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MATRICES AND SYSTEMS OF EQUATIONS

DETERMINANTS

VECTOR SPACES

LINEAR TRANSFORMATIONS

e ORTHOGONALITY

e EIGENVALUES

Text: Steven J. Leon, Linear Algebra with Applications,
MacMillan, 7th edition, 2005.

Software: MatlLab,

equivalent:




Engineering
Biology

Medicine

Business

Statistics

Physics
Mathematics
Numerical Analysis

Reason: Many real world systems consist of many parts

which interact linearly.

Analysis of such systems involves the notions and the tools

from Linear Algebra.




3 -8-28-06

|. Systems of Linear Equations

ai11r1 + ai2x2 + ... +  a1pT, =by

az1T1 + a2 + ... + axpTp, = b2

Ami1Ti + am2T2 + . + QmnTnp = by,

a. Examples
b. Solutions: Unique, Many and None (Inconsistent).
c. Graphical Examples of Systems in Two Variables
d. Equivalent Systems ( ):

e Change the order of the equations

e Multiply an equation by a nonzero number

e Add (subtract) from one equation a multiple of another

equation




e. Triangular Systems and their solutions

a;1x1 + aizxs + ... + a1pxTy = by

+ azex2 + ... + a2p,Ty = by

Annn — bn

71 equations in 72 unknowns with 72 pivots:
a1 # 0, azz #0,...an, # 0.

down to up:

—QA(n—1)nTn + bn—l
Lp—1 = ’

A(n—1)(n—1)

oo () Tit1 — e — Qinn + b;
T — ’
a;;

t=n—2,...,1.
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Il. Matrix Formalism for Solving Linear Equations

a. The Coefficient Matrix of the system:

(all ai2 aln\
azi

an9o coe aAon,

K aAm1 am2 cee Omn )

b. The Augmented Matrix (A|b), (A|B)

( aii a2 eee A1n
a

21 a2 cee QA2n

(Alb) =

\ aAm1 Am?2




c. Elementary Row Operations (ERO)

® Interchange two rows
R, — R;, (R2 «—— Ry4), 1 #j.
e Multiply a row by a nonzero number

aXRi—>Ri,a7éO, (R,,;—>a><Rz-).

e Replace a row by its sum with a multiple of another row

Ri—I-CLXRj —> R,,;, (Rz — Ri—l—aXRj).

R2—0.7R4 E— Rz, (R2 — R2—0.7R4).

d. Pivotal Row

e. Back(ward) Substitution for triangular form




Row Echelon Form of a matrix.

e The first nonzero entry in each row is 1. This entry is

called a pivot.

e If row k does not consists entirely of zeros, then the
number of leading zero entries in row k + 1 is greater

then the number of leading zeros in row k.

e Zero rows appear below the rows having nonzero

entries.

The process of using ERO to transform a linear system into
one whose augmented matrix is in row echelon form is

called Gaussian Elimination.

Corollary. The given system is inconsistent if and only if the

REF of its augmented matrix contains a row of the form:

00 ...0| 1] (4.1)




Examples of REF

0 0 1 c
O 0 0 O

(abecd)(1 X 4

(luvw) if a # 0,

(01pgqg) if a=0, b # 0,
(0017) if a=b=0, c#0,
(0001) if a=b=c=0, d#0,
(0000) if a=b=c=d=0.




Overdetermined System m (number of equations) > n

(number of unknowns):
if there are more equations then unknowns.

Usually (but not always) overdetermined system are

inconsistent.
Underdetermined System m < n:

if there are less equations then unknowns.

Usually (but not always) underdetermined system are

solvable with many solutions.

10
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The general solution of the system in REF.

REF does not contain a row of the form (4.1):

00 ...0]1].

The variables associated with pivots are called lead
variables. The rest of the variables are called free variables.

(affine)
Examples
1 -2 3 -1
0 1 3 1 4
0 0O O 1 53

1,2, T4 are lead variables, T3 is a free variable.
= 95, x3+3xrz3+x4 =4 = T3 = —3xrz3—T4+4
—3xg — 1, ®1 —2x2+3x3+ —x4 =0 =
202 —3x3+x4 = 2(—3x3—1)—3x3+5 =
r1 = —9x3 + 3

11



(but not the fastest)
RREF.

Reduce Row Echelon Form (RREF):

e The matrix is in REF.

e If 1 is a pivot on row k and column p then all other

elements on the column p are zero.

Examples

Bringing a matrix to RREF is called Gauss-Jordan reduction.

12



RREF the solution of the system:

u
(%

w

1,2, T4 lead variables xg free variable

xr1 + bxrs = u = xr; = —bxrz + u,

o + dCBg V = I —d$3 -+ v,

rqg = w.

13



Homogeneous Systems of Equations

a1y + ai2xr2 + ... A1 Tn

a1x1 + Q222 + ... + Q2p,Tn,

Amill ‘|‘ Am2L2 ‘|‘ cee + Amnn

(A]0).

HSE is always solvable:

Trivial Solution
The number of pivots does not exceed m.
If 7 > M there is at least 1 — M free variables.

If 7 > 1™ HSE has infinite number of nontrivial solutions

14
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1. Traffic Flow

At each intersection the number of cars entering must be the

same as the number leaving.

2. Markov chains

The sum of the total weights from each node is equal to 1.
3. Electrical Networks

Kirchhoff’s Laws

1. At every node the sum of incoming (- sign) and outgoing
(— sign) currents is equal to 0.

2. Around every closed loop the algebraic sum of voltage
must equal to the algebraic sum of the voltage drops.

3. Ohm’s law the voltage drops is current times resistance:
E=1R.

15



3.

Vectors: Row Vector X = (X1, T2y ey Ty ) is1l X 1

[ )
U2
Column Vector u = is m X 1 matrix.

matrix

\

Vectors with two coordinates represent vectors in the plane

x = (@1, x2) represents a vector joining the origin with
P = (:131, :132).

ax = a(xy,x3) := (axy, axs) stretch of x by factor
a.

X+y = (z1,22)+(y1,Y2) := (z1+y1, T2+ Y2)
represents vector obtained by the parallelepiped law.

Draw the two dimensional picture.

16



The coordinates of a vector and real numbers are called

scalars

scalars

letters: at, 3, Y....
a,b,c,d,x,y,z,u, v, w are vectors, while

a,b,c,d,x,y, z, u, v, w are scalars.

The rules for multiplications of vector by scalars and
additions of vectors are:

ax = a,(iljl, coes mn) = (awla cee awn),

X4V = (X150 Tn) + (Y15 00y Yn) 1=

(331 + Yl eees Iy + yn)a

the set of all vectors with n coordinates is denoted by R™.

17



(Zl\

)
)

2

s
o)

Uz + V2

\ e+ 0 /

The zero vector 0 has all its coordinate O.

—X = (—1)X := (— @1y eeey —Tp)

Xx+ (—x) =x—x=0.

18



m X M mairices

A= (aij),t=1,...., my3=1,...0
denoted by R™X™.
( Rm)(n RM™

We can multiply matrices by a scalar

sA = s(a;j) = (sa;;) and add two matrices of the

same dimension:

( all L) alln \
a

21 cee aAon,

Amn )

bln \

b2n

e b )

19



( a1 + b11 ai2 + bia
a21 + b2 a22 + b22

\ Am1 ‘l‘ bml Am2 ‘|‘ bm2

The zero matrix 0 is an 1 X 12 whose al entries are equal
to O:

(0 0
0 0 e 0

\o 0 .. 0/
—A = —(a;;) :=(—a;;) = (—1)Aand
A4+ (-A)=A—-A=0,
A—B=A+4 (—B)

20




8 A+ B aA

1. A+ B = B + A, commutative law

2.(A+ B)+ C = A+ (B + C), associative law
3.3 A4+0=A A, neutral element

4. A 4+ (—A) = 0, unique anti element

5.a(A+ B) =aA+ aB A, B, distributive

law

6. (a + b)A = aA + bA, distributive law
7. (ab)A = a(bA), distributive law

8.1A = A.

: 0A = 0 zero matrix:
0A=(0+0)A =0A+ 0A =
0=0A—-0A=(0A+0A) —0A = 0A.

21



9

scalar product: (41, Uz, u3z) * (1, T2, T3) = U171 + U2T2 + UIT:

Product of row vector with column vector with the same number of coordinates:
R

L2
ux = (U1 Ug...uU,) _ = U1T1 + U2Zo + ... + UpTy

e )

product of m X m A and column vector x € R"™:

( ail ai2 cee a1in \ (CBl\
as L2

1 a292 cee aAon,

N AT

22



( 1121 + @122 + «o. + A1 Ty \

a21T1 + Q222 + ... + A2, Ty

\ aAmilil + Am2L2 + ... + Apnln )

The system of M equations in 72 unknowns

ai11r1 + ai2x2 + ... +  a1pT, =bs

az21r1 -+ Q222 + ... + a2,y = b2

Ami1Ti + am2T2 + . + QmnTnp = by,
can be compactly written as
Ax =D

A is an m X m coefficient matrix, x € RR™ is the columns
vector of unknowns and b € IR™ is the given column

vector.

