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1 Basic facts on vector spaces, matrices and linear trans-
formations

1.1 Fields and vector spaces

A commutative group, also called an abelian group, denoted by G, is a set of
elements with a binary operation ®, i.e. a®b € G for each a,b € G. This operation
is

1. associative: (a @ b)®c=a® (b® c);

2. commutative: a ®b=0b® a;

3. there exist a neutral element () such that a + ) = a for each a € G;

4. for each a € G there exists a unique Sa such that a + (©a) = Q.
Examples of commutative group:

1. The following subset of complex numbers where & is the standard addition +,
© is — and the neutral element is 0.

(a) The set of integers Z.

(b)

()
)

(d) The set of complex numbers C

The set of rational numbers Q.

The set of real numbers R.

2. The following subsets of C* := C\{0}, i.e. all nonzero complex numbers, where

the operation @ is the product, the neutral element is 1, and Sa is a .

(a) Q" :=Q\{0}.



(b) R* := R\{0}.
(c) C* := C\{0}.

From now on, we will denote the operation @& by +. An abelian group R is
called a ring, if there exist a second operation, called product, denoted by ab, which
satisfies:

1. associativity: (ab)c = a(bc);
2. distributibity: a(b+ ¢) = ab+ ac, (b+ ¢)a = ba + ca;
3. existence of identity 1 € R: la =al =1 for all a € R.

R is called a commutative ring if ab = ba for all a,b € R.

Examples of rings:

1. The following subsets of n x n,n > 1 complex valued matrices, denoted by
C™*™ with the addition A + B, multiplication AB, with the identity I,, n x n
identity matrix.

(a) Z™ ™ the ring of n X n matrices with integer entries. (Noncommutative

ring.)

(b) Q™*™, the ring of n X n matrices with rational entries. (Noncommutative
ring.)

(¢) R™™ the ring of n x n matrices with real entries. (Noncommutative
ring.)

(d) C™*™. (Noncommutative ring.)

(e) D(n,S), the set of n x n diagonal matrices with entries in S = Z, Q, R, C.
(Commutative ring.)

2. S[z], the commutative ring of polynomials in one variable z with coefficients
inS=7,Q,R,C.

3. Zm = 7Z/(mZ), all integers modulo a positive integer m, with the addition and
multiplication modulo m. #Z,,, the number of elements in Z,,, is m. Z,, can
be identified with {0,1,...,m — 1}.

A commutative ring R is called a field if each nonzero element a € R has a
unique inverse, denoted by a~! such that aa=' = 1. A field is denoted by F.

Examples of fields:
1. Q,R,C.
2. Zy,, where m is a prime integer.

An abelian group V is called a vector space over a field I, if for any a € F,v € V
the product av is an element in V. This operation satisfies the following properties:

a(u+v)=au+av,(a+bv=av+bv,(ab)(u+v)=alblu+v)),lv=v,



for all a,b € F,u,veV.

A ring R is called an algebra over I if R is a vector space over F and a(xy) =
(ax)y = x(ay) for any a € F,x,y € R. A standard example of an algebra over F is
the set of n x n matrices with entries in F, denoted by F"*™. Another example is
[F[z], the ring of polynomials in one variable z with coefficients in F.

A set H is called a group, if there exists a binary operation ab € H for each
a,b € H such that

1. associative: (ab)c = a(bc);

2. identity: la = al = a;
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3. inverse: a ta = aa~! =1 for each a € H.

H is abelian if ab = ba for each a,b € H. This is the case discussed in the beginning
of this section for G, where the product operation is replaced by @ and the identity
by the neutral element.

A standard example of noncommutative group is GL(n,C) C C"*" n > 1, the
group of n x n complex valued invertible matrices.

1.2 Dimension and basis

Let V be a vector space over a field F. (For simplicity of the exposition you may
assume that F =R or F = C.) U C V is called a subspace of V, if ajuj +asuy € U
for each uj,ug € U,a;,ay € F. The subspace U := {0} is called the zero, or trivial,

subspace of V. Let x1,...,%x, € V be n vectors. Then for any aq,...,a, € F, called
scalars, a1x1 + ...+ apX, is called a linear combination of x1,...,x,. 0 = Z?:l 0x;
is the trivial combination. x1,...,X, are linearly independent, abbreviated to L.i. or
lin. ind., if the equality 0 = Y " | a;x; implies that a; = ... = a,, = 0. Otherwise
X1,...,X, are linearly dependent, abbreviated to 1.d. or lin. dep.. The set of all
linear combination of xi,...,x, is called the span of x1,...,x,, and denoted by
span(xi,...,Xp). span(xy,...,X,) is a subspace of V.

