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fﬁq infinite cyclic cover of Sa—h(K) is

' !‘ {s obtained by removing each t"T and replacing it

‘J4th the meridian along tnp’. Sewing in T kills
1

!' s _toa-3at+tt «. Hl(xm) = (al(t-3+t—1)a = 0) as a

itt.thl] module. A(t) = t:—3+t:_1 2 _ 3t+1, the

L ]
=t

; ﬂ!lxlnder polynomial of the figure-eight knot.
ALEXANDER'S NETHOD

Ciﬂnpte 9.11. It was by way of the geometry of coverings
#fd particularly the infinite cyclic covering that people
fealized that the Alexander polynomial could be extracted
from the fundamental group of the knot complement. This
geman about as follows: By construction, wl(Xm) & G’
where G’ denotes the commutator subgroup of G = wl(SB-K).

1

Thua H (X,) & G’/G”, and the action of Z[t,t ] on
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Hl(xm) corresponds algebraically to teg = sgs-1 where
s € II(SS-K) is a chosen element having linking number
with K. By definition, AK(t) is the balance class
(i.e., defined up to itn) of the ideal of elements
p € Z[t,t_l] such that pg = 0 for all g € G’/G”. Thfﬁ
can be computed purely group theoretically by using a

standard presentation of wl(SB-K). [One says that

*

AK(t) = the order of G’/G” over Z[t.t_l].]

There are many algorithms of this sort. Here we wilk

sketch one that yields the.computational method given byi
Alexander in his original paper [Al]: If K C 83 is a
knot and G = 71(S3~K), then G/G’ = Z and the map
f : G=—>Z 1is given by f(a) = %k(a,K). [In the case o
oriented links, everything works in similar fashion to g
amap G — Z even though this is not the abelianizatio
Thus the action of R = Z[t.t_l] can be obtained by fin
ing s € G with f(s) = 1.

Choose a presentation for the fundamental group
G = (go,°°°.gn|r1,°°°.rn) with one more generator than
there are relations. (For example, the Dehn presenta-
tion—we will use it in the next paragraph.) We can cho

s = g, and rewrite generators and relations so that

i
f(gl) = eee = f(gn) = 0 (replacing g, by s kgk when

necessary). Then g1+ 8, € G’ and one can show thaﬁ%
G/ = (gl,“-.gnlri =1, i = 1,°++,n) 1is a presentation qf

G’ as an R-module. Now abelianize G’, and look for
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fhe relations.

To make this concrete we use the Dehn presentation of

\Q Ok(A,K) = 2

'~§§ the Dehn presentation, generators of 11(83—K) are in

;l(sa—x) - ¢.

A

e

—

{isl correspondence with all-but-one of the regions of the
‘~¥§9t diagram. We let the base-point, %, live in the
‘§3b0unded region. Each of the other regions becomes an

" f@lement of 11(83-K) by taking a path through it as illus~-
. §Pated above.

Each crossing gives rise to a relation:

1 .

A oo -
. AB"lcp
B | ¢

|

\S;gggigg. Draw a picture of this relation.

The linking number of a generator with the knot is
gamputed by a method of indexing the regions of the diagram

with Integers:

(1) Index (outer unbounded region) = O.

(2) Relative indices across an oriented edge form
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this pattern.

(»]m)
(v]5t)

The index of a region is the linking number of the corre-
sponding generator. :
4 ‘
(o)
214
4
Let's use this format to get a presentation of G’/G”. 2
First G = (s,h;,***,h | ry.*e*,r ) wvhere s correspo%

to a region adjacent to the unbounded region.

"1 T2
G? h‘ 4{7 e 1 h3&2’

J
£ :m‘i’%e&\}_‘: E

’l ‘e 1 h, e 1 s
3 —_— — ——
* s t hy h,t h, hy 1 h,
s} 1 1
r, =es h2h1 =1
-1 -1
e =1 Ty = eh1 h2h3 =1
-1 -1
Ty = eh3 h2s =1
G = (s.hl,hz.h3 | r, = 1, ry = 1, ry = 1)
_ik

But now we want to let g =5 (hk) so that

Qk(gk,K) = 0. Thus i, = Index(hk). And we have to

rewrite the relations in terms of this new basis: b

i

Here is one case. VWe leave the other as an exercis¢



CHAPTER IX 249

P pt+l

2
o 4

olo

p+l p+2

§ith these orientations, the indices are p, p+l, p+2 as

fndicated.
r = ABCD (using bar () for ( )_1).
.iﬁt a = s PA c = s—p-zc
' b = s-p_lB d = s_p-lD.
- Then A = sPa c = sP*2¢
B=sPly p- Pl

3
]

(sPa) (sP*1b) (sP*2c) (sP 1a)

]

(sPa)(Bs P~ 1) (sP*2c) (357 P71y

ﬂ
I

= (spas_p)(spgs-p)(sp+1cs-p—l)(sp+135-p"l).

?&QQ is now written correctly as an element of G’ as an
gglodule, where ta = sas-l. In H =¢’/C” (the abeliani-
#ition), this relation becomes:

tPa-tPp+tPHlc—¢P*lg - 0

#* equivalently

a-b+tc-td = O

1 J -t This "code” may help remember
-1 I how to write the relation.

t
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Thus, for the trefoil, we get

“’ T =

e b @ e~-s+tb-ta e-a+tb-tc
H I
E;__ 0 0
%
aﬁ

But e ==s =0 in H.

Thus the relations become tb-ta

= 0, -at+tb-tc =
-c+tbh = 0O,
° b-a =0
or -a+tb-tc = 0
-c+tbh = 0
-a+ta—-tc = O
or
c = tb = ta
-a+ta—t2a =0
or —Y
(t-t+1)a = O

And so AK(t) = t2—t+1. Not a surprise by now.

Using Alexander's formalism, you can find AK(t)
directly by taking a determinant of the nxn relation ﬁ

matrix. Thus here we have:

e s a b c
1st crossing 1]|-11}-¢t t 0 e-s+tb-ta = 0
2nd crossing | 1| 0| -1 t |-t e-a+tb-tc = 0O
3rd crossing l |-t 0o t|~1 e-c+tb-ts = 0



CHAPTER IX 251

-t t 0
"Et! M=1]-1 t -t (deleting the columns corresponding
0O t -1

{6 e and s). Then M is a relation matrix for

: a C'/G” as a Z[t:,t:-1

J-module, and AK(t) = D(M).
viliarh: Alexander begins his paper [Al] by giving this
] f‘rnula as the definition! If you read diligently, there
1 §§§ hints about fundamental group and covering spaces in
§he last two pages of the paper. I had the pleasure of
/jilﬁovering that there is a whole world of combinatorics
felated to this version of A (t). And it yields another
f fidde]! of the Conway axioms. For more, read [K1]. The
‘1‘i§eovery of the first generalized polynomial by Jones,
«:!Caaanu. Lickorish, Millet, Hoste, Freyd, Yetter, Przytycki
-§hd Traczyk (!) may be regarded as a remarkable confirma-
‘fien of Alexander's intuition in formulating a combinator-
~§n)l approach. (See these notes, Chapter VI, sections 18,
i’. 20, and the Appendix for more about generalized
.?glynomials.)