23



Multiplication of Matrices

We can multiply A B if the number of columns in the

matrix A to the number of columns in B.

Equivalently A is m X 1 matrix and B is m X p matrix.
The resulting matrix C = A B is m X p matrix. The
(¢, k) entry of AB is obtained by multiplying ¢ — th row
of A and k — th column of B.

- .: P — k=
A= (aij);—;27 s B=(bjr)j—p=1 >

C = (bir)i=p5=P,

Cik = ;101 + a;2bag + ... + A bk =

n
E aijbjk.
j=1

24



[ 1 -2

—3 a b c

o 2 d e f

\ -7 -1

( a — 2d b — 2e c—Zf\

—3a +4d —-3b+4e —3c+4f
2d 2e 2f

\ —7a—d —T7b—e —7c—f}

Note in general AB # B A for several reasons

1. AB may be defined but not B A, (
), or the other way around.

2. AB and B A defined <=
A c Ran,B € Rn)(m —
AB e Rme,BA = R XN

3. A, B € R"*™ ysuallyform > 1 AB # BA,
0 1 0O O
B

Example A = ,
0O O 1 0

25



Rules involving products and additions of matrices

: whenever we write additions and products of matrices
we assume that they are all defined, i.e. the dimensions of

corresponding matrices match.

1. (AB)C = A(BC), associative law.

2. A(B+ C) = AB + AC, distributive law.
3. (A+ B)C = AC + BC, distributive law.
4.a(AB) = (aA)B = A(aB), algebra rule.

26
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Transpose of a matrix AT .

( aii ai2
a1

a2

27
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Let A € R™X™,
Then AT € R*"X™ and (AT)T = A.

/ :

29



A € R™X™ is called symmetric if AT = A.

The ¢ — th row of a symmetric matrix is equal to its
t — th columnfore = 1,...,m.

m

i,j=1 Symmetric <

Equivalently: A = (a;;)

a;; = aj;foralz,g =1,...,m.

2 X 2and 3 X 3 symmetric matrices:

a C

C f

Note symmetricity with respect to the main diagonal
A c Ran =

AT A € R*"X™ and AAT € R™X™ gre symmetric.

Indeed (AAT)T = (AT)TAT = AAT
(ATA)T — AT(AT)T — ATA

30



(100...0\

O 1 0 ... O

000 ... 1)

I,, is in RREF with no zero rows.

I,, is a symmetric matrix.

1 0
Example I = » I3 =
0O 1

Property of the identity matrix:
I,, A= AI, = A, A € RmXn
I A, where A € R?%3.

a b c

d e f

31



A € RMXm™

|. Positive Powers of Square Matrices
A% := AA
A3 := A(AA) = (AA)A = A2A = AA?

is equal to the product of A three times AAA

If k positive integer A® := A...A - product of A k times
If k, g positive integers A*T2 = AR AT = ATA*
A% :=1T,..

A invertible if there exists A~ such that

AA1 1 =A"1A=1T,

(< AlA71 =A"1A1 = A9)

If A invertible then Ax = 0 = x = 0 (condition NC):
AT (AX) = (A 1 A)x=Ix=x=A"10=0
We will show that later that if NC holds then A

32



In one town people catch cold and recover every day at the
following rate: 90% of healthy stay in the morning healthy
the next morning; 60% of sick in the morning recover the

next morning.

Find the transition matrix of this phenomenon after one day,

two days, and after many days.

AQHH — O.Q,CLSH = 0.1, Ags — 0.6,0,55 =04
0.9 0.6 T rr

A p— ,X =
0.1 0.4 Tg

Note that if xT = (1, x5) represents the number of

healthy and sick in a given day, then the situation in the next
day is given by
(0.9 f + 0.6x5,0.1x + 0.4x¢5)T = Ax Hence

the number of healthy and sick after two days are given by
A(Ax) = AZ?x, i.e. the transition matrix given by A?:

0.9 0.6 0.9 0.6 0.87 0.78
0.1 04 0.1 0.4 0.13 0.22

33



The transition matrix after k days is given by A*_ It can be
shown that

0.857 0.857
0.143 0.143

lim AF =

k— oo

N N

The reason for these numbers is the equilibrium state for
which we have the equations Ax = x = Isx =
(A—I)x=0= 0.1xyg = 0.6xs =

ryg = 6xg. If

g +xrs =1 = Ty = ,wszé.

In the equilibrium stage g of all population: x g + x g are

healthy and % of all population is sick.

34



Inverse matrices

Suppose A € R™*™ is invertible. Then the system

Ax = b where

X = (€1 T2...Tn) T, b = (by ba...b,)T € R ie.
the system of i equations and 712 unknowns has a unique
solution: x = A~ 1b.

Indeed multiply the above system by A~ to obtain
A1 (Ax) = (A1 A)x=T,x=x= A"1b.
2 X 2

a b 1 d —b

c d :ad—bc —C a

ad — bc # 0.
Ifad — be = 0 then

So A is not invertible.

If A1y .oy A € R™*™ invertible then Aq... Ay are
invertible and (A1...Ax) "t = A '.LAT

35
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Elementary Matrix is a square matrix of order 1 which is
obtained by applying one of the three Elementary Row

Operations to the identity matrix I, .

e Interchange two rows ; «+— R};.
R1 — R3 Igi

0
1

e Multiply 2-throwby a # 0: aR; — R;
Cle — Rz I3Z

1
— Eir=1 0 a
0

36



e Replace a row by its sum with a multiple of another row

Ri—l—aXRj—>R7;
Ri+ax R3 — Rj:

1
— Errr=1| 0
0

All elementary matrices are invertible.

The inverse of an elementary matrix is given by another
elementary matrix of the same kind corresponding to

reversing the first elementary operation:

e Theinverse of Eris Er: ErEr = E? = I,.

37



e The inverse of E'rr corresponding to alR; — R; is

77 corresponding to %Ri — R;

1

e The inverse of My corresponding to
R; +aR; — R;is EI__,lI corresponding to
R,,; — CLRj — Ri

a
0
1

38



Let A € R™X™_ Then performing an elementary row
operation on A is equivalent to multiplying A by the

corresponding elementary matrix £: A — E A.

|: R, < R3to A € R3%2;

39



aR> — Rsto A € R3%2:

xr

Uu
w
Yy
1 0 0 U v
(OaO w T
O 0 1 Yy =z

1 Ri+ax R3 — Rj:to
A € R3X%2.

u—+ay v+ az

40



Let B € R™XP and perform k ERO:
ERO; ERO- EROs ERO,,

B — By — By, —"...B,_1 — By
Bl — ElB, Bz — E2B1 — EzElB, e o

By =F...E{1B =

Bk, — MB, M = Ek:Ek:—l---E2E1

M is invertible matrix since M —1 = E_lEz_l...Ek_l.
The system Ax = b, represented by the augmented

matrix B := (A|b), after k ERO is given by By, =
(Ag|br) = MB = M(A|b) = (M A, Mb)

and represents the system M Ax = Mb. As M

invertible
M~'(MAx) = Ax = M~ 1(Mb) = b.

Thus performing elementary row operations on a system
results in equivalent system, i.e. the original and the new

system of equations have the same solutions.

41



Let Ag be the reduced row echelon form of A. Then

A = MA.

Assume that A € R™X™. As M invertible A invertible
<—> Ay invertible:
A=M"1A, = A"t = A 'M.

If A invertible Ax = 0 has only the trivial solution, hence

Ay, has n pivots (no free variables). Thus A, = 1I,, and
A~ = M

Summary A € R™*™ is invertible <—> its reduced row
echelon form is the identity matrix. If A is invertible its

inverse is given by the product of the elementary matrices:
A_l :M:Ek,...El.

Gauss-Jordan algorithm to compute the inverse of A:
e form the matrix B = (A|I,,).
e Perform the ERO to obtain RREF of B: C' = (D|F).
o Aisinvertible <—= D = I,,.

o fD=1,then A1 = F.