V is called finite dimensional if V.= span(xy, ..., X,) for some vectors Xy, ..., X,.
{x1,...,Xp} is a spanning set of V. (In these course we consider only finite dimen-

sional vector spaces.) The dimension of a trivial vector space, consisting of the
zero vector V = {0} is zero. The dimension of a finite dimensional nonzero vector
space V is the number of vectors in any spanning linearly independent set. The
dimension of V is denoted by dimV. Assume that dimV = n. Suppose that
V = span(xy,...,z,). Then x1,...,%, is a basis of V. Le., each vector x can be
uniquely expressed as > ; a;x;. Thus to each x € V one corresponds a unique
column vector a = (ay,...,a,)! € F", where F” is the vector space on column
vectors with n coordinates in F. The correspondence x +— a is an isomorphism
of t : V. — F". It will be convenient to denote x = Y " ; a;X; be the equality

X = [X1,X2,...,Xpla (= >,_; X;a;). (Note that we use the standard way to multi-
ply row by column.)
Assume now that y1,...,y, be n vectors in V. Then

n
Y: = E yjin, izl,...,n.
j=1



Denote by Y = [y;]i_;_; the n x n matrix with the element y;; in j-th row and é-th
column. The above equalities are equivalent to the identity

Yire o ¥l = K1y Xa)Y. (1.1)
Then yi,...,y, is a basis if and only if YV is invertible matrix. (See for details
next subsection.) Y is called the matrix of the change of basis from [y1,...,¥y,] to
[X1,...,X,]. The matrix of the change of basis from [x1,...,Xy] to [y1,...,¥n] iS
given by Y 1. (Just multiply the identity (1.1) by Y ! from the right.) Suppose also
that [z1,...,2z,]isabasisin V. Let [z1,...,2,] = [y1,...,¥n]Z. Then [z1,...,2,] =

[x1,...,x,)(YZ). (Use (1.1).)

1.3 Matrices

The set of m x n matrices with entries in F is denoted by F™*™. F™*™ ig a vector
space over F of dimension mn. A standard basis of F™*" is given by FEjj,i =

1,...,m,j =1,...,n where E;; is a matrix with 1 in the entry (4, j) and 0 in all
other entries. F™*! = F™ the set of column vectors with m coordinates. A standard
basis of F™ is €; = (614, ..,0ms) ,i=1,...,m.

For A € F"™*" B € FP*? the product AB is defined if and only if the number of
columns in A is equal to the number of columns in B, i.e. n = p. In that case the
resulting matrix C' = [¢;;] is m x ¢. The entry ¢;; is obtained by multiplying row 4 of
A by the column j of B. Recall that for x = (21,...,2,) ",y = (y1,...,yn) | € F?

x'y = oy xiyi. (This product can be regarded as a product of 1 x n matrix

x| with n x 1 product matrix y.) The product of corresponding sizes of matrices

satisfies the properties:
1. associativity (AB)C = A(BC);
2. distributivity (A; + A2)B = A1B + AsB, A(By + Ba);
3. a(AB) = (aA)B = A(aB) for each a € F;

4. identities I,,A = AI,, where A € F™*" and I,, = [51-]-];’;3-:1 € F™*™ is the
identity matrix.

For A = [a;j] € F™*™ denote by AT € F™ ™ the transposed matrix of A. So the
(i,7) entry of AT is the (j,4) entry of A. The following properties hold

(@A) =aA, (A+B)T=AT + BT, (AC)T =C7A".

A = [a;;] € F™*" is called diagonal if a;; = 0 for i # j. Denote by D(m,n) C
F™>*™ the vector subspace of diagonal matrices. A square diagonal matrix with
the diagonal entries dy,...,d, is denoted by diag(di,...,d,) € F"*™. A is called
a block matrix if A = [A4;]2Y,_; where each entry Aj;; is an m; x m; matrix. So
A € F™" where m = Y 0_ m;,n = 2?21 nj. A block matrix A is called block
diagonal if Aj; = Op,xm, for @ # j. A block diagonal matrix with p = ¢ is denoted
by diag(Ai1, ..., App). A different notation is @&7_, Ay := diag(Ai1, ..., App).

Elementary operations on the rows of A € F™*™ are defined as follows:

1. Multiply row ¢ by a nonzero a € F.



2. Interchange two distinct rows ¢ and j in A.
3. Add to row j row ¢ multiplied by a, where i # j.

A € F™*™ can be brought to a unique canonical form, called the reduced row
echelon form, abbreviated as RREF by the elementary row operation. The RREF
of zero matrix Opxpn 18 Omxn. For A # Opxn, RREF of A given by B is of the
following form. the first k rows of B are nonzero rows. The last m — k rows are
zero rows. The number of nonzero rows is called the rank of A, and is denoted by
rank A. The first nonzero element in each i-th row, ¢ < rank A, is 1. It is called a
pivot. All other elements of B, in the same columns as the pivot, are zero elements.

Denote by GL(m,F) C F™*™ the group of invertible matrices. An elementary
matrix A € F™ ™. Note that for A, B € GL(m,F) (AB)™! = B~1A~!. A matrix
E € F™*™ ig called elementary if it is obtained from I,,, by applying an appropriate
elementary row operation. Note that applying an elementary row operation on A
is equivalent to F A, where E is the corresponding elementary row operation. By
reversing the corresponding elementary operation we see that E is invertible, and
E~!is also an elementary matrix. A matrix A € GL(m,F) if and only if I,, is its
reduced row echelon form. Hence any invertible matrix is a product of elementary
matrices.

A, B € F™*"™ are called left equivalent if A and B have the same reduced row
echelon form, or B can be obtained from A by applying elementary row operations.
Equivalently, B = UA for some U € GL(n, F'). A, B € F™*™" are called equivalent if
B = UAV for some U € GL(m,F),V € GL(n,F). Equivalently, B is equivalent to
A, if B can be obtained from A by applying elementary row and column operation.
A is equivalent to a block diagonal matrix I.ani 4 9 0.

Let A € F™ ™ Denote by cq,...,c, the n column of A. We write A =
[c1 c2 ... ¢,]. Then span(cy,...,c,) is called the column space of A. TIts di-
mension is rank A. Similarly, