‘1<\/())a‘w(x9 = (42 - A”)(:’;)a““(:»)
Aan—A*h—VX: (4% — A—z)f:—:: (fx = KU KY)
4 SF A L - a7 =
Let A = t71/4 Then

Y > —of > = (\/t_ - %)f—/’ QED

- >

Having constructed the bracket, here are some sample computations:

L (DY =A()+A7X(D)
=A(a) + A7 Ha™)
— _A4_A—4

2. <@9>—A<@>>+A-1<Z/>
=A(—A4*—A"*)+A47Y(-4" 3)
= —A-A"3+477
fr=aXT)y=-A"XTYy=A"*+ 47124716,
Thus f;(A4) # fr(A™!) and, hence, the trefoil knot is chiral. There is no ambient
isotopy of the trefoil to its mirror image. This is the simplest known proof of the
chirality of the trefoil knot. Note that all the machinery was developed from scratch,

and it is all elementary.
By Lemma 2.6 we have the Jones polynomial for the trefoil as well:

Vp(t) =t+ > -t
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3. Exercise. Calculate (W) and show that it is a nontrivial link.

a1

w

III. Alternating Knots and Links

The bracket polynomial can be used to get at some subtle properties of alterna-
ting knots and links. This comes about because we can determine a specific formula
for the terms of highest and lowest degree in A for such links.

Recall that a link is said to be alternating if it has an alternating diagram. This is
a diagram where the crossings alternate under-over-under-over-... as one travels
along the link (crossing at the crossings). Now view FIGURE 12. It should be clear
from this figure that in a checkerboard shading of the diagram for an alternating
link, the shaded regions at each crossing are all of the same type (4 or B where this
is the same discrimination that we used to define the bracket). It is assumed that the
underlying universe for the diagram is connected.

FiG. 12.

We will use this observation to guess the highest degree term in (K'), and then
prove that our guess is correct. Recall that the bracket is given by a summation

(KY = Y A4 ~ixS)gIsi-1,
S
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My guess is that the highest degree is contributed by that state S where all the markers
open A-channels. Such a state will contribute a term of the form A'd!SI=! where v is
the number of vertices (crossings) in the diagram K. And our checker board
observation shows that in the case of alternating links this A-channel state S has W
components (|S| = W) where W is the number of white (unshaded) regions, and all
the 4-channels are colored black. View FIGURE 13.

s
V=117

W=1B=12
R=7+12=19=V+2

IS|]=7=w

S (split)

FIG. 13. The A-channel state.

We see that |S| = W exactly because we have split all the shaded crossings,
connecting the shaded part into one big shaded region, whose boundary components
are boundaries of the white regions.

Thus S contributes the term

AdY = g4 - A7)
Hence we assert

THEOREM 3.1. Let K be a reduced alternating diagram. Then the highest degree

term in {(K') has degree given by the formula
maxdeg(K) =V + 2(W - 1),
where V is the number of vertices in the diagram, W is the number of unshaded regions

(shading corresponding to type A crossings). This term has coefficient equal to +1 in
{(K'). The term of minimal degree is also monic and has degree

mindeg(K) = —V — 2(B — 1),

where B is the number of shaded regions.
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Comment. A diagram is reduced if it has no crossing that is an isthmus. A
crossing is said to be an isthmus if any two of the four local regions at the crossing
are parts of the same region in the whole diagram. See FIGURE 14.

oy,

an isthmus

FiG. 14.

Proof of Theorem 3.1. Let S be the A-channel state. Note that any other state S’
can be obtained from S by flipping some subset of S’s markers. For any state S, let
(K|S’y = AxSIBIx(S)qIS1-1 denote the contribution of this state to the bracket
summation. (B = A7, d= —A% — A7?%). Thus (K) = Lo (K|S").

Now observe the following facts:

(1) If S’ is obtained from S” by flipping an A-channel marker to a B-channel
marker, then maxdeg(K|S’) < maxdeg{K|S”). The inequality is strict exactly
when S’ has fewer components than S”. That is, when |S’| = |$”| — 1.

(i) If S’ is obtained from the A4-channel state by one flip, then |S’| = |S| — 1.

Assertion (i) is obvious, for if (K|S”) = A*d'S"171, then (K|S’) = 4*~2d!S1-1,
Since S’ is obtained from S” by one flip, we know that |S'|=|S"|+ 1. If
IS’ = |S”| + 1, then

(K|S"y = 4*~%d"5",
hence, max deg( K|S’y = maxdeg(K|S"). If |S’| =|S”| — 1, then
(K|S’ = A%~ 3q15"1-1-1
and (using d = — 4% — A7?),
max deg{ K|S’y = max deg{K|S") — 4.

This verifies assertion (i). )

Assertion (ii) is a consequence of our hypothesis of no isthmus. For suppose that
|S’| = |S| + 1. Begin tracing along one of the components of S’ at the changed
marker. Note that due to our construction of the state .S, this tracing (when drawn
parallel to the component in the white regions) will encircle all or part of the
original knot diagram. If |S’| = |S| + 1 then the two cusps (){) at the site of the
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changed marker will lie on separate components of S. Thus we will end up
encircling a part of the diagram, showing that this site was an isthmus. This is a
contradiction. Hence, |S’| = |S| — 1 and max deg{ K|S’) = maxdeg(K|S) — 4.

It follows from (i) and (ii) that max deg{ K|S”) < maxdeg(K|S) for all states
S”. Thus

max deg(K ) = maxdeg(K|S)
=V+2W-1).
This completes the proof of the theorem.

P —

We are now in a position to deduce the following (see [K5], [M2], [T1].)

THEOREM (KAUFFMAN-MURASUGI-THISTLETHWAITE). The number of crossings in
a reduced alternating projection of a link L is a topological invariant of L.

Proof. Let span(L) denote the difference between the maximal and minimal
degrees of (L). Since f, = a "5 L) is an ambient isotopy invariant of L, we
conclude that span(L) is also an ambient isotopy invariant. By 3.1

maxdeg(L) =V + 2(W — 1)
mindeg(L) = -V — 2(B - 1),

where V is the number of crossings in the diagram, W the number of white regions,
B the number of black regions. (In a shading where all A-type crossings are
shaded.) Thus

span(L) =V +2(W—-1) - (-V—-2(B-1))
=2V+2(W+ B -2).

But W + B = R, the total number of regions in the diagram, and R =V + 2.
Hence, span(L) = 4V. This completes the proof.