42



1
A=| =2 5
3 7 —5
Write B = (A|I3) and observe the (1, 1) entry in B is
1 2 -1 1 0 0
a pivot: B = -2 -5 5 0O 1 0
3 7 -5 00 1
Perform ERO: Ry + 2R; — Ro, R3 — 3R1 — Rg3:
1 2 -1 1 0 O
0O -1 3 2 1 0

O 1 -2 -3 0 1

To make (2, 2) entry pivot do: —Ra — Ra:
1 2 -1 1 0O O
B=| 01 -3 -2 -1 0
0O 1 -2 —3 0O 1

To eliminate (1, 2), (1, 3) entries do
R1—2R2—>R1, R3—R2—>R3

43



1 0 5 5 2 0
Bs=| 0 1 -3 —2 —1 0
0 0 1 —1 1 1

(3, 3) is a pivot. To eliminate (1, 3), (2, 3) entries do:
Ry, —5R; — R;, Ry + 3R3 — R,
1 0 O 10 —3 -5

O 1 O -5 2 3
O 0 1 -1 1 1

So B4 = (I3|F') is RREF of B. Thus A has inverse:
10 -3 -5

A= -5 2 3
—1 1 1

44



Gauss-Jordan

Perform ERO operations on B = (A|I,,) to obtain RREF
of B, which is given by By, =
MB = M(A|l,) = (MA|MI,) = (MA|M).

M € R™X™ s an invertible matrix, which is a product of

elementary matrices.

A is invertible <= RREFof Ais I,, <
The first m columns of B have n pivots <—>
MA=1, — M=A""'! —
By = (I,|]A™1).

45



Diagonal matrices (denoted by D,, C R™*X™): Those are

square matrices whose all off-diagonal entries are O:

Example : diag(3,—2,7) =] 0
0 0

Claim: The sum and the product of two diagonal matrices is
a diagonal matrix:

diag(di, ..., dn) + diag(qi, ..., qn) =

diag(d1 + g1y, dp + Qn)a

diag(dy, ..., d,) diag(qi, ..., qn) =

diag(d1qi, .-, dnqn),

diag(dy, ..., d,) isinvertible <= dj...d,, 7 0 and
diag(dy, ..., d,) ' = diag(d; ', ...,d- ")

46




Upper Triangular Matrices (denoted by UUT',, C R™*X™):
Those are square matrices where all elements below the

main diagonal entries are 0:

( a2 ... QA1(n-1) aln\

A2(n—1) QA2n

Example :
0 0

Claim: The sum and the product of two upper triangular

matrices is an upper triangular matrix.

Claim: An upper triangular matrix is invertible <—> its all
diagonal entries are nonzero. The inverse of an upper

triangular matrix is upper triangular.

47



Lower Triangular Matrices (denoted by LT,, C R™X™):
Those are square matrices where all elements above the

main diagonal entries are O:

( 0

a1

\ an1 an2

Example : 0.1
—8 6.1

Claim: The sum and the product of two lower triangular

matrices is a lower triangular matrix.

Claim: A lower triangular matrix is invertible <—> its all
diagonal entries are nonzero. The inverse of a lower

triangular matrix is lower triangular.

Claim: A matrix is lower triangular <> its transpose is

upper triangular.

48



12 9-13-04

DETERMINANTS

For a square matrix A € R™X™ determinant of A denoted
by det A, (ordet (A) ), is a reall
number such that det A 2 0 <= A is invertible.

b

(a) det “ = ad — bc.
c d

a b c

(b) det d e f

g h 1
aei 4+ bfg 4+ cdh — ceg — ath — bdi
A way to remember this formula:

b ¢ a
d e f d e
g h 2 g h

The product of diagonals starting from a, b, ¢, going south
west have positive signs, the products of diagonals starting
from ¢, a, O and going south east have negative signs.

49



(c) The determinant of diagonal matrix, upper triangular
matrix and lower triangular is equal to the product of the

diagonal entries.

(d)det A # 0 <= Row Echelon Form of A has the
maximal number of possible pivots <—> Reduced Row
Echelon Form of A is the identity matrix.

A Is called singular if det A = 0.

(e) The determinant of a matrix having at least one zero row

or column is O.

(f) det A = det A™T: The determinant of A is equal to

the determinant of AT

() det AB = det A det B: The determinant of the
product of matrices is equal to the product of

determinants.=>

(h) If A is invertible then det A~1 = 1

det A°
I=A"1A=

1 =detI =det(A 1A) =det A=l det A

50



Determinants of Elementary Matrices

(i) det Ey = —1 where E'J corresponds to interchanging

two rows: R; <+ R;.

0 1
det =0-0—1-1=—1.
1 O
(j) det Ej1 = a where E7y corresponds to multiplying a

row by a: R; — aR;. (Note that Fry is diagonal.)

1 O
det = a.

0 a

(k) det E11;1 = 1 where E 11 corresponds to adding to

one row a multiple of another row: R; + al; — R;.

(E 111 is either upper triangular or lower triangular)

1 O
det = 1. (Rz —I— aR1 — Rz)
a 1

51



Let A € R™X™ and perform k ERO:
ERO; ERO; ERO3

— A — T Ay — 7 LA — " Ag
where Ay is a Row Echelon Form of A.

Al — ElA, A2 — E2A1 — EzElA, o« oo
A, =F;...F{1A =
Ak — MB, M — EkEk—1---E2E1

M is invertible matrix since M —1 = E_lEz_l...Ek_l.

A=M"1A, = det A = det M~'det A, =

det Ak
det E-det E5-...-det Ey °

Ay, is upper triangular. Hence the determinant of A is
equal to the product of diagonal elements of Ay, divided by
the product of the determinants of the elementary matrices

appearing in the above decomposition of A.
A det A = 0.

Assume that rows ¢ and 7 are equal. Subtract row 2

from row 7 to obtain A7 = FErrrA, which has a zero
7 — th row. Hence 0 = det A; = det A.

Asdet AT = det A the second case follows too.
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Minors and Cofactors

For A € R®X™ the matrix M;; € R(n—1)x(n—1)
denotes the submatrix of A obtained from A by deleting
row 2 and column j. The determinant of M is called

(2, g)-minor of A. The cofactor A;; is defined to be
(—1)i+jdet Mij.

a b

C
f |

53



Expansion of the determinant by row 2:

det A = a;1 A1 + ai2Ai2 + ... + AinAin

— \\" A

- Zg:l a"’f.? 1)

Expansion of the determinant by column p:

det A = alpAlp —|— aszzp —|— ces —|— anpAnp

n
— 23:1 a;pAjp

One can compute also the determinant of A using

repeatedly the row or column expansions.

Warning:

inefficient.

Expansion of determinant by row/column is used primarily

for theoretical computations.

54



13 9-15-04

Adjoint Matrix and Cramer’s Rule

( aii ai2
a

21 a2

\ an1 An?2

the adjoint matrix is defined as

[ A Ax

. A1z A2z
adj A =

\ Aln A2n

where A;; is the (2, J) cofactor of A.

Note that the ¢-th row of adj A is (A1; Ag; ..

55
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—az21
12 4ais
a21 AG22 Aaszs3

a3z1 az2 Aass

A11 A1 Asz
adj A = Ai2 A2 As2
A1z Azz Ass

a11 a2
det = ajjagzz — A12a21

21 a2

a21 Aaszs
= —det

azi1 ass

—asgjags + azzasz.

56



A way to remember to get the adjoint matrix correctly:

[ An Aqo o Azn

] A2
adj A =

K Anl
[ Az
A12

\ Aln

57



The properties of the adjoint matrix:

A adj A = (adjA)A = (det A)I,

where I is the identity matrix of the corresponding size.
Consider the (%, j ) element of the product

A adj A:a;1Aj1 +aizAj2 + ... + ainAjn.

Assume first that 2 = 7. Then this sum is the expansion of

the determinant of A by ¢ — th row. Hence it is equal to

det A, which is the (2, ¢) entry of the diagonal matrix

(det A)L

Assume now that ¢ 7= j. Then the above sum is the
expansion of the determinant of a matrix C' obtained from
A by replacing row 7 in A by row 2 of A. Since C has two
identical row, hence det B; = 0. This shows

A AdjA = (det A)I Similarly

(adj A)A = (det A)L

Corollary: det A £ 0 = A~1 = dei ~adj A.

58



Cramer’s Rule

Consider the linear system of 1 equations with 72 unknowns:

a1y + ai2x2 + ... + QipT, = b1

az1r1 + Q222 + ... + Qa2,Tn, = b2

An1T1 + Ap2T2 + .. + AppTp, = by

let A € R*"X™, b = (by, ..., b,) 7T be the coefficient
matrix and the column vector corresponding to the
right-hand side of these system. That is the above system is
Ax = b, x = (1,..., Ty, ) L. Denote by

B; € R™*™ the matrix obtained from A by replacing the
jJ — thcolumnin Aby: B; =

( A11  ee. al(j_l) bl a,l(j_|_1) « o A1n \

az1 ... Gz(j-1) b2 G2(jt1)

\ aln]_ soe an(j_]_) bn
det Bj

Jot A org =1,...

Then Trj =
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Sincedet A # 0, A~1 = ot AadJ A. Hence the

solution to the system Ax = b is given by:
A~ 1x = ———adj Ab. Writing down the formula for

de t A
the matrix adj A we get:

A13b1+A2gb2+ _I_A'n,gb
det A

:Ej:

The numerator of this quotient is the expansion of det B;

by the column 7.
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14 - 9-22-04

A set V is called a vector space if:

l. Foreachx,y € V,x + yisanelement of V.
( )
Il. Foreachx € V anda € R, axis an element of V.

