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Overview

@ The conjectured value of the generic rank of 3-tensor and its
numerical verification over C. Some results for R.
@ Best rank one approximation.
@ /5 case.
@ /p,p e (1,00) case.
© Perron-Frobenius theorem for irreducible nonnegative tensors for
p=3.
© Analogs of SVD decomposition of 3-tensors.
@ The maximal number of zero entries in 3-tensor under the
orthogonal conjugation in each of 3-modes.
@ The expected limit form of tensor under the iteration an analog of
QR algorithm.
© An analog of Kogbetliantz’s algorithm.

© CUR decompositions for tensors

© Scaling of nonnegative tensors to balanced tensors.
(The analog of scaling to doubly stochastic matrices.)
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/
menx/ = {T = [t,',j,k];n’,-lk, t,'7j7k S ]F}
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Generic rank |

menx/ = {T = [ti,j,k],-n’,-gk, t,'7j7k S ]F}

1=

rank one tensor: X ® Y ® z = [x;y;zx] = (ax) ® (by)((ab)~'z)
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Generic rank |

Fm< = (T = [t bk € F}
rank one tensor: X ® Y ® z = [x;y;zx] = (ax) ® (by)((ab)~'z)
rank 7 minimal r:

T = fr(x17Y1yz1>---;XraYryzr) = Z,(:1 XiQYi®Z,
X, cF"y, cF" z cF
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rank one tensor: X ® Y ® z = [x;y;zx] = (ax) ® (by)((ab)~'z)
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generic rank: grankg(m, n, ) - the rank of a random tensor 7~ € Fmxnx/
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Fmxnxl.— {T = [ti,j,k];z,'gka t,'7j7k S ]F}

rank one tensor: X ® Y ® z = [x;y;zx] = (ax) ® (by)((ab)~'z)
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T = fr(x17Y17Z1;- .- ;xraYryzr) = Z,(:1 XiQYi®Z,

X, cF"y, cF" z cF

generic rank: grankg(m, n, ) - the rank of a random tensor 7~ € Fmxnx/

Thm: granks(m, n,[) = min(/, mn) for (m—1)(n—1) < I.
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Generic rank |

/
menx/ = {T = [ti,j,k];n’n;ka t,'7j7k S ]F}

rank one tensor: X ® Y ® z = [x;y;zx] = (ax) ® (by)((ab)~'z)

rank 7 minimal r:

T = fr(xhyhzh---;XraYr,Zr) = Z,(:1 XiQYi®Z,
X, cF"y, cF" z cF

generic rank: grankg(m, n, ) - the rank of a random tensor 7~ € Fmxnx/
Thm: granks(m, n,[) = min(/, mn) for (m—1)(n—1) < I.
Dimension countforF=Cand2<m<n</<(m-1)(n—1):

fr . (Cm x C" x Cl)r N (Cm><n><l

grank-(m, n,l)(m+ n+ 1 —2) > mnl = grank(m, n,[) > [WJF?*J’:/I_Z)]
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Conjecture grankc(m, n, 1) = [mimt—=]

fora2<m<n<l<(m-1)(n—1)and (3,n/)# (3,20+1,2p+1)
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Conjecture grankc(m, n, 1) = [mimt—=]
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Conjecture grankc(m, n, 1) = [mimt—=]

fora2<m<n<l<(m-1)(n—1)and (3,n/)# (3,20+1,2p+1)

Fact: grank(3,2p+1,2p+ 1) = [3(‘%51;)2] 1

Conjecture is known in some cases

Easy to compute grank-(m, n, I):

Pick at random w, := (X1,¥1,21,...,X Yr,2Z;) € (R™ x R x R/Y
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is grankc(m, n, [)
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Conjecture grankc(m, n, 1) = [mimt—=]
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Conjecture is known in some cases
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Pick at random w, := (X1,¥1,21,...,X Yr,2Z;) € (R™ x R x R/Y
The minimal r > [ =51 s.t. rank J(f;)(w,) = mnl

is grankc(m, n, [)

Avoid round-off error:
W, € (Z™ x Z" x Z!)" find rank J(f,)(W,) exact arithmetic
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Generic rank |l

Conjecture grankc(m, n, 1) = [mimt—=]

fora2<m<n<l<(m-1)(n—1)and (3,n/)# (3,20+1,2p+1)

Fact: grank(3,2p+1,2p+ 1) = [3(‘%51;)2] 1

Conjecture is known in some cases

Easy to compute grank-(m, n, I):

Pick at random w, := (X1,¥1,21,...,X Yr,2Z;) € (R™ x R x R/Y
The minimal r > [ =51 s.t. rank J(f;)(w,) = mnl

is grankc(m, n, [)

Avoid round-off error:
W, € (Z™ x Z" x Z!)" find rank J(f,)(W,) exact arithmetic

| checked the conjecture up to m,n,/ < 14
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Generic rank Il - the real case

For mn < [ grankg(m, n,l) = mn.
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Generic rank Il - the real case

For mn < [ grankg(m, n,l) = mn.
For2<m<n</<mn-1,thereexist Vi,..., Vo(mn C RM*nx1
pairwise distinct open connected semi-algebraic sets s.t.