Discussion. This result is one of a number of classical conjectures about alterna-
ting knots and links that go back to the original compilations of knot tables by Tait
and Little at the end of the last century. They also conjectured that a reduced
alternating projection is minimal in the sense that it has the least number of
crossings of any projection of that link. This is also true, as we shall see. Beyond this
however, is the Tait flyping conjecture. This states that any two reduced alternating
projections of the same (up to ambient isotopy) link can be obtained from another
by flyping. A flype is a move on a tangle (with two inputs and two outputs) obtained
by rotating the tangle by 180°. See FIGURE 15. Among other things, the flyping
conjecture implies that the twist number, w(K'), of a reduced alternating projection
is an ambient isotopy invariant of K. At this writing, the full conjecture remains
open. Morwen Thistlethwaite has proved that w(K) is an ambient isotopy invariant
for reduced alternating diagrams. His proof uses my extension of the Brandt-
Lickorish-Millett-Ho polynomial to two variables. (See section 5 for a discussion of
this polynomial.)
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&5 &=

>+ _N\P<

180°

Fi1G. 15. Flyping.

The next lemma [KS] gives a quick proof of the general inequality span(K) < 4V
(first proved independently by Murasugi and Thistlethwaite).

LEMMA 3.3. Let S be any state of a universe U. Then |S| + IS‘ | < R where R is the

number of regions in U and S is the dual state for S obtained by reversing all the
markers of S.

I omit the proof of this lemma. See FIGURE 16 for an illustration.

IS]=2

U

S
BE -

F1G.16. |S| + |8 = 6 < 10.
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We then use Lemma 3.3 to prove

PROPOSITION 3.4. For any reduced diagram K, span(K) < 4V, where V is the
number of crossings in K.

Proof. Let S be that state for K such that every crossing is split in the
A-direction. Then the same argument as in the proof of 3.1 shows that

maxdeg(K) < V + 2(|S| — 1)
and
mindeg(K) > —V — 2(|8] - 1).
Therefore, span(K) < 2V + 2(|S| + |S] — 2) < 4V.

A refinement of Lemma 3.3 by Wu [Wu] shows that span(K) < 4V when KX is
any reduced nonalternating diagram. This gives us a quick proof of this inequality,
also due to Murasugi and Thistlethwaite. Mr. Wu’s very nice observation is that in a
state S where every crossing is split in the A-direction for a nonalternating diagram
there must appear splits in the pattern

— - split g ﬁ‘\_‘
—

corresponding to two consecutive over or under crossings. Call this a pair of parallel
markers. Mr Wu notes that if S has at least one pair of parallel markers, then
|S| + 18| < V. Repeating the argument of 3.4, we obtain the strong inequality
span(K) < 4V when K is reduced and nonalternating. Thus we now know that a
reduced alternating projection has a minimal number of crossings among all diagrams
for the link.

This is a remarkable application of these techniques. It is the first result of this
kind in knot theory, and has a number of ramifications. For example, D. W.
Sumners has used it to show that the number of knots grows at least exponentially
as a function of minimal crossing number. See also [Ki].

Mirror Images. We now turn to the consequences of Theorem 3.1 for chirality of
alternating links. Let K be a reduced alternating projection as in 3.1. Then
maxdeg(K) =V + 2(W — 1) and mindeg(K) = —V — 2(B — 1). Thus (using
fx = a "®)(K)) we have

maxdeg fy = —3w(K) + V+2(W-1)
mindeg fx = —3w(K) - V-2(B - 1).
If K is ambient isotopic to its mirror image K*, then fx.(A4) = fx(A ') implies
fx(A) = fx(A™1). Hence —mindeg fx = maxdeg fx, thus
3w(K)+V+2(B-1)=-3w(K) +V+2(W-1).
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Therefore,

6w(K) = 2(W — B),
or

3w(K) =W - B.
Thus we have a necessary condition for an alternating link to be achiral (equivalent
to its mirror image). You can check that it follows from this equation that if the
absolute value of the twist number, \w(K)|, is greater than or equal to one-third the
number of crossings, then the link is chiral. This is a step in the direction of the

TAIT CONJECTURE. K reduced, alternating, w(K) # 0 implies K is chiral. (Now
proved by Thistlethwaite.)

Murasugi [M2] also proved the invariance of w(K). His method is to note the
sum s(K) of the maximal and minimal degrees is an invariant of the ambient
isotopy class of K. For K reduced alternating, we have (from the above) that
s(K) = —6w(K) + 2(W — B). He then uses another technique (the signature of
knots and links) to show that (W — B) — w(K) is an ambient isotopy invariant for
the reduced alternating diagram K. Hence w(K ') must also be invariant. In section
5 we’ll give another proof of the invariance of w(K).

There exist many reduced alternating achiral knots with twist number zero. I
conjecture that each such not only satisfies W = B, but that the graph associated to
the white regions is isomorphic to the graph associated to the black regions. See
FIGURE 17 for the example of the knot 8.

Isomorphic graph and
| dual graph
]

Fi1G. 17.

IV. Braids and Diagrams

Let’s now consider the specialization of the bracket to the case of braids. The
n-strand braid group B, is generated by elements oy, 9,,. .., 6,_; (and their inverses)
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subject to the relations
0;0;+10; = 0;410,0; 4,

0,0, = 0,0, for |i—j|>2.

The meaning of these generators and relations should become clear from FIGURE
18. A braid is a collection of unknotted strands, proceeding downward from n
points (top row) to n points (bottom row). The strands wind around one another
throughout the descent. Given a braid b € B,, its closure b is the knot or link
obtained by attaching the »n points in the top row to their counterparts on the
bottom row. (See FIGURE 18.) By definition, the value of the bracket on a braid is its
value on the closure of the braid: (b) = (b). Braids b,, b, are multiplied by
attaching the n points on the bottom row of the first to the n points on the top row

of the second. (See FIGURE 18.)

(braid generators for n = 3)

ARl

0,030, = 030,0, o0 ! =

¢
ik

9

oo

FiG. 18.

Now consider the states of a braid-universe. It should be apparent from FIGURE
19 that these can be constructed as diagrammatic products of the elementary
diagrams A, ..., h,_, with relations

h,~2=dh,-
hihiilhizhi
hih;=hh; for |i—j|>2.
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v W,
NI
U

Sy
~ 2100
%MR

hihsh, = h hi = dh,

F1G. 19.

Here we take d to represent the closed loop obtained by plugging 4, into itself. As
diagrams, the states can be multiplied just as we multiply braids. Since the result of
such multiplications can produce extra closed loops, we need to impose a mixed
topological and combinatorial equivalence relation to capture the resulting struc-
ture. Since, for computing the bracket it is irrelevant where a closed component is
(we only count them), I define two diagrams to be equivalent if one can be obtained
from another by regular isotopy relative to the endpoints, with free regular isotopy
for closed loops. Thus,

YBN)
~ PR |0
A7)

a

illustrates the equivalence behind the identity h3 = dh,. Since the h,’s involve
paired maxima and minima the first definition of this semi-group as generated by
products of the A,’s is a bit unsatisfactory. We would prefer a more intrinsic
definition. This can be done, but we won’t go into it here (see [K7]). Also a mixture
of braid generators and 4,’s produces a more intricate structure.
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Because the braid-states have a multiplicative structure, we see that the bracket
expansion ( X') = A{=—) + A7) () can be construed for braids as a mapping
p: B, = D, where D, is the free additive algebra over Z[ A4, A '] with multiplicative
generators h,; and relations (*) above. That is, we define

X R )(
0 ?
p(o)) = Ah, + 4711

p(o7)=A""h,+ 4

and take d = —A4? — A~ % in D,. Then the formalism we have used to prove that
{K') is an invariant of ambient isotopy also proves (via the braiding relations) that
p is a representation of the n-strand braid group to the algebra D,. Furthermore
there is a function tr: D, - Z[A, A~!] that we may interpret as the linear extension
of tr(h) where h is a product of &,’s. And tr(h) = d'"'~! where |A| is the number of
disjoint circles in the state corresponding to 4. Then tre p(b) = (b) and this gives a
diagrammatic interpretation to the original construction of the Jones polynomial via
representations.

This approach has been generalized (see [K6], [K7], [L]) but the algebra of the 4,’s
remains the most transparent structure in this context. And while it may seem
transparent, it is in fact rather opaque: We do not yet know whether there is a
non-trivial knot with trivial Jones polynomial.

The Mixed Algebra. From our context, it is very natural to consider a mixture of
products of braid generators o; and the state-elements h,. At this writing, an
abstraction of this algebra has been used by Birman and Wenzel [BW], and one very
beautiful systematization of it by Yetter [Y]. For our purposes we shall write such
diagrams up to regular isotopy. Thus we do not have relations o;4; = h, since (for

example) 6,4, has diagram
kg

A

and it requires a type I move to obtain the cancellation.

And since diagram multiplication does yield an extra loop d when squaring 4,
we hope to retain the relation h? = dh,. Let ., denote this (multiplicative)
extension of braids via the k,’s. Obviously, we want a better formal definition of
A ,, but first consider some examples:

\/\/ \
Al N

This is a fundamental type of mixed relation. Note how the pairing of

1°. o,hyh, = o5 h,.
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maxima/minima to produce the 4, on the left-hand side comes from different arcs
than on the right-hand side!

o N~ Ul
> @n i

0,0,0,0,h,hy = hh;.

We are allowing regular isotopy of the strands relative to the endpoints and to the
(vertical) sides of the box in which the tangle sits.

/ U U/
3°. ) = /\/ =
0=nl =
0,0, hy = hh, = h,0,0;.
It may begin to look like there is a myriad of possible relations in .. This is true,

but the kind of relation illustrated in example 1° plus the usual braiding and h,
relations is sufficient to generate the others. (For details see [Y] and compare with

[K6] and [K7].) For example:
(f\ N N

Thus one can actually give generators and relations for .#,, just as for the
classical braid group. But in order to do so a decision must be made about handling
appearances of closed loops. We take

Y oAU
2 7OA

bringing closed loop forms outside the rectangle, then it is natural to move whole
knots and links in and out as in:

89 - all
8 -

Thus in this formulation, we can write h;h;0,01 o5 ‘o, hy = Ah hy where A is the
given link. By allowing multiplication by disjoint union with knots and links, we go
beyond a simple set of generators and relations. However, the formalism is useful in
some contents. For example, using [K] = d(K) we have [K U K'] = [K][K] so
that the square bracket preserves this outer multiplicative structure.

Finally, the outer form of multiplication then fits in with a generalized tensor
formalism (see [P]) with two types of multiplication corresponding to ordinary
tensor product and to different forms in index contraction such as matrix multipli-

cation. Thus if
B §
* o 4% and A o BF
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4
© ABBX

(meaning the sum over all occurrences of a by the summation convention).
Connection by a single connecting line corresponds to ordinary matrix multi-
plication. Connection using multiple connecting lines can correspond to multi-
plication in a tensor product.

We can regard ( and  as diagrams for matrices # 5 and A «B’ respectively.
Then X corresponds to the tensor product h = M . #*F, and h? =
M op N By By wpr = (M g M ®B)h = Ah. This formalism corresponds directly to
the diagram for 42 with () corresponding to the scalar A = .# ap M B

In this way our diagram algebra can be interpreted as the underlying structure
for specific matrix representations of the multiplicative structure of the A4,’s. See
[K7] for a complete exposition of this.

In this last comment we have informally presented two points of view about the
extended braid-like multiplicative structures that appear so naturally from the
braid-states. By restricting to internal multiplication (matching upper and lower
strands) one obtains significant generalizations of the Artin braid group. Adding
outer multiplication by closed forms (knots and links) creates close correspondences
with representations and abstract tensor products.

then

V. Generalized Polynomials

There are, at present, two 2-variable generalized polynomial invariants for knots
and links, each a generalization of the Jones polynomial. These are the Homfly
polynomial and the Kauffman polynomial. I will denote the Homfly polynomial by
Py (a, z) and the Kauffman polynomial by Fy(a, z). In this section we will touch
on the formalisms of these polynomials. And I shall begin by recalling the Conway
polynomial and telling a bit of the tale leading from Alexander to Conway to
generalized polynomials.

In the beginning [A] was Alexander and his invention /discovery of the Alexander
polynomial A, (¢). Alexander probably discovered this polynomial by thinking
about covering spaces, but his paper was strictly combinatorial, using linear algebra,
determinants, and the Reidemeister moves. He showed that if two oriented knots or
links K, K’ are ambient isotopic, then A (¢) = Ay,(¢) where = means equal up
to a multiple of +¢” for some integer n. The polynomial was seen to be quite good
at distinguishing knots and links, although it did not distinguish a knot or link from
its mirror image. -

The Alexander polynomial has been an extraordinary and useful tool in knot
theory since its inception. Attempts to model and reformulate it led to much new
work and different points of view. One of the most notable of these approaches is
R. H. Fox’s [CF], discovery of the free differential calculus, a technique for
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extricating the Alexander polynomial from any presentation of the fundamental
group of its complement. Then in 1970 John Horton Conway published a remar-
kable paper [Con] in which he showed that the Alexander polynomial could be
sharpened to an invariant with a simple recursive definition. The Conway
polynomial, V(z), is determined by the conditions:

Ly > -v>Z =2y

2.v()=1
3. Vx(z) = Vg.(z) whenever K and K’ are ambient isotopic.