( )

The two operations satisfy the following laws:

1. X +y =y + X, commutative law
(x+y)+2z=x+ (y + 2z), associative law
X+0=x X, neutral element 0

. X + (—x) = 0, unique anti element

. (a 4+ b)x = ax + bx, distributive law

. (ab)x = a(bx), distributive law

2
3
4
5.a(x +y) = ax + ay X, y, distributive law
6
7
8

1x = x.

: O0x = 0 neutral element:
O0x = (04 0)x = 0x 4+ 0x =
0 = 0x — 0x = (0x 4+ 0x) — O0x = Ox.
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1. R - Real Line

2. R? = Plane

3. R3 - Three dimensional space

4. R™ - n-dimensional space

5. R™X™ _Space of Ty X M matrices

6. Spaces of upper triangular, lower triangular and diagonal

matrices

7. P, - Space of polynomials of degree less than n:
Pr :=A{p(z) =

A 12" 1+ ap_ox™ %2 + ...+ a1z + ap}.

8. C|a, b] - Space of continuous functions on the interval
la, b].

Note. The examples 1 - 7 are finite dimensional vector

spaces. 8 - is infinite dimensional vector space.

Note. In this course all vector spaces are finite dimensional
and R™ (or C™ as in Chapter 6).
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15

Let V be a vector space. A subset W of V is called a

subspace of V if the following two conditions hold:

a.foranyx,y € W = x+4+y €W,

b.foranyx € W, a € R = ax € W.

Note: The zero vector 0 € W since by the condition a. for
anyX € Wonehas0 = 0x € W.

: W C Visasubspace <—= Wisa
vector space with respect to the addition and the

multiplication by a scalar defined in V.
V has the following two subspaces:

1. V.

2. The trivial subspace consisting of the zero element:
W = {0}.
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1. R? - Plane: the whole space, lines through the origin, the

trivial subspace.

2. R3 3-dimensional space: the whole space, planes
through the origin, lines through the origin, the trivial

subspace.

3. For A € R™X™ the null space of A, denoted by
N (A), is a subspace of R™ consisting of all vectors
x € R™ suchthat Ax = 0.

Note: IN (A) is also called the kernel of A, and denoted by

ker A. (See below the explanation for this term.)

4. For A € R™X™ the range of A, denoted by R(A), is
a subspace of R™ consisting of all vectors y € R such

thaty = Ax for some x € R™. Equivalently
R(A) = AR™.

In 3. and 4. A is viewed as a transformation

A : R™ — R™: The vector Xx € R™ is mapped to the
vector Ax € R™ (x — Ax.) So R(A) is the range of
the transformation induced by A and IN (A) the set of

vectors mapped to zero vector in R™.
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16 9-27-4

Forvi, ..., vk € Vandai,...,ar € R the vector
a1vi + az2va + ... + agVvg
is called a linear combination of V1 ...y V.

The set of all linear combinations of vy, ..., Vi is called the

span of Vi, ..., Vi and denoted by span(vy, ..., Vg).

Claim: span(vy, ..., Vg ) is a linear subspace of V.

Fact: All subspaces in a finite dimensional vector spaces are
always given as span(vy, ..., Vg ) for some

corresponding vectors Vi, ..., Vg.

1. Any line through the origin in 1, 2, 3 dimensional space

is spanned by any nonzero vector on the line.

2. Any plane through the origin in 2, 3 dimensional space is
spanned by any two nonzero vectors not lying on a line, I.e.

non collinear vectors.

3. R3 spanned by any 3 non planar vectors.
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A E Ran.

4. Consider the null space N(A). Let B € R™*™ pe the
RREF of A. B has p pivots and k := n — p free
variables. Let v; € R™ be the following solution of
Ax = 0. Letthe ¢ — th free variable be equal to 1 while

all other free variables are equal to 0. Then
N(A) = span(vy, ..., Vg).

5. Consider the range R.(A), which is a subspace of R™.
View A = [cy...C,,] as a matrix composed of 1 columns
C1yeeesCp € R™. Then R(A) = span(cy, ..., Cp).
Proof. Observe that for X = (&1, +.., Ty )T one has
Ax = x1¢c1 + 2C2 + ... + T Ch.

Corollary. The system Ax = b is solvable <—=> bisa
linear combination of the columns of A.

Problem. Let V1, ...y Vi € R™. When b € R" is a linear

combination of V4 eeey VE?

Answer. Let C' := [v1 Va... vi] € R®X® Then
b € span(vy, ..., vg) <= the system Ay = bis
solvable.
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vi=(1,1,0T, v, = (2,3, -1)T,v3 =
(3,1,2)T,x= (2,1, 1)1,y = (2,1,0)T € R3.
Showx € W := span(vy,Vva,V3),y € W.

V1, ..., Vi is called a spanning set of V. <—>
V = span(Vvi, ..., Vi)

 Let Vevens Yodd C Psy be the subspaces of
even and odd polynomials of degree 4 at most. Then
Veven = span(1, x?, %), Voqq = span(x, x3).

Example: which of these sets is a spanning set of R3?
[(1,1,001, (1,0,1)1],
[(1,1,07T, (1,0, 1)1, (0,1, —-1)7],
[(1,1,001,(1,0,1)%, (0,1, —1) T, (0,1,0)1].

Theorem. Vi, ..., Vi € V is a spanning set of
R"™ <= k > n and REF of

A = [v1 va...vi] € R™X¥ has n pivots.

Lemma: Let Vi, ..., Vi € V and assume
Vi € W :=span(Vi, ey Vi 1y Vig 1y eeey VK ).
Then span(vy, ..., vg) = W.
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Corollary. Let V1,4 eeey Vi, € R, Form
A = [vy Va...v,] €E R™X™ Let B € R™*™ pe
REF of A. Then span(vy, ..., V) is spanned by

Vj, s -++y V4, corresponding to the columns of B at which

the pivots are located.

Corollary. Let A € R™X™ and assume that

B € R™*™ be REF of A. Then R(.A)-the column
space of A is spanned by the columns of A corresponding
to the columns of B at which the pivots are located.

Corollary. Let V14 eees Vi € R™. Then vy, ..., V,, span
R™ <= det [vy va...vy]| # 0.
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17

V1, ..es Viu € V are linearly independent <> the
equality a1 vy + asva + ... + a,,v,, = 0 implies that
a1=a2=...:an=0.

Equivalently v1, ..., V;,, € V are linearly independent

<> every vector in span(vy, ..., V,; ) can be written

as a linear combination of vy, ..., V4, in @ unique (one)
way. ( )

V1, .00y Vi, € V are linearly dependent <—>
V1, .00 Vi, € V are not linearly independent.

Equivalently V1, ..., V;, € V are linearly dependent
<—> there exists a nontrivial linear combination of

V1, ...y Vi, Which equals to zero vector:
aivi + ...+ a,vy, = 0and|ai| + ... + |an| > 0.

Claim Let V14 eeey Vi, € R™. Form

A = [vi...vy,] € R™X™ Then vy, ..., Vo, are linearly
independent <—=> Ax = 0 has only the trivial solution.
<—> (REF of A has n pivots).
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18

Let f1y.ees fn € C™1(a, b). Then the Wronskian of

f14 <.es [ is defined as the following determinant:

W[fla coey fn](ilj) e

fi(x) fa(x) o fu(z)
fi(z) fa(@) e (@)

@) 5@ L D ()

Claim If W[ f1, fas..es frn](c) # O for some
c € (a,b) then f1, ..., fn, are linearly independent

functions in C'(a, b).
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19 10-9-04

Definition: V14 «.ey Vy, form a basisin V if v, ..., vy, are

linearly independent and span V.

Equivalently: Any vector in V can be expressed as a linear

combination of vy, ..., V4, in a unique way.

Theorem: Assume that V1, ..., V5, spans V. Then any
collection of m vectors in V, such that 1 > n is linearly

dependent.

Corollary If [Vyy eeey V] @and [Uqy «..y Uy, ] are bases in

V then m = n.

Definition: V is called m-dimensional, if V has a basis
consisting of n -elements. The dimension of V is m, which
is denoted by dim V.

Theorem. Letdim V = n Then
(i) Any set of n linearly independent vectors is a basis in V.

(i) Any set of v vectors that span V is a basis in V.
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Theorem Let dim V = n. Then:

a. No set of less than m vectors can span V.

b. Any subset of less than n linearly independent vectors

can be extended to basis of V.

c. Any spanning set of more than m vectors can be paired
down to form a basis for V.
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-(83.6 Leon)

Llet A € R™X™ and let B be its REF.

Rank of A, denoted by rank A is the number of pivots in
B, which is the number of nonzero rows in B.

a. A basis of the row space of A, which is a basis for
R(AT), consists of nonzero rows in B.
dim R(AT) = rank A. (number of lead variables.)

: Two row equivalent matrices A and C' have the
same row space. (But not the same column space!)

b. A basis of column space of A consists of the columns of

A in which the pivots of B located.
dim R(A) = rank A.

c. A basis of the null space of A obtained by letting each
free variable to be equal 1 and all the other free variable
equal to 0 and then finding the corresponding solution of
Ax = 0. The dimension of N (A) called the nullity of A
is the number of free variables:

nul A := dim N(A) = n — rank A.
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21

a. The column and the row space of A have the same
dimension. Hence rank AT = rank A.

b. Standard basis in R™ 1 columns of

n X n identity matrix I, .

e; = (1,0)T,e; = (0,1)7 is a standard basis in R2.
e = (1,0,0)T,e; = (0,1,0)T,e3 = (0,0,1)T

is a standard basis in R3.

C. V1, V2, «eey Vi, € R™ form a basis in
R™ <= det [v1 va...vy]| # 0.

d. Vi, .oy Vi € R™,

Question: Find the dimension and a basis of

V := span(vi, Va, ..., Vi).

Answer: Form a matrix A = [v1 va...vE] € R?¥F,
Thendim V = rank A Let B be REF of A. Then the

vectors v corresponding to the columns of B where the

pivots are located form a basis in V.
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22 10-13-04

Assume that V is an n-dimensional vector space. Let
V = V1,..., Vy, be a basis in V. Notation:
[Vi V2 ...vy]. Thenany vector u € V can be uniquely

presented as X = aq1vy + a2va + ...+ a,vp.

There is one to one correspondence between x € V and
the coordinate vector of X in the basis [V Vg ... Vy]:
a=(ai,az,...,a,)" € R™. Thusif

y = bivy + bavy +...b,Vv,, s0

y < b = (b1, b2, ..., bn)T € R™ then

rx <> raandx +y < a-+ b.

Thus V is isomorphic R™.

=

az

o )

Denote X = [V1 Va ... Vy]
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Letuy Uy ... U, be n vectorsin V. Write
uj = UyVy +uU2jve+...+up;ijvi, 3 = 1,...,m.

( U111 U112 cee Uin \

. U21 U292 cee U2n,
Define U =

\ Un1 Un2 voe Unn )
Claim: w1, U2, ..., Uy, is a basis in

V < det U # 0.

Let uy, U3, ..., Uy is abasisin V. Then
[uy ug...u,] = [vy va...v,|U.

U is called the transition matrix from basis [u; uz . . .

to basis [V1 Vg ...Vy,]. Denoted as
U
[111 U ... lln]—>[V1 Vo ... Vn]

Claim: U 1 is the transition matrix from basis

[V1i Vo ...Vy]tobasis [u; Uz ...uyl:

U1
[u1 ug ... un]<—[V1 Vo .. .Vn].

Proof Multiply (22.1) by U 1 to obtain

[111 us .. .lln]U_l = [V1 V2 .. .Vn].
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letx = [uy uz...u,](@1, a1, .., 0n)T <=

X =ai11; + ...a,1u,,ie. the vector coordinates of x

in the basis [uy Ug...Uy]isa := (@1,a2,...h Gy) L.

Then the coordinate vector of X in the basis
[Vvi va...v,]isb = Ua.

Proof: X = [u; us...uxla = [vy va...v,|Ua.

If b € R™ is the coordinate vector of X in the basis
[Vi V2 ...vy,] then U~ 1bis the coordinate vector of x
in the basis [u; Uz ... uy].

Theorem: Let [uy usg ... un]L[Vl Va...Vn]and

(w1 wa .. .wn]ﬂ[vl Va2 ...Vy]. Then

U—'w
(W1 Wa ... Wy,]| — [ug uz...u,]l.

Proof. [Wq Wa ... Wy] = [vy Vo ...V, |W =
([uy ug ... u,JUTH)YW.

Note To obtain U ~1 W take
A := [U W] € R™*(2") and bring it to RREF
B=[IC].ThenC =U"'W.
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23 Linear Transformations 10-18-04

T is called a transformation or map from the source space
V to the target space W, if to each element v € V the
transformation 1" corresponds an element w € W. We
denotew = T'(v),and T : V — W. (In other books
T is called a map.)

Example 1: A function f(a) on the real line R can be
regarded as a transformation f : R — R.

Example 2: A function f (£, 1) on the plane R? can be

regarded as a transformation f : R? — R.

Example 3: A transformation f : V — Ris called a real

valued function on V.

Example 4: Let V be a map of USA, where at each point we
plot the vector of the wind blowing at this point. Then we get
a transformation T : V. — R2.
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: Let V and W be two vector spaces. A
transformation T" : V. — W is called linear if

1. T(u+v) =T(u) + T(v).
2. T(av) = aT'(v) for any scalar a € R.
Corollary: If T' : V. — W is linear then T'(0) = O.
Proof 0 = 0T'(v) = T'(0v) = T'(0).

linear operator

:Let A € R™X™ and define T' : R™® — R™

as T'(v) = Av. Then T is a linear transformation.
A(u+v) = Au+ Av,
A(av) = a(Av).

e R(T) is the image of T'. R(T") Is a subspace of W.

e ker T is the set of all vectors in V which mapped by 1T’
to a zero vector in W. ker T’ is a subspace of V.

.aT(u) +bT(v) = T(au+ bv).

T(u)=T(v) =0=T(au+bv) =
aTl(u) 4+ bT'(v) = a0 4 b0 = 0.
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10-18-04

Let V and W be finite dimensional vector spaces with the
bases [v1 Vo ...Vy,]and [Wy Wa...W,,]. Let

T : V — W be a linear transformation. Then T" induces
the representation matrix A € R™*X™ as follows. The
column j of A is the coordinate vector of T'(v ) in the

basis [W1 W2 ... W]

The definition of A can be formally stated as
T (v1) T(v2) ... T(vyp)] = [w1 wa ... W, ]A.

A is called the representation matrix of T in the bases

[Vi Va...Vvy]and [wy wa ... w,,].

Theorem. Assume the above assumptions. Assume that
a € R™ is the coordinate vector of v € V in the basis
[Vi v2...vu]and b € R™ is the coordinate vector of
T(v) € W inthe basis [W1 Wa ... W,,]. Then

b = Aa.
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First we change a basis in W
P

[W1 Wa ... W] —>[X1 X2...Xm]. Then the
representation matrix of T" in bases [vy Vg ...V,]and
[X1 X2 ...X,,] is given by the matrix P A.

T (vy) T(v2) ... T(vp)] =
(W1 Wo...wp|]A = [x1 X2...X]| PA.

Second we change a basis in V

[Vvi va... Vn]&[ul Uz ... Uy]. Thenthe

representation matrix of I' in bases [u1 us ... un] and
[W1 W2 ...W,,] is given by the matrix AQ 1.

(T (v1) T(v2) ... T(vp)] =
[T (u1) T(uz)...T(u,)]Q = [wy wa...w,]A
Hence [T'(uy) T'(uz)...T(u,)] =
(W1 wa...w,,]AQ 1.
Corollary The representation matrix of I in bases

[uy uz...u,]and [x1 X2 ...Xm] is given by the
matrix PAQ 1.
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26 R™ 10-23-06

In R? scalar or dot product is defined for

x = (x1,22)",y = (y1,92)" € R*:

Xy =T1Y1 + T2Y2 =y X

In R3 scalar or dot product is defined for

x = (1,22, 23) ",y = (Y1,¥2,y3)" € R*:
Xy = Z1Y1 + T2y2 + T3ys =y X

In IR™ scalar or dot product is defined for

X = ($17°°°7wn)T9y — (y17°°°7yn)T € R™:
X Y=%T1Y1 + -+ + TnYn =yTX.

The length of X = (X1,..., %)L € R™is

||x]| := vVxTx = \/w% +x3+ ...+ 2.

X,y € R™ are called orthogonal if yTx = xTy = 0.

The cosine of the angle between two nonzero vectors

T
X,y € R"iscos0 = W: (Cosine Law)

[y = x[I* = llylI* + [Ix||* = 2[ly]| [|x]| cos 6
I

Use ||z]|? = 2™z to deduce the formula for cos .
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The scalar projection of x € R™ on nonzeroy € R" is

' XT
given by 7= = cos o||x||.

The vector projection of x € R™ onnonzeroy € R" is
T XTy

given by oY = STy Y-

27 10-25-04

Two subspaces U and V are called orthogonal if any
u € Uisorthogonaltoany v € V:vTu = 0. This is
denotedby U L V.

.N(A) L R(AT).

For a subspace U of R™ U~ denotes all vectors in R™
orthogonal to U.

