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Stable numerical algortihms of SVD introduced by
Golub-Kahan 1965, Golub-Reinsch 1970:

Implicit QR Algo to reduce to upper bidiagonal form using
Householder matrices, then Golub-Reinsch SVD algo to

zero superdiagonal elements.

Complexity: O(mmn min(m, n)).

In applications for massive data:

A € R™X™ m,n >> 1 needed a good approximation
k :

A = Zi:l XiY?,Xi c Ry, € R",7 =

1,...,k << min(m,n).

Random Ay, approximation algo:

Find a good algo by reading [ rows or columns of A at
random and update the approximations.

Frieze-Kannan-Vempala FOCS 1998 suggest algo without
updating.
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Fast k-rank approximation and SVD algorithm
Input: positive integers m, n, k, [, N, m X n matrix A,
e > 0.

Output: an m X n k-rank approximation Bf of A, with

|| Bol| [|Bt—1ll
|| Be || IBe||

values and k left and right singular vectors of A.

the ratios and , approximations to k-singular
1. Choose k-rank approximation Bg using k columns, (or
rows), of A.

2.fort = 1to [N

- Select I columns, (or rows), from A at random and update
B;_1 to B;.

- Compute the approximations to k-singular values, and k
left and right  singular vectors of A.

¢ U Be—1ll _ _ s
If AT > 1 — elet f = t and finish.

Complexity: O (mnk).
Each iteration ||A — Bi—1||Fr > ||A — Bt||F-
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Choose at random k columns of A. Apply modified

Gram-Schmidt algo to obtain X1,...,%xq € R™,q < k.
Set Bg : = Y ;. x;(ATx;)T.

1=

||A — B()“%—, = tI‘ATA — tI‘Bg'BO =
tr ATA -7 (ATx;)T(ATx,).

Choose at random another I columns of A: W1,..., Wy.
Apply modified Gram-Schmidt algo to
X1geee9XgyW1y..., Wy toobtaino.n.s.
X1geeeysXgyXgdlseeesXp. FOrm

Co := By + Zf:q_l_l x; (ATx;)7T.

Find the first left k-o.n. left singular vectors vi, . .., Vi Of
Co. Then By := Zle vi(ATv;)T and

tr BgBO < tr B;fBl.

Obtain B¢ from By_1 as above.




4 Lifting body original

Figure 1: Lifting body image 512 X 512.




5 Lifting body compressed

Figure 2: 80-rank approximation of Lifting body image 512 X
512.
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Figure 3: Convergence property of the Monte-Carlo method
for Liftingbody image(512 X 512), k = 80.
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Figure 4. Convergence property of the Monte-Carlo method
for random data matrix(3000 X 500) kK = { = 100.




Table 1: Comparison of relative error and speed up of our

algorithm with optimum k-rank approximation algorithm

Data sets Speed up | Re. ratig

Cameraman(256 X 256), k = 80 1.145 1.083

Liftingbody (512 X 512), k = 100 8 1.08

Map image(627 X 865) k = 200 1.067

Random matrix(8000 X 200) k = 100 1.1
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Frieze, Kannan and Vempala [10] suggest to choose column

_ 2
ci(A) with probability el
F

If s > k are chosen then the k-approximation satisfies Ay
k
1A — AwllZ < 30410 0i(A)? + 27| A][%

Ifs > £ then

10e€
[JA — Ag||F < ng-pl oi(A)? + €||A]|%-
Deshpande, Rademacher, Vempala and Wang [4] improved

the sampling by modifying the sampling ¢; (A ) according to
|lei (A—Ar)||?
|A—Agl[l3

new probabilities

Perhaps our algorithm can be combined with above
sampling of columns to get better results.
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