Conway explained that his polynomial was related to the Alexander polynomial by
the formula A (1) = v (/t — 1/V¢).

Eight years later, Conway became enthusiastic once again about this polynomial
and he lectured about it in a number of places. This time people heard him and their
interest led to some papers about the polynomial (see e.g., [K1], [G], [Co]). The focus
was primarily on how to use this recursive scheme, and on understanding the
relation to the Alexander polynomial. Some use was made of the extra information
in the Conway polynomial. (It can distinguish many links with even number of
components from their mirror images.) This author wrote a monograph [K2] on
combinatorial and diagrammatic work related to V(z). In particular, I found a
states model for vV, (z) with a state-summation that is a bit more intricate than our
model for the bracket. This model allowed a new proof of the theorems of Murasagi
and Crowell ([M1], [Cr]) on the genus of alternating knots, and a generalization of
these results to a category I called alternative knots.

But curiously, no one tried to generalize Conway’s recursive scheme itself. No
one asked what would happen if the first formula were modified to, say,

v 4V A =2v T
And then in 1984 Vaughan Jones lectured on his new invariant, derived from a
representation of the Artin braid group into a von Neumann algebra [J2]. And
Vaughan proved (among other things) that his (Laurent) polynomial satisfied an
identity .
W > (1) = v > (1) = (ﬁ - W)V:(t).
With this formula standing in juxtaposition to the Conway formula, a number of
people leapt at once to the generalization
a”p > —aP >4 = ZP:,
giving a two-variable polynomial Pg(a, z) specializing both to the Conway (« = 1)
and the Jones (a = ¢, z = Yt — 1/ V1) polynomials. This is the Homfly polynomial
[HOMFLY].

Some time passed, and then Brandt, Lickorish, Millett, and (independently) Ho

found ([BLM], [H]) yet another new invariant polynomial Q.(z) satisfying
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O>X+0 ><<=2(Q ——+Q)() for unoriented links. This is a one-variable
polynomial, distinct from the Homfly polynomial. It does not distinguish mirror
images.

I then had the good fortune to recognize how to put another variable into the
context of the Q-polynomial ([K4], [K6]). The idea is to work in the regular isotopy
category (as we explained for the bracket) and let a polynomial L be defined via:

DL HL ><=z2(L—+L)()
2) L) =alL

L= =alL
3L =1

4) Ly = Ly whenever K and K’ are regularly isotopic.

Then L is normalized to form an invariant of ambient isotopy for oriented knots
and links via the equation

Fy=a "KL,

where w(K) is the twist number of the diagram K. The polynomial Fy turns out to
be quite good at distinguishing knots and links from their mirror images. It appears
to be a proper companion to the Homfly polynomial P (a, z). (The reader should
note that our names of polynomials by letter and variable choice may differ from
those given elsewhere in the literature. The translations are always straightforward.)
Ocneanu and Jones discovered how to put a trace on the Hecke algebra generated
by elements c, satisfying braiding relations and the Conway-type relation
c—c =z

to produce the Homfly polynomial in a fashion analogous to the representation for
Vi (t). Hugh Morton worked extensively with this algebra, producing very good
programs for computing the Homfly polynomial for braids. Morton continues doing
deep theoretical work related to these polynomials. (See [M].)

Birman and Wenzel [BW] have given a similar treatment for the Kauffman
polynomial by using an algebra with relations ¢, + ¢! = z(1 + E,), where ¢,
corresponds to a braid generator and E; shows the formal properties of our 4,’s.
More will come of this. David Yetter [Y] has given a good general context for
diagram-related algebras. See also [K5], [K6], and [K7].

Both of the two-variable generalized polynomials have the Jones polynomial as a
special case. For F this is most easily seen via adding:

(Y + (> = U+ A+ ) ()
<®’>—a< )
A3
“6>—a e

Thus (K) = L(—A4% A+ A"Y) and fy= Fe(—A% A+ A~Y). Since Vi (1) =
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fx(t71/%) we conclude that Vi (t) = Fe(—t~%4, 714 + 1/4). This was observed
by Lickorish [L] by a different route.

The two 2-variable polynomials can be established via direct inductive definition.
It is an open question whether there exist models for the workings of these
polynomials that connect them directly with geometry beyond the geometry of
diagrams. I believe that such connections will come about, and that they will be of
great importance for topology as a whole.

Remark. Thistlethwaite’s simple proof [T2] of the invariance of the writhe for
reduced alternating diagrams uses the Kauffman polynomial: He observes that for
L, with K reduced alternating, the highest term in z has coefficient k(a + a™!),
k > 0 and power z"~! where n is the number of crossings in K. Thus Ly =
k(a + a 1)z""! + (other lower degrees in z) for K reduced alternating. Since
Fy = a™"®L . is an ambient isotopy invariant, it follows at once that w(K) is also
an ambient isotopy invariant. The proof of Morwen’s observation is a direct
structural induction:

) If \ is reduced alternating, then ——_ and ) K are both alternating, and

at least one is reduced.

(ii) Use (i) and the recursion

L>+L><T=z(L—+L)().
The separation of the a and z variables is the crucial ingredient in the proof.

VI. Graphs and Statistical Physics

Recall that in section III, I defined a generalized bracket polynomial for
diagrams so that [K] € Z[ A4, B, d] and

L[><1=4—]1+8B[)(]

2. [0 K] = d[K]
[0] =
We then created an invariant of regular isotopy via B =A"!, d= — 4> — 4~ % and

(K) =d [K] (so that (0) = 1). The square bracket can be specialized in other
ways. In particular, it is (for the right choice of A and B) the dichromatic
(Whitney-Tutte) polynomial for a planar graph. This in turn can be seen to be a way
of expressing the partition function for the Potts model (a generalization of the Ising
model) in statistical physics [B].

To understand this connection it is important to realize the following;:

THEOREM 6.1. Universes are in one-to-one correspondence with planar graphs.

Proof. To each universe, shade it so that the unbounded region is unshaded (i.e.,
2-color the regions). Associate a graph to U, I'(U), so that the vertices of I'(U)
correspond to the shaded regions of U and the edges correspond to crossings shared
by shaded regions. Given a graph G, associate to it a universe V(G) by placing a
crossing of the form ¢———>& o on each edge of G and connecting these
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crossings at each vertex as shown in FIGURE 20. It is easy to verify that I'(V(G)) = G
and V(I'(U)) = U. This completes the proof.