Closure(UZ™MNy — gmxnx

rank 7 = grank(m, n, /) for each T € V;
rank 7 = p; foreach 7 € V;
pi > granks(m, n,l) fori=2,...,c(m,n,l)
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Generic rank Il - the real case

For mn < [ grankg(m, n,l) = mn.

For2<m<n</<mn-1,thereexist Vi,..., Vo(mn C RM*nx1
pairwise distinct open connected semi-algebraic sets s.t.
Closure(UZ™MNy — gmxnx

rank 7 = grank(m, n, /) for each T € V;

rank 7 = p; foreach 7 € V;

pi > granks(m, n,l) fori=2,...,c(m,n,l)

Forl=(m—1)(n—1)3m,n:
C(m7 n, /) > 1apc(m,n,l) > grankC(m7 n, I) +1

Examples [1]
m=n>2I=(m-1)(n—-1)+1.
m=n=4,1=11,12
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Generic rank Il - the real case

For mn < [ grankg(m, n,l) = mn.

For2<m<n</<mn-1,thereexist Vi,..., Vo(mn C RM*nx1
pairwise distinct open connected semi-algebraic sets s.t.
Closure(UZ™MNy — gmxnx

rank 7 = grank(m, n, /) for each T € V;

rank 7 = p; foreach 7 € V;

pi > granke(m, n,[)fori=2,...,¢(m,n,l)

Forl=(m—1)(n—1)3m,n:
C(m7 n, /) > 1apc(m,n,l) > grankC(m7 n, I) +1

Examples [1]
m=n>2I=(m-1)(n—-1)+1.
m=n=4,1=11,12

More results?
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Rank one approximations

R IPS: (A, B) = ST, ayjkbijk, |71 = /(T,T)

xeyozugveow) = (u'x)(vy)(w'z)
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Rank one approximations

R IPS: (A, B) = ST, ayjkbijk, |71 = /(T,T)
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R IPS: (A, B) = ST, ayjkbijk, |71 = /(T,T)
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X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = ZL(T, X)X, |[Px(T)II? = XL 4(T, &;)?
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Equivalent: max x| —|y||=|jz|=1 2_i=jk lijkXi¥jZk
Lagrange multipliers: 7T xy® z := Zj:k:1 lijkYjZk = AX

TXXQRZ=MAY, T XXRQRY =)z
A singular value, x,y, z singular vectors
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Rank one approximations

R IPS: (A, B) = ST, ayjkbijk, |71 = /(T,T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = ZL(T, X)X, |[Px(T)II? = XL 4(T, &;)?

1712 = Px(T)|1? + 1T — Px(T)|?

Best rank one approximation of 7:
MiNxyz |7 —X @Y @ 2| = Miny—y|—jz|-1,a |7 —ax@y @2

; . m,n,|
Equivalent: max x| —|yy|=|zjl=1 2_i=jk ik Xi¥jZk

Lagrange multipliers: 7T xy® z := Zj:k:1 lijkYjZk = AX
TXXQRZ=MAY, T XXRQRY =)z

A singular value, x,y, z singular vectors

How many distinct singular values are for a generic tensor = -
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¢, maximal problem and Perron-Frobenius
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¢, maximal problem and Perron-Frobenius

(Xt Xa) Tl = (04 [xi[P)P

) m,n,| - .
Problem: max x| ,—|ly|l,=lizllo=1 2_izjk li.kXi¥jZk

Lagrange multipliers: 7 xy®@z:= 3 ;_y_4 ti, kyjzk = \xP1
Txx@z=XYP", T xx@y=X2"" (p=525,t,seN)
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¢, maximal problem and Perron-Frobenius

10t - xm) Tl = (27 1XlP)

o=

) m,n,| - .
Problem: max x| ,—|ly|l,=lizllo=1 2_izjk li.kXi¥jZk

Lagrange multipliers: 7 xy®@z:= 3 ;_y_4 ti, kyjzk = \xP1
Txx@z=XYP", T xx@y=X2"" (p=525,t,seN)

p = 3 is most natural in view of homogeneity
Assume that 7 > 0. Then x,y,z> 0

For which values of p we have an analog of Perron-Frobenius
theorem?