Claim: Letuq, ..., Ug be a basis in U. Form a matrix
A= (u; uz...u;) € R®*F Then
N(AT) = Ut anddim Ut = n — dim U.

Claim: R(AT)+ = N(A) and N(A)+ = R(AT).
Corollary: R™ = U @ U+ and (UT)T = U.
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We write R™ = U @ V if U and V are subspaces of R™
and any vector x € R"™ can be represented x = u + v
for some unique vectorsu € U, v € V.

Equivalently if ug, ..., up is a basis of U and
Vi,...4Vgisaabasisin V thenp + g = m and

Ui,...5Up,Vi,..., Vg isabasisof R™.

Fredholm alternative: Let A € R™X™ and b € R™.

Then either Ax = b is solvable or there exists
y € N(AT) suchthaty'b # 0.

10-27-06 Let U be a subspace of R™. Let

R™ =U®ULandb € R™. Expressb =u + v
whereu € U, v € U~L. Then u s called the projection
of b on U and denoted by Py (b): (b — Py(b)) L U.

Claim 1: Py : R™ — U is a linear transformation.

Claim 2: Py (b) is the unique solution of the minimal
problem: minycy ||b — x|| = ||b — Pyl|

Least Square Theorem: Let A € R™*X"™, b € R™.
Then the system AT Ax = ATb is always solvable. Any

solution z to this system is called the least square solution of
Ax = b. Furthermore Pr(a)(b) = Az.
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10-30-06 —

Clam1:ab = au+ av. Asau € Uand av € UL
it follows Py (ab) = au = aPy(b). Let
c=x+y,x€ U,y € Ut. Then
b+c=(u+x)+ (v+y)and

u+x e U,v+y € Ut Hence

Py(b + ¢) = (u+ x) = Py(b) + Py(c).

Claim2: Asb — Py(b) L Uforanyx € U:
b —x]|* = [|(b — Py(b)) + (Pu(b) —x)[|* =
|Ib— Py (b)||*+]|Pu(b) —x||* > |[b—Py(b)]|*.

IST: ATAx =0 = xTATAx =0 <—

|Ax||2 =0 = x € N(A) = x € N(AT A). Let
B := AYAand BY = B.Ify € N(BY) then

Ay =0=yTAT =0 = yTATb = 0. Fredholm
alternative yields that AT Ax = A7Tb is solvable.

Assume that AT Az = b. Then

AT(b — Az) = ATb — AT Az =

ATb — ATb =0= (b — Az) L R(A). As
Az € R(A) we deduce that Pr(a)(b) = Az.
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Claim: Let A € R™*™_ Then

rank A = n <= AT Aisinvertible. In that case
z = (AT A)~1 ATbis the least square solution of
Ax = b. Also A(AT A)~1b is the projection of b on

the column space of A.

: Fitting a straight line y = a + bx in the

X — Y plane through m given points
(56‘1, yl)? (582, y2)9 N (wma ym)

: The line should satisfy 1 conditions:

l1-a + x1-0b Y1

l-a + xo-0b Y2
=

l1-a + x,,-b YUm
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The least squares system AT Az = ATh:

m 1 +xo+ ...+ xTm

1 +axo+...+xTm a:f—l—a:g—l—...—l—azfn

Y1+yY2+ ...+ Ym
T1Y1 + T2Y2 + -+« + TmYm
det ATA =
m(x%+x§-|—...+xfn)—(.x1 +Xo+...+Xm)?
det ATA =0 < x1 =Xo0 = ... = Xp.
ifdet ATA # 0then

det ATA

det ATA
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28 11-1-06

Let V be a vector space. Then the function
(+,+) : V X V — Ris called an inner product on 'V if

the following conditions hold:

e Foreachpairx,y € V (x,y) is a real number.

* (%,y) = (¥,%) ( )

* (x+2z,y) = (xXy) + (%) )
e (ax,y) = a(x,y) forany scalar a € R. (
e Forany0 # x € V (x,x) > 0. ( )
Note:

e The two linearity conditions can be put in one condition:
(ax + Bz,y) = o(x,y) + B(z,y).

e The symmetricity condition yields linearity in the second
variable: (x, ay + Bz) = a(x,y) + B(x, z).

e Each linearity condition implies
(0,y) = 0 = (0,0) = 0.

e (x,x) > 0Foranyx € V.
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e V=R" (x,y) = yTx

e V=R" (x,y) = yIDx,
D = diag(d, ..., d,) is a diagonal matrix with
positive diagonal entries. Then
yIDx = diz1y1 + ... + dpTnyn.

V =R™X" (A,B) =tr BT A

V = Cla, b, (f,g) = [} f(z)g(z)dz.

V = Cla,b], (f,9) = [, f(z)g(z)p(z)dz.
where p(x) € Cla, b], p(x) > 0andp(x) =0

at most at a finite number of points.

V = P,: all polynomials of degree m — 1 at most.

Lett, < 1o < ... < t,, be any n real numbers.

<p9 q> = Z?=1 p(ti)Q(ti)
= p(t1)q(t1) + ... + p(tn)a(tn)
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The norm (length) of the vector x is ||x|| := 4/ (x, X).

Cauchy-Schwarz inequality: [{x, y)| < [|x|] ||¥|l-

The cosine of the angle between x 7% 0 andy # O:

«— <Xa3’>
cos 0 := v

x and y are orthogonal if: {(x,y) = O.

Two subspace X, Y of V are orthogonal if any x € X is
orthogonaltoanyy € Y.

The Parallelogram Law;

lu+v|]* =(u+v,utv) =
[[ul|* + [[V]]* 4 2(u, v).

The Pythagorean Law:
(u,v) =0 = [lu+v||* = [[u]]* + [Iv]]*

(u,v)
4l
(u,v)v
(vyv) ’

Scalar projection of uon v % 0:

Vector projection of uon v 7 0:

The distance between u and v is defined by ||u — v||.

90



29 11-3-06

Let V Inner Product Space (IPS). vi4...,V,, € Vis
called an orthogonal set (OS) if (v;, vj) = 0ifi # 7, i.e.

any two vectors in this set is an orthogonal pair.

Theorem. An orthogonal set of nonzero vectors is linearly

independent.

V1, .09 Vi, € Vs called an orthonormal set ( ) if

V1, ...y Vp is an orthogonal set and each v; has length 1.

Notation: Let I,, € R™X™ be an identity matrix. Let
dijs 1,3 = 1,...,n bethe entries of I,,. S0 d;; = 0
fore 2 gandd;; = 1fore =1,...,n.

Viyeooy Vi ONS <= (v;,V;) = 0;; for
1,7 =1,....,n.

Example: In C[—7r, 7] with

(fr9) = [ f(z)g(x)dx the set

1, cos ¢, sin x, cos 2x, sin 2x, ..., CcoOs nx, sin nx

is a nonzero ONS.
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Normalization: A nonzero OS uy, ..., Uy Can be

normalized to an ONS by v; := ”3—*“ fore =1,...,n.

Theorem. Let vi,...,Vy, be ONSin V. Denote

:= span(vi,...,Vy). Then

e Any vector u € U can be written as a unique linear

. . n
combination of Vi, ..., vpiu = > .~ (U, V;)Vj.

e Forany v € V the orthogonal projection Py (V) on
the subspace U is given by

Py (v) = > 0 (v, V;)Vv;. In particular
VI = (v, v) > 3oy v, vi)l*
) and equality holds <— v &€ U.

e Ifvy,..., Vs, isan orthonormal basis (OB) in V then

forany vector v € Vonehas: v = > 7" (v, V;)v;
( Jand [[v]]* = 32 (v, va)|*.
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11-8-06
Q € R™*X™ is an orthogonal matrix if QT Q = I.

Equivalently, the columns of (Q form an OB in R™ with
respect to the inner product {x,y) = yTx.

Equivalently Q1 = Q™. Hence QQT = T.
Equivalently (Qy)T(Qx) = yTx forall x,y € R™.
Equivalently ||Qx||? = ||x]|? for all x € R™.

. P € R™*X™ js called a permutation matrix if in
each row and column of P there is one nonzero entry which

equals to 1.
A permutation matrix is orthogonal.