The dichromatic polynomial Z;(q,v) € Z[q, v] is defined for graphs G by the
recursive formulas:

1) Z - =7 +uvZ -
2) Zeg = 9Z;
Zy =¢q

The first formula asserts that the value of Z on a graph G is equal to the sum of the
value of Z on a graph G’ obtained by deleting one edge from G plus v multiplied by
the Z for G”, the graph obtained by collapsing this edge to a point. The second
formula asserts that the addition of an extra vertex to a graph G multiplies the
dichromatic polynomial by ¢, and that the value of Z for an isolated vertex is q.

Examples.
Ze——eo=Ze «+0Ze=q*+1q
VAY =Z.tvZ.=q+1q
ZILN =Z. N+0Z >
7 A0 Z et o(Ziat0Z D)
=q(q* + vg) + v(q* + vg) + v(q* + vg) + v*(q + vq)
= (g + 20)(g* + vg) + v*(q + vq).



1988] NEW INVARIANTS IN THE THEORY OF KNOTS 225

For v = —1, the dichromatic polynomial specializes to the chromatic polynomial.
That is, Z;(g, —1) = K;(q) is the number of ways to vertex-color the graph G with
q colors so that no two adjacent vertices receive the same color. This is easily seen
from the recursion formula since K - o counts all possibilities for these two
vertices, while K —— corresponds to those cases where the two vertices receive the
same color.

Now consider how the recursion formula (1) diagrams:

zZ

=Z__ 4 e tVZ .
> ///// —_ o L S = ////
ZW Z/£;>@ oz ////////,
2722704 =172 G tvii 2
Z /———\\<

We see that deletion and contraction in the graphs become the two ways of splicing
the crossing in the knot diagrams (universe). And the expansion for Z is formally a
bracket expansion.

Some further translation is then required to actually re-write Z; as a bracket.
First let K(G) be the alternating link diagram associated with V(G) so that all
shaded crossings are of type 4. Then

THEOREM 6.2. Z(q,v) = ¢"/*[K(G)] where N is the number of vertices of G,
and the bracket is expanded with A = q~ /%, B =1, d = ¢*/* so that

[>T T=¢ V2l =1+1) (]
and [0} = q'/?
Example.
K(e—=) =IO
" > =q(¢»[O] + [OO))
= q(q7 g + (¢%)’)

=qu+ q*
f&>D1=2

—_——

Thus we see that the square bracket is fundamentally related both to knot theory
and to graph theory. This connection raises many questions. We would like to know
whether qualitative information can be transferred between these two subjects. The
square bracket gives a picture of a parameter space 4, B, d and subvarieties along
which [ K] is topological or dichromatic. More work is needed here.

Just to complete this picture I shall explain how the partition function for the
Potts model in statistical physics is a dichromatic polynomial (see [B], [K7]). The
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partition function has the form
Zg=Ye *?,
g

where o runs over all “states” of the lattice G (we will let G be a planar graph) and
E(o) is the energy of the given state. In the Potts model the energy has the form
1
E = T 8 s 0; )
()= 7 E 8(os5)

where (i, j) denotes an edge of G with vertices i, j and o; and o; are the state’s
assignments to these vertices. We assume that each vertex can be freely assigned one
of g values, and that a state o is such an assignment. In this formula & is the
Kronecker delta

_ /1 ifa=0»b
8(a,b)—{0 otherwise

and T is the temperature of the system, while k is a constant (Boltzman’s constant).
The partition function has many uses in this subject. For example, the proba-
bility of being in a given energy state E is

pP(E)=e%/Z;.

PROPOSITION 6.3. For

1
E(o) == ) 8(o;,0)
kT G
and q local states, let
v=e WK 1,

Then the partition function is the dichromatic polynomial in q and v:
Le P =Z5(q,v).

Proof.

Y e E@ = ¥ - V/T Y 5.0

(G
o

g
=Y [1 (e- /Do)
0D

[

Ye B =Y <’I—;> (1 + v8(o;, oj)).

[ o

It is easy to see that the right hand side of this equation satisfies the recursion
relation for the dichromatic polynomial in ¢ and v.
(Z — o =7 o +vZ
(Zeg=9Z5)




1988] NEW INVARIANTS IN THE THEORY OF KNOTS 227

XKD LXK
Y (655
CRKR, KRRS

G K(G)
F1G. 21. Translating the square lattice.

Combining 6.2 and 6.3 we see that the partition function is a bracket expansion.
This gives a theoretical explanation for the appearance of the algebra of the 4,’s (see
section 4) in the structure of the Potts model for the square lattice. (See [B].) This
lattice corresponds to the plat closure (see FIGURE 21) of a particular braid. Any
bracket evaluation for a braid is expressed in terms of this operator algebra. It
remains to be seen whether the bracket formulation for the Potts model will shed
light on its physics. The relationship between the Potts model and the Jones
polynomial via its operator algebra was first observed by Vaughan Jones. Our
formulation shows the direct connection through translating graphs and link
diagrams.

VII. The Bracket and the Tutte Polynomial

In the last section we showed how the bracket could be used to give the
dichromatic polynomial for planar graphs. Here we shall reformulate the state
expansion of the general bracket function, showing that it can be calculated solely
from states with a single component. Our reformulation generalizes work of
Morwen Thistlethwaite. He showed [T1] how to do this for the bracket and the
Jones polynomial. The ideas go back to a generalization of the dichromatic
polynomial known as the Tutte polynomial. (See [Tu]). The Tutte polynomial is
defined recursively as follows.

To each graph G is associated a polynomial T;(x, y) € Z[x, y]. If G is compo-
sed solely of isthmus and loops then T = x‘y’ where i is the number of isthmuses
and / is the number of loops. The polynomial satisfies the recursion T; = Ty, + Ty
where G’ and G” are the graphs obtained by deleting and contracting (respectively)
an edge that is neither a loop nor an isthmus.

Examples.
T.———. =X, T p= y

T._._Q._.=»—x2y
TA =T N+ T

=TA+T,_.+TO
TA=x2+x+y
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The dichromatic polynomial Z;(g,v) (see section 6) is related to the Tutte
polynomial T(x, y) by the formula Z;(q, v) = gV 'Tz;(1 + qv™*, 1 + v) where
N is the number of vertices of G. For example, qo(1 + q/v) = qu+ ¢° = Z o
and gl +v)=q+qu=2 O show that the formula is correct for a single loop

and isthmus. This formula shows that the dichromatic polynomial and the Tutte
polynomial determine one another. Thus

Ty(x,y) = Zo((x=1)(y = 1),(y - 1)).