Yes, for p = 3, and probably for p > 3
No, for p = 2, and probably for p < 3
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Analogs of SVD decomposition: |

For a cubic tensor 7 € R™M™"
do orthonormal change of coordinates in each three components R"™:
T1 =T x1 Qy x2 Qe x3 3
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Analogs of SVD decomposition: |

For a cubic tensor 7 € R™M™"
do orthonormal change of coordinates in each three components R"™:
T1 =T x1 Qy x2 Qe x3 3
0 h 3n(n—1) esiNTictiiimt:—;: f
ne can have at most =——5—* zero entries in 7y: §;; = tjj; =i for
I <.

Apply QR algorithm to the n columns of the unfolded matrix in mode k
indexed by (J,j),j=1,...,nfork=1,2,3,1,2,3, ...

Example 2 x 2 x 2: [ b1 tpopo ] ; [ b1 B2 } : { b1 b2 ]
bb11 tpoo o1 bpoo bhi2 bopo
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Analogs of SVD decomposition: |

For a cubic tensor 7 € R™Mx"N

do orthonormal change of coordinates in each three components R"™:
T1 =T x1 Qy x2 Qe x3 3

One can have at most 3”(';*1) zero entries in Tq: ;= t;; = ; j for

I <.

Apply QR algorithm to the n columns of the unfolded matrix in mode k
indexed by (J,j),j=1,...,nfork=1,2,3,1,2,3, ...

Example 2 x 2 x 2: [ b1 tpopo ] ; [ b1 B2 } : { b1 b2 ]
bb11 tpoo o1 bpoo bhi2 bopo

Do QR on each two columns successively to obtain:
bi1=tz1=4t12=0.
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An analog of Kogbetliantz’s algorithm

T e R™M™ 2 < mn,l|
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An analog of Kogbetliantz’s algorithm

T e R™M™ 2 < mn,l|

Choose 2 x 2 x 2 subtensor A € R2x2x2

Shmuel Friedland Univ. lllinois at Chicago () Results and problems for 3-tensors



An analog of Kogbetliantz’s algorithm

T e R™M™ 2 < mn,l|
Choose 2 x 2 x 2 subtensor A € R2x2x2

Find best rank approximation B = [b;j k] = A x1 Qi X2 Qo x3 Q3
such that by 1,1 is maximal possible
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An analog of Kogbetliantz’s algorithm

T e R™M™ 2 < mn,l|
Choose 2 x 2 x 2 subtensor A € R2x2x2

Find best rank approximation B = [b;j k] = A x1 Qi X2 Qo x3 Q3
such that by 1,1 is maximal possible

Obtain the corresponding 7’
Repeat with all choices of subtensors

Can be parallelized
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An analog of Kogbetliantz’s algorithm

T e Rm*nxl 2 < m n,|
Choose 2 x 2 x 2 subtensor A € R2x2x2

Find best rank approximation B = [bjjk] = A x1 Q x2 Qo X3 Q3
such that by 1,1 is maximal possible

Obtain the corresponding 7’
Repeat with all choices of subtensors
Can be parallelized

Does it converge in generic case and to what
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CUR approximation of matrices
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CUR approximation of matrices

For given A€ R™" F ¢ R™P E ¢ RI*N
MiNyeccexa ||A — EUF||F achieved for U = ETAFT
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CUR approximation of matrices

For given A€ R™" F ¢ R™P E ¢ RI*N
MiNyeccexa ||A — EUF||F achieved for U = ETAFT

CUR approximation C € R™*P_ R € R9*" some submatrices of A.
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CUR approximation of matrices

For given A€ R™" F ¢ R™P E ¢ RI*N
MiNyeccexa ||A — EUF||F achieved for U = ETAFT

CUR approximation C € R™*P_ R € R9*" some submatrices of A.

C(C'AR")R best rank < min(p, q) approximation matrix based on C, R
submatrices of A.
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CUR approximation of matrices

For given A€ R™" F ¢ R™P E ¢ RI*N
MiNyeccexa ||A — EUF||F achieved for U = ETAFT

CUR approximation C € R™*P_ R € R9*" some submatrices of A.

C(C'AR")R best rank < min(p, q) approximation matrix based on C, R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = q choose U = A[/, J]™'
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CUR approximation of matrices

For given A€ R™" F ¢ R™P E ¢ RI*N
MiNyeccexa ||A — EUF||F achieved for U = ETAFT

CUR approximation C € R™*P_ R € R9*" some submatrices of A.