If P is a permutation matrix and

(yl, ceey yn)T = P(:I:l, cees iBn)T then the coordinates

of y a permutation of the coordinates of x, which does not

depend on the coordinates of X.

n columns of A € R™X™ form an OB in the columns
space R(A) of A <= AT A = I,,. Inthat case the
LSS of Ax = bisz = ATb, which is the projection of b

the column space of A.
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30 11-10-06

Let X1, ..., Xy be linearly independent vectors in IPS V.
Then the Gram-Schmidt ( ) process gives a
recursive way to generate ONS Uq,..., U, € V from
X1+ 9Xp,suchthat

span(xi,...,Xg) = span(uy,...,ug) for
k=1,...,n.1fxq,...,X, isabasis of V then

Ui, ..., Uy, isan ONBof V.
GS-algorithm:

® U, -

® P1 -

® P2 = <X39 111>111 + (X3, 112>112-
1

U3 i= [ Tp.y (X8 — P2)-

e Assume thatuy, ..., U Were computed. Then
Pk = (Xg41,U1)Us + (Xp41,Uz)uz +
eo o (Xp41, Ug)ug and

o — 1 _
W1 #= [, —pp] (Xkt1 — Pr).
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11-13-06

let A = [a; Az ...a,] € R™X™ matrix and assume
thatrank A = n <= the columns of A are linearly
independent. Perform G-S process with the following book

keeping:

® 711 — ||8_1||, q1 - — ial.

e Assume thatqi, ..., qr—1 Were computed. Then

Tilke = qiTakforizl,...,k—l.

Pk—1 = T1kd1 + T2kd2 + « - - "(k—1)kAk—1
and

Tkk = ||ak — Pr—1]|, ar = %(Qk — Pk—1)
fork = 2,..., M.

let@Q = [q1 92 -+ -Qn] € R™*™ and

( "1 T2 o oo \

0 292
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Then A = QR,QTQ = I,,and ATA = RTR.

The Least Squares Solution of Ax = b is given by the
upper triangular system RX = Q™' b which can be solved
by back substitution.

Formaly x = R~1Q'h.

: QQ™Tb is the projection of b on the columns space
of A.

The matrix P := QQ" is called an orthogonal projection.

Itis symmetric and P? = P, as (QQT)(QQ™T) =
QQRTQ)QT =(IHQ" = QQ™.

: The assumption thatrank A = n is

equivalent to the assumption that AT A is invertible. So the
LSS AT A% = ATb has unique solution

% = (AT A)~1b. Hence the projection of b on the
column space of Ais Pb = A% = A(ATA)"1ATh.

Hence

P = A(ATA) AT,
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31

11-13-06. Let C be the field of complex numbers. Let
A € C"X™ x € C"is called an eigenvector
( ) if X % 0 and there exists A € C

such that Ax = Ax. \is called an eigenvalue
( of A.

Claim: X is an eigenvalue of A if and only if

det (A — AI) = 0.
The polynomial p(A) := det (A — AlI) is called a

characteristic polynomial of A.

p(A) =
(=) (A" =01 A" 1+ o2 A" 2+, . .+ (—1)"0,)

is a polynomial of degree . The fundamental theorem of
algebra states that p(\) has m roots ( )

A1s A2y 0.4 Ay and

PA) = (A1 = A) (A2 —A)--- (An — A).

Given an eigenvalue A then a basis to the null space
N (A — A1) is a basis for the eigenspace of eigenvectors

of A corresponding to .
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tI‘A::CL11—|-022+o-o+ann:
) VRN VNI W

det A = A1 Aa... .

Two matrices A, B in C*X" similarif B = QAQ 1! for

some invertible Q € C™X™.

Claim: Similar matrices have the same characteristic

polynomial.

B=QAQ'= B -\ =Q(A- Q' =
det (B — AI) =
det Q det (A — XI) det Q~! = det (A — AI).

Hence two similar matrices have the same trace and

determinant.

Claim: Suppose that A, B € M,, (C) have the same
characteristic polynomial p(A). If p(A) has n distinct

roots then A and B are similar.
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32 11-15-06

Definition. Let V be a vector space with a basis

[Vi va...vp]. LetT : V — V be alinear
transformation. Then the representation matrix

A = [a; ag...a,] € R®"*™ of T in the basis

[V1 Va2 ...Vy,] is given as follows: The column j of A,
denoted by a; € R™, is the coordinate vector of T'(v ).

Thatis T'(v;) = [v1 v2...Vvyp]ajfory =1,...,n.

Change a basis in V:

[Vvi va... Vn]&[ul Us ... Uy,]. Then the

representation matrix of I in the bases [u1 us ... un] IS
given by the matrix QAQ 1.

Definition. A, B € R™X™ are called similar if
B = QAQ! for some invertible matrix Q@ € R™X™,

Definition. For A € R™X™ trace of A is the sum of the
diagonal elements of A.

Claim. Two similar matrices A and B have the same
and the same
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(SOLODE)
a11Yis + ai12y2 +...+ QAi1nYn
a21Y1 + Q22Y2 + ...+ Q2nYn

an1Yi + an2Y2 + ... A1nYn
In matrix terms we write: y’ = Ay, where
Yy = Y(t) — (yl (t)v y2(t)a cee yn(t))T and
A € C™X™ 3 constant matrix.

If x(# 0) is an eigenvector of A corresponding to the

At

eigenvalue A then y(t) = e”*x is a nontrivial solution of

the given SOLODE.

Theorem Let A € C™*™ and assume that

det (A — AI) =

(A1 — A)™1 (A2 — A)™2 ... (Ax — A)™k, where
Ai #Ajfort £ gand1 < my ( ;).
Assume that dim N (A — A\;I) = m,; and

N(A — X;) = span(X;1, .-« y Xim, ) for

1t = 1,..., k. Then the general solution of SOLODE is:

k9 i i (T—
y(t) = Y200y Cijeritt—to)x,;

y () is determined by the initial condition y (o) = c.
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Claim: Let A € R™X™ and assume

A= a+ 13, a, 3 € Ris non-real eigenvalue
(3 # 0). Then the corresponding eigenvector

X =u-+ v, u,v € R™ (Au = Au)is non-real
(v # 0). Furthermore A = o« — i3 # X is another
eigenvalue of A with the corresponding eigenvector

X —=1u—1V.

The corresponding contributions of the above two complex
eigenvectors to the solution of y’ = Ay is

e*tC (cos(Bt)u — sin(Bt)v) +
e**Cs (sin(Bt)u + cos(Bt)v).

These two solutions can be obtained by considering the real
linear combination of the real and the imaginary part of the

complex solution e*tx.

Recall the Euler’s formula for e* where
z=a-+ b, a,b € R:

e® = 2T = % = e%(cos b + isinb).
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y" = A1y + Azy’,
A1, A € C"7" y = (Y15 - - 7yn)T-

Letz = (Y1y+ s Yns Yly- -5yl ) " . Then

On In
z! = Az, where A = € C2nXx2n,
Al A2

Here 0,, is m X m zero matrix and I,, is = X m identity

matrix.

The initial conditions are

y(to) = a € C™, y'(tg) = b € C™ which are
equivalent to the initial conditions z(tg) = ¢ € C*™.
The solution of the second order differential system with

unknown functions can be solved by converting this system
to the first order system with 272 unknown functions.
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11-15-04

Theorem Let A € C™X™ and assume that

det (A — AI) =

(A1 — )™ (A2 — A)™2 ... (A — A)™k, where
Ai #Ajfort # gand1 < my ( ;).
Assume that dim N (A — A\;I) = m,; and

N(A — X\ I) = span(X;1y .« -« s Xim,; ) for

1t = 1,..., k. Formthe matrix whose columns are the
vectors which span the null spaces X =

(X111« X1my X21 +«+ X2my « + « Xk, ) € C*X™

and the diagonal matrix whose entries are the eigenvalues

of A: D = diag(A1 ... Ax), where the diagonal entry
\; repeats my; times forz = 1, ..., k.

Then X is an invertible matrixand A = X DX 1, ie.
A is similarto D.

Lemma Lety1,y2,...,Yp be p eigenvectors of A
corresponding to p distinct eigenvalues. Then y1,4 ..., ¥p
are linearly independent.

A € C™X™ s called diagonable if A is similar to
a diagonal matrix D € C™*™. (The diagonal entries of D
are the eigenvalues of A counted with multiplicities.)
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A=XDX 1= A™ = XD™X1,
D™ = diag(AT*...A"), m=1,...

Xm = AXpm—_1, m=1,... = x,,, = A™Xp.

Under what conditions X, converges to x := X(X¢)?

If A is diagonable then X,,, converges to X for all X if and
only if each eigenvalue of A either |A| < Lor A = 1.

. A € R™*X"™ s called column (row)
stochastic if all entries of A are nonnegative and the sum of

each column (row) is 1. Thatis ATe = e, (Ae = e),

wheree = (1,1,...,1)T. Under mild assumptions, e.g.

all entries of A are positive lim,,, o0 A™xXg = X. If A
is column stochastic and eTxo — 1 then the limit vector is
a unique probability eigenvector of A:

Ax =x, x= (T1y...,%n) 7T,

0<Tiy:ee.e9py, 1 +x2+ ... = 1.
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For A € C™X™ |et

et =T+A+ A%+ A%+ ...

If D = diag()\l, )\2, e ooy An) then

el = diag(e?, e?2,...,e?).

If A is diagonable,i.e. A = X DX ~! then
e = XeP X1

The matrix Y (t) := e(!t0)A satisfies the matrix
differential equation Y/ (t) = AY (t) = Y (t) A with
the initial condition Y (Z¢) = 1.