1
(x=1)(y-1"
Tutte proved a remarkable theorem showing that his polynomial could be computed
from weightings assigned to the maximal trees of the graph G. This weighting is
dependent upon an ordering of the edges of G, but independent of the particular
ordering.

Definition 7.1. Let G be a graph whose edges have been labelled 1,2,3,..., n.
Let H C G be a maximal tree in G. Let i € {1,2,..., n} denote an edge of H. Let
H; denote H — (the ith edge). Since H is a maximal tree, H; has two components.
One says that i is internally active if i < j for every edge j in G-H and endpoints in
both components of H,. Let i € G-H be an external edge. One says that i is
externally active if i < j for all edges j on the cycle in H extending from one end of
i to the other.

Example.

H
Here the edge labelled 1 is internally active. Edge number 2 is externally active.

THEOREM (TUTTE). Let S denote the collection of maximal trees in a graph G. Let
i(H) denote the number of internally active edges in G, and e(H) the number of
externally active edges in G (with respect to a given tree H). Then the Tutte
polynomial is given by the formula

To(x,y) = X x!yet,

Hcot
Example.
1 2 2 1
) 1 2
3 3 3
G H, H, H,

To=y+x+x%
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It may seem from the definitions of internal and external activity that they are
somewhat different. Actually there is a symmetry of definition for planar graphs. It
is through this symmetry that I like to see the relationship of the Tutte weightings
with universes and with knot theory. To see this symmetry consider the universe
V(G) (sometimes called the medial graph) associated with a planar graph G. Each
maximal tree H C G determines a state S = S(H) of V(G) with one component.

This state is obtained by splitting V(G) along the edges of H [56.,——»1’],
and splitting all other crossings in the opposite fashion.

LN L
B .

V(G)

Example.

The edge labelling of G becomes a vertex labelling of V(G). Call the vertices
(crossings) of S(H) internal or external according as they are split with cusps
pointing to the inside or to the outside of the Jordan trail S(H). Thus in the
example above, 1 and 3 are internal and 2 is external. Given a Jordan trail S (a
universe with |S| = 1) with vertices (sites X) labelled 1,2,..., n, call a site i active
if i < j for all sites j with cusps in the two components resulting from splitting S at

i. (Compare [K2].)
1 l1_ 2
b L=
| —
split at
1
3

3

Example.
Since 1 < 2, 1 is active.

A site on a trail is internally active if it is internal and active. A site is externally
active if it is external and active. By replacing the trees in G by Jordan trails on
V(G), we obtain a symmetrical definition of T,(x, y).

Incidentally, it is easy to see from this reformulation that T (x, y) = Tz(y, x)
where G is the planar dual graph to the planar graph G. Each Jordan trail gives a
pair of maximal trees, one for G and one for G.
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By now we are very close to the knot theory, and I can explain how to calculate
the square bracket, [ K] for link diagrams by using Tutte weightings. Recall that [K ]
has variables A4, B, d and that

[><]=Aa[=—]+B[) (]
[0K] =d[K]
[0 1=(4d+ B)[—]
[TO 1=(4+ Bd)] ]
Let « = Ad + B and @ = A + Bd. Now let K be a given diagram, and S be a state
for K with one component (|S| = 1). Let ¥ denote the collection of all states S
with one component. Let the crossings of K be labelled 1,2, ..., n. Each crossing of

K will determine a local contribution at the corresponding site of S. If the site is
inactive we retain the usual bracket contribution:

[><]| > ]=4

[><|><]1=B
If the site is active then we take

[><X ]=a

[><]>< ] =a

Then [K|S] is the product of all of these local contributions, and we assert that [K ]
is given by the formula [K] = X, o[ K|S].

& B D)

[L] =X [L|S] = aB + a4 (1 active in S, 1 also active in S,). Doing this the long

way we have,
I -1+ 50

= A(Ad + B) + B(A + Bd)
= Aa + Ba.

1 1
2
2
S
S 3 S 3>

[K]= Y [K|S] =aBA + a4* + a*B.
&

} inactive site.

} active site.

Example 1.
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Note that for (K), a = —43, a = —4% B = A" so that
(KY=-A3*-A4+477,
our familiar value for the bracket of the trefoil. (See section 2.)

Example 3.
[cD] =[co1S&O]=a

[C=[(DID] =«

These correspond graphically to basic contributions for isthmus and loop. Note
however, that if we switch the crossing then the contributions flip (since we are
cataloging the type of curl in the knot diagram).

Warning. It should be clear to both author and the reader by now that the square
bracket function we are now using is normalized to 1 on the circle: [0] = 1. Let this
cause no difficulty with regard to our earlier convention.

Example 4. This is really a reformulation. Note that diagrams of knots and links
are in 1-1 correspondence with signed planar graphs where the signs are placed on
the edges of the graph so that + corresponds to an A-channel, — corresponds to a
B-channel.

+
——e 4—>»

—— &—»

A

+

g VY
ﬂll u\%

Our Tutte-reformulation of the generalized bracket then gives a generalized Tutte
polynomial for signed graphs satisfying

1) If G has i, positive isthmuses, i_ negative isthmuses, /, positive loops, /_
negative loops, then

Ty = Xiethyi-th,

2) If the edge indicated below is not an isthmus or loop, then

T S =BT _-. . +AT

T = =AT__. . _+BT

Thus T;(A4, B, x, y) is a graph theoretic version of the square bracket. (x = a,

y = a recovers previous notation). It has a Tutte expansion in terms of spanning
trees, and should be explored for its own sake. (N.B. Ax + B? = A% + By).
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Example 5. If K is an alternating diagram then all crossings have the same
internal type. Thus the contributions take the form

(> X 1=4
[><I><{1=8
(> > 1=a
<1 ><=a

From this it is easy to see some specifics about the topological bracket where
B=A"1! a= —A% a= —A% Note that a = —A4*(47"), a = —A44(A4). Thus
for K alternating, we have

(K) = A" Ty (- 477, —4%),

inactive site

} active site

where T is the (standard) Tutte polynomial and I denotes the number of internal
sites on a trail, £ the number of external sites on a trail. We note / — F is a
constant independent of the given choice of trail.