C(C'AR")R best rank < min(p, q) approximation matrix based on C, R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = q choose U = A[/, J]™'
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding det A[/, J] is maximal
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CUR approximation of matrices

For given A€ R™" F ¢ R™P E ¢ RI*N
MiNyeccexa ||A — EUF||F achieved for U = ETAFT

CUR approximation C € R™*P_ R € R9*" some submatrices of A.

C(C'AR")R best rank < min(p, q) approximation matrix based on C, R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = q choose U = A[/, J]™'
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding det A[/, J] is maximal

Friedland-Mehrmann-Miedlar-Nkengla 08 choose several random
choices of /,J set of rows and columns of A such that A[/, J] has
maximal product of significant singular values
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Extension to 3-tensors I:

For given A € R™<"<I F ¢ RM<P E ¢ R™9, G e R/*',
where (p) C (n) x (I),(q) € (m) x(I),{r) € {m) x(l)

MiNycopxaxr || A —U x F x E x GJ||r achieved fortd = A x Et x FT x Gf
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Extension to 3-tensors I:

For given A € R™<"<I F ¢ RM<P E ¢ R™9, G e R/*',
where (p) C (n) x (I),(q) € (m) x(I),{r) € {m) x(l)

MiNycopxaxr || A —U x F x E x GJ||r achieved fortd = A x Et x FT x Gf

CUR approximation of A obtained by choosing E, F, G submatrices of
unfolded A in the mode 1,2, 3.
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Extensions to 3-tensors: |l

A = [a; ] € R™M<E . 3-tensor

given I c (m),J C (n),K C (¢) define

R = aymy gk = [@jkl(m) gk € RTEIHO,

C — O‘l,(n),K E R<n>X(#I#K),

D= Qg € R/*(#1#J)

Problem: Find 3-tensor i = RS #K)x(#1#K)x(#14#J)
such that A is approximated by the Tucker tensor
V:Z/[X1 CX2R><3D

where U is the least squares solution

. 2
Uopt € arg _min > (aijk — (U x1 Cx2 Rx3D)jjx)
© (ijk)es

S=((m xJdxK)U(x{n xK)U((lxdx )
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Extension to 3-tensors: Ili

For #1 = #J =p, #K =p?, I c (m),J C (n),K C (¢)
generically there is an exact solution to Uy € RP°XPPxp?
obtained by unfolding in third direction
View A as A e R(™)*¢ by identifying

(m) x (n)=(mn), Iy =1xd, Jy = K and apply CUR again.

More generally, given #I/ = p, #J = q, #K =r.
For L = I x J approximate A by A, KEL KA[J 0
Then for each k € K approximate each matrix Amy,(ny,{ky BY

Aty .16 EL 5 sy Ay 3
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Scaling of nonnegative tensors to balanced tensors

0 < 7T = [t;j«] € R™™/ palanced if each unfolding has fixed row sum:
Diklijk=a>0,3  tijk=8>073tijk=~>0
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Scaling of nonnegative tensors to balanced tensors

0 < 7T = [t;j«] € R™™/ palanced if each unfolding has fixed row sum:
Diklijk=a>0,3  tijk=8>073tijk=~>0

Find nec. and suf. conditions for scaling:
T' = [Xiy;Zktijk],X,¥,2 > 0 such that 7' balanced
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Scaling of nonnegative tensors to balanced tensors

0 < 7T = [t;j«] € R™™/ palanced if each unfolding has fixed row sum:
Diklijk=a>0,3  tijk=8>073tijk=~>0

Find nec. and suf. conditions for scaling:
T' = [Xiy;Zktijk],X,¥,2 > 0 such that 7' balanced

THM: 7 € RT*™/ 1 < m < n <, each mx m submatrix of the unfolded
tensor A € R™ ™ in the first mode has positive permanent. Then there
exists a "unique" scaling of 7’ of T such that A’ € R™ " is stochastic.
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Scaling of nonnegative tensors to balanced tensors

0 < 7T = [t;j«] € R™™/ palanced if each unfolding has fixed row sum:
Diklijk=a>0,3  tijk=8>073tijk=~>0

Find nec. and suf. conditions for scaling:
T' = [Xiy;Zktijk],X,¥,2 > 0 such that 7' balanced

THM: 7 € RT*™/ 1 < m < n <, each mx m submatrix of the unfolded
tensor A € R™ ™ in the first mode has positive permanent. Then there
exists a "unique" scaling of 7’ of T such that A’ € R™ " is stochastic.

Problem: Is Sinkhorn scaling algorithm in this case working?
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