The solution of y/ = Ay with the initial condition

y(tg) = ais givenby y(t) = e(t—t0)A5

: A € C™*™ is called defective if it is
not diagonable. Equivalently, there exists an eigenvalue \;
of A of multiplicity 1; > 1 such that
dimN(A — \; 1) < m;.

0
0 O
(A — 0)2, dimN(A) = 1.

, det (A — AI) = A2 =
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11-29-06

Theorem Let A = AT € R™*™ pe a real symmetric

matrix. Then all eigenvalues of A are real. A is

orthogonally similar to a real diagonal matrix

D = diag(A1,...,An):

A=QDQ ' =QDQ7T, where Q is an orthogonal
matrix QT = Q1. The columns of Q is an orthonormal

basis of R™ consisting of eigenvectors of A.

: Find the characteristic polynomial of A and
compute its eigenvalues: det (A — AI) =
(A1 — )™ (A — A)™2 ... (Ag — A)™k, where
Ai # Ajfore # jgand1l < my ( ;).
Thendim N(A — \;I) = m; and
N(A — X\;I) = span(X;1y .-« s Xim,; )- (This is done
by solving the homogeneous system (A — A;)x = 0
which has m; free variables.) Perform Gram-Schmidt
Process ON X;14 « « « y Xigm,; 10 0DtAIN Y519+« s Yim, fOr

t =1,..., k. Form the orthogonal matrix Q =

(Y11 ---Y1im: Y21 ++-Y2my - - - Yhmy,) € R?PX™.
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1. Assume A is a complex eigenvalue of a real symmetric A

with the corresponding eigenvalue X = (Z1,..., Ty ) :

Ax = Xx. Letx? :=xT = (Z1,...,T,). Then
xHx = |z1|2 4+ ...+ |Tn|? > 0. Thus

xH Ax = AxHx. So

AxHx = xHAx = xTAx = (xTAX)T =
xHATx = xHAx = AxFx = A = X Thus Aisa

real number.

2. Since A is real the eigenvector x corresponding to A can
be chosen real and ||x|| = 1. Choose an orthonormal
basisyi,...,¥Yn—1 inthe orthogonal complement of
span(x) C R™. Then

O=(y1..-Yn_1X) € R® ™ s an orthogonal
matrix. Now B = OT AO is symmetric

BT = (OTATO)Y = 0OTATO = B and
Cl(n—l) 0 \

C(n—1)(n—1) 0
0 A
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Note that

B =01TA0 = 0" (Ay, ... Ay,,_1Ax) =
OT(Ay; ...Ay,_1)x), which explains the n — 1
zeros on the last column of B. Since B is symmetric B
also have n — 1 zeros on the last row. Also the matrix
C = (ci;)7 " € R—DxX(n=1) is symmetric. Use
this process ( ) to deduce that C' is
diagonalizable by an orthogonal matrix. Hence A is

diagonalizable by an orthogonal matrix.

3. Claim: Let A be real symmetric and X, y be two

eigenvectors corresponding to two different eigenvalues

A, pt. Then x is orthogonal to y.

yTAx = (yTAx)T = xTAy = AyTx =
pxly = A —p)y'x=0= yx=0.
Hence in the procedure for finding the orthonormal matrix ¢

it is enough to perform the Gram-Schmidt process on a

basis of each null space of A — \; 1.
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11-30-04

Let A € R™X™ Then there exist orthogonal matrices
U € R™*X™_ V € R™X™ and generalized diagonal
matrix ¥ = diag(o1, ..., Omin(m,n)) € R™*",
with the diagonal entries

012 02 2 ... 2 Omin(m,n) = 0, such that
A=UXV?T (svD)

If m = n then X € R™*X™ is a diagonal matrix.

(61 0 ... 0 0 )

O 0 ... 0 o,
O 0 ... 0 O

If . > n then X2 =

\ 0 0 ... 0 0 )

fn > m then 271 is as above.
01, ..., Oy, are called the singular values of A.

The number of positive singular values of A is equal to
rank A.
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Assume that 12 > m. Form the symmetric matrix

B = AT A € R™X™, Then B is nonnegative definite:
0 < xTBxforanyx € R™ since xT Bx = ||Ax||?.
Hence all the eigenvalues of B are nonnegative. As

Bx =0 <— Ax = Oitfollows

rank B = rank A = r. Then the eigenvalues of B

arranged in a decreasing order with
the corresponding multiplicities. Let

V1sV2,...,Vy, € R"™ be an orthonormal set of

eigenvectors of B: Bv; = o2v;fori = 1,...,n.

Form the orthogonal matrix
V i= (Vi,Vay.ee.y V) € R™X™ Then
B = V diag(o2,...,02)VT. The vectors

u; 1= iAvi € R™ is an orthonormal set of vectors for

t=1,...,r. Letuyp41,..., Uy bean orthonormal
basis for span(uy,. .., u, ). Then
U= Ui,y...,0y) ER®"*MandUTU = I,,.

Thus A = U diag(o1,...,0,)VT.

110



If ™ < m form the symmetric nonnegative definite matrix
C = AAT € R™X™ angd

rank A = rank AT = rank C = r. Then the
eigenvalues of C are 0%,...,02 arranged in a
decreasing order with their multiplicities. Let
Uq,U2,..., U, € R"™ be an orthonormal set of
eigenvectors of C: Cu; = a'z.zui fore =1,...,n.
Form the orthogonal matrix

U := (u1,uz,...,Uy) € R™X™ Then

C = U diag(o?,...,02 )U™'. The vectors

V; = iATui € R™ is an orthonormal set of vectors
1

fore =1,...,7. Letvypt1,...,Vy beanorthonormal
basis for span(vy, ..., Vy)T. Then
V=(Viy...,Vp) €ER"™"™and VIV = I,,. Thus
A = U diag(o1,...,0,)V?T.
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A.

Forp < min(m,n)letU, := (u1,...,up) €
R™XP V, := (V1,...,Vp) € R™*P be the matrices

obtained from U, V' by retaining their first p columns

respectively. Let ¥, = diag(o1,...,0p) € RPXP
and r = rank A. Then A = U,.X,.V.T (RSVD).

: First, the computation of U,., V. are
faster than the computation of U, V. Second the storage
memory forU,., V.., X, isr(m + n + 1) may be may
be much less than the storage memory for U, V/, 32, which
ism? +n? 4+ rifr << min(m,n).

Forp < 7 let

Ap = UPEPVPT =

U diag(o1,...,0p,0,...,0)VT.

Thenrank A, = p and A, is the best l2 approximation

among all matrices £ € R™*™, rank F < p:
|A—E|2 > ||A— Al2 = 02,, +... + 02

Note that the storage memory for A, is p(m + n + 1)
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Applications to Digital Image Processing

In digital image processing a big matrix

A = (a;;) € R™X™ s generated by recording a;;: the
J J

information on the nature of the light at the place (%, ) on

the grid. There are two major problems.

1. There are errors in some entries a;; that should be

corrected to improve the picture.

2. Can one condense the information stored in A such that

it storage will be much smaller than mmn?

Usually any picture has a lot of redundant information. That
is the effective rank of A: the number eigenvalues that are
not equal to zero numerically, denoted by p is relatively
small. By considering Ap one filters a lot of noise and

decreases the storage memory.

113



Let A = AT € R™X™. Then X:TAX for0 # x € R™

X
is called the Rayleigh quotient. Equivalently consider the
quadratic form x T Ax with the normalization

x]| = 1(= xTx).

Arrange eigenvalues of A in a decreasing order:
A1 > A2 > ... > \,, where each eigenvalue is

repeated with its multiplicities. Then

x T Ax

xTx

= max||x||:1 XTAX.

A1 = mMAaXgxxcRn
Equality achieved only for eigenvector of A corresponding
to A1.

xT Ax

— — T
An = MiNgxyxcrr "7 = Min|x=1 X AX.
Equality achieved only for eigenvector of A corresponding
10 Ap.

Proof. A = QDQY, D = diag(\1,..., ). Let
y:=Q'x=>x"x=y"y=yi+...+y2
xTAx = yT"Dy = My2 + ...+ y2 < AyTy.
This implies the maximal characterization. Similarly:

yI Dy > A,y 1y which implies the minimal

characterization.
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A = AT € R™X" js called positive definite, denoted by
A>0,fxTAx > Oforany 0 #* x € R™.

From the minimal characterization of the smallest
eigenvalues of A it follows A > 0 if and only if all the

eigenvalues of A are positive: A; > 0,2 = 1,...,n.
Thm A = (ai;)7,_, = A' € R™X™ is positive
definite if and only if the following 72 determinants are

a a
positive: a11 > 0, det H 12 > 0,...

az21 a22
( aiq eee QA1n \

> 0.

\ anl o o o ann )
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Proof:
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