Now recall that the ambient isotopy invariant f is given by the formula

fx=a""NK) = (-47°)"(K)
and that the Jones polynomial V(#) is given by the formula

Vi(t) = fi(e7179).
Thus for K alternating we have:

THEOREM (THISTLETHWAITE). Let K be an alternating projection, G(K) the
corresponding planar graph. Then the Jones polynomial Vi (t) is equal to the Tutte
polynomial T g\ (—t, — t™Y) up to a sign and factor a power of t.

This is a remarkable observation from which it is now easy to deduce such facts
as: the coefficients of the Jones polynomial of an alternating link alternate in sign
(according to parity of degree). That is, the Jones polynomial of an alternating link is
an alternating polynomial. The reader is referred to Thistlethwaite’s paper for more
details ([T1)).

VIII. From Graph Theory to Knot Theory

It is interesting to speculate about alternate realities. How could the bracket
polynomial, and hence the Jones polynomial have emerged from graph theory?! One
possible reconstruction is to suppose that graph theory had had in its possession our
generalizgd Tutte polynomial for signed graphs. Since knots and links can be
encoded into signed graphs, it would then have been possible to look for a
specialization of this Tutte polynomial that gives an invariant.

To taste the flavor of this reconstruction we must first examine the graph
theoretic versions of the Reidemeister moves. View FIGURE 22 for this. Because of
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Reidemeister Move Graphical Move

II

III

the translation to graphs via shaded regions, there are two versions of the type II
move, and two versions of the type III move. Note that the two versions of the type
II move are signed forms of deletion and contraction, while the type I move involves
addition or removal of a branch or loop. These relationships could have been taken
as a hint to try a Tutte polynomial for an invariant.

In any case, let’s do this. We begin with the generalized Tutte polynomial for
signed graphs, as explained in example 4 of the last section. This assigns a
polynomial T;(A4, B, x, y) to any signed graph G.

It is characterized by the rules: (x = Ad + B, y = A + Bd).

1) If G has only isthmuses and loops, then T; = x‘+*/-yi-*!+ where i, is the
number of positive isthmus, /_ is the number of negative isthmus, /. is the number
of positive loops, /_ is the number of negative loops.

2) T + = AT i +BT — . o«
T ~ . = BT + AT -—

(the + edge is not an isthmus.)

Let’s investigate the behaviour of this polynomial under type II moves.
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PROPOSITION 8.1. In order for T;(A, B, x, y) to be invariant under type II moves
it is necessary and sufficient that

B=4"1
x=—-A"3
y= —A3.
Proof.
T__ . =AT —e___. = +BT -—
Y =
= A(BT +AT 4 «— )+ ByT oy o
= ABT +(A2+B)T o e

+
T—>— =AT o BT,
= AxT +B(BT +AT )
=ABT_, «_ +(Ax+ B)T

The rest of the proof follows from these identities.

The rest of the story now proceeds just as for the bracket. With B = A~1,
x = —A73 y = — 4> the polynomial T,; becomes an invariant of moves II and III
for arbitrary graphs.

Definition 8.2. For any connected graph G, let 2 € Z[A, A~'] be the Laurent
polynomial defined by Q; = T;(4, A™", —A4 73, —4*). By Proposition 8.1, Q is an
invariant of graphical move II. Type III invariance is free:

PROPOSITION 8.2. Q; = Q. if G and G’ are related by a type III move.

Proof.
Q \//
|

Y

(type IT) = A9 Y Y
(type 1D

R

\—/

Il
L)
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Remark. We want to be able to perform the type II move even when it
disconnects the graph. Hence we need a formula for T, where LI denotes

disjoint union. Note that Te——s= Ax + By. Define T,,, ¢ = (Ax+ By)T,T,. It is

then easy to see that @ has the right invariance properties for this move. Note that
for B=A"! x=-A473 y=—A% we have Ax + By = —A"2— 4> =d, the
corresponding bracket factor.

This section is just intended as a sketch of the graph-theoretical formulation. Note
that @ is an invariant of type II and type III moves for arbitrary (not necessarily
planar) signed graphs. This is likely to be a useful extension of knot theory to
arbitrary networks involving those transformations.

What about the type I move? QG multiplies by x or y under a type I move. In
the abstract graph theoretic setting we do not have a direct analog of the twist
number. Thus it remains to be seen whether @G can be normalized to form an
invariant of all three move types.

To finish the translation we state the now obvious:

THEOREM 8.3. Let G be a planar signed graph. Let K(G) be the knot/link diagram
corresponding to G. Then {(K(G)) = Q. The bracket polynomial for knots and links
is a specialization of the generalized Tutte polynomial for signed graphs.

—_——————

Finally, we return to the generalized Tutte polynomial 7;(4, B, x, y) for signed
graphs G, and note that it has a spanning tree expansion. Given an ordering of the
edges of G and a maximal tree H C G, define contributions from the edges of G as
follows:

internally active, + :
externally active,
internally active,
externally active,

internally inactive,
externally inactive,
internally inactive, — :
externally inactive, + :

I +[+ 11

X
X
Yy
y

|
A
B
B

Let G(H) denote the product of the contributions of the edges of G relative to
activities for H. Then

TI; = ZG(H)’

where this summation extends over all maximal trees in G.

Technical Caveat. It is necessary and sufficient for T;; to be well-defined that
Ax + B* = A% + By. (Note that we are in the category of signed graphs.) This
certainly holds for the topological case. In the general case we can rephrase this
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condition, as we did for the square bracket, by introducing a variable 4 and writing
x =A + Bd, y = Ad + B. This shows that the square bracket is directly gener-
alized to arbitrary signed graphs by T;(4, B, x, y) = T;(A, B, d).

IX. The Knot Theory of Imbedded Graphs

It will not do to mention graphs without pointing out the now active extension of
knot theory considering embeddings of arbitrary graphs in Euclidean three space.
Here one would like to answer the usual ambient isotopy questions of knot theory in
this larger context. In particular, we want polynomial (or other simple) invariants of
graphs in space. The most general notion of ambient isotopy for graphs in space
allows topological vertices. Strands coming into a topological vertex behave inde-
pendently. Diagrammatically this means that moves are allowed (see FIGURE 23)
that create arbitrary braiding at a vertex. At the vertex, any two adjacent strands
can be given a twist. In general this notion of ambient isotopy is both fundamental
and difficult. Nevertheless, progress is being made (see [S] and [W]) on the general
classification. .

F1G. 23. A topological vertex move.

One may also consider a rigid vertex. Here the vertex is thought of as a rigid
object with topological strands attached at specific sites. Then I note [K8] that it is
possible to define some useful invariants in this case. A similar approach was seen
independently by Ken Millett. Here is a sketch of my viewpoint about the rigid
vertices. We shall restrict ourselves to 4-valent vertices as shown in FIGURE 24.
FIGURE 24 indicates the extra move-types that must be added to the list of
Reidemeister moves in order to have a theory of rigid vertex equivalence. Note that
the rigidity of the vertex forces double braiding when it is turned by 180°. I have
denoted by III’ the analog of the type III move. The second move under IV (with a
three strand twist) can be accomplished up to ambient isotopy by the first type IV.
(We will not consider regular isotopy of graphs here.) My method for obtaining
invariants of RV4-graphs (4-valent rigid vertex graphs) is to associate to such a
graph G a collection of knots and links #(G) obtained as described below. This can
be done for both oriented and nonoriented graphs. Here we consider only nonori-
ented graphs.
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W N
<o

4obe

F1G. 24. Rigid vertex moves.

Definition 9.1. Let G be an RV4-graph. Let .#(G) be the collection of knots and
links obtained from G by choosing one replacement of each of the following types
at each vertex of G:

W — 2 ) XX
Example. - C%D (0. Simon’s graph.)
OED D

O

In general, if G has n rigid vertices, then #(G) will contain 4" diagrams, some
trivial, some ambient isotopic.

Z(G) =
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Definition 9.2. Let X be a collection of knots and links. Two such collections will
be said to be ambient isotopic (X ~ X’) if every member of the first collection is
ambient isotopic to some member of the second collection and vice versa.

The notation ~ will be used both for RV4-equivalence of graphs and for
ambient isotopy of knots and links.

THEOREM 9.3. Let G and G’ be equivalent RV4-graphs in three-dimensional space.
Then their associated link collections are ambient isotopic—L(G) ~ L(G’).

Proof. Observe that the extra moves III' and IV (FIGURE 24) preserve the
elements of £ (G) up to ambient isotopy. For example:

<KX
0
s /Q /< NS

This completes the proof.

This is a very useful theorem for studying RV4-graphs. For example, we can
immediately conclude that the graph G in the example above is not equivalent to its
mirror image. For if this were so then the individual knots and links in £ (G) (being
distinct) would have to each be achiral. We can then check that this is not the case
by using our results about the Jones polynomial for alternating knots. Recall that
we have shown that if K is achiral then 3w(K) = W — B (after Theorem 3.1) where
w(K) is the twist number of K and W and B are the numbers of white and black
regions in a shading where the A-channels are shaded. Choosing K; € Z(G) we
find
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Since —6 # —2 we conclude that Simon’s graph G is not equivalent (RV4) to its
mirror image. (Wylbur Whitten has verified by other techniques that this graph is
not topologically equivalent to its mirror image.)

Example.

G’

Examination will reveal that this graph is obtained from the graph G of the
previous example by reversing two crossings.

N oyleslesioy

We see that to prove G is not equivalent to G’ it suffices to show that K is not
ambient isotopic to K,. But we also know from section 3 that span(K;) < 4V where
V is the number of crossings in this diagram, since K, is a non-alternating diagram.
On the other hand, span(K,) = 4V (V = 7) since K, is an alternating diagram.
Therefore, without further calculation we know that K, and K are different and
hence that G and G’ are not RV4-equivalent graphs.

To further verify that G’ is chiral requires a calculation of (K;). We omit this
and assert that the calculation indeed shows that K is chiral, and hence that G’ is
RV4-chiral.

These examples and our theorem relating equivalences of graphs with ambient
isotopy for collections of knots and links show how there can be a good collabora-
tion between problems of graph-imbedding and new invariants of knots and
links such as the Jones polynomial. Since graphs can be used to model the
configurations of molecules and other .naturally-occuring networks, it is to be
expected that there will be many fruitful applications of these ideas.

It is interesting to note that in the case of RV4-graphs there is a mixed-mechani-
cal /topological model that is nevertheless susceptible to a topological analysis. This,
in itself, is a good sign for applications where there will always be a mixture of
topology and other structures.
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X. Patterns and Speculations
I always thought that the Conway identity

RZ\./ ‘Vx =2Vr\

bore a striking resemblance to the exchange identities of quantum physics such as
the Heisenberg form of the uncertainty principle PQ — QP = hi. And that the
crossing <~ and its reverse < were something like a complex number and its
conjugate.

From the present vantage these speculations are not nonsense at all. They appear
like hints about the remarkable connections that have subsequently appeared. The
operator algebras that produced the Jones polynomial and generalizations were
traditionally studied with quantum physics as the technical and inspirational source.
The writing of the Conway identity into a Hecke algebra related to braids via
o, — 6, = z is a direct algebraic version of this sort of identity.

Another view of complex numbers lets us think of [4, B] and [B, A] as
conjugates. (If W=a + iblet A= (1/2)(a + b), B=(1/2)(a — b).) Then [4, B]
— [B, Al = (A — B)[1, —1] = (4 — B)Y—1 has a formal resemblance to both the
Conway identity and the Heisenberg formula. And in the bracket expansion

[><] =4[]+ B[)(

]
[><]=B[=]+4[)(]
the reversal of a crossing appears as this form of conjugation.

Simple aspects of formalism lie at the root of these similarities. Beyond all the
conceptual apparatus, the fundamental point is that an unoriented crossing

>

discriminates two regions out of four. All the rest, whether in braids or in diagram
form builds on this distinction. Formulas like PQ — QP = Fi rely on the left-right
distinction along a line. And a formula such as [>] = A[—] + B[) (] relies on
the discrimination of characters along a line that are identical after a rotation.

Thus we are initially mapping one simple order into another. These are designer’s
comments: for the possibility of distinguishing handedness of topological objects in
three-dimensional space goes back through diagrams, symbols and distinctions to
the possibility of finding handedness in the plane.

And the simplest forms of left and right in the plane are (and O . Thus

the detection and discrimination of _b and O (or "0 and "y )in a
formalism may be fundamental to its sensitivity to handedness. This is my personal
explanation for favoring regular isotopy and detecting the curls in the diagrams.
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There are more questions than you can shake a stick at. What deeper insight will
unlock the really hidden secrets of these diagrams? Does the Jones polynomial, or
its generalizations detect knottedness? Is there a further relationship to physics
based on these diagrams (a 14 Feynman diagrams or Penrose spin nets)? How can
one understand the mirror image problem for knots and links completely? What is
the relationship between these new techniques and the classical methods using
homotopy theory, covering spaces and algebraic topology? What information about
slice knots and knot concordance is in the new invariants? What is the next simple
idea that will turn the subject upside down? How do you follow the hints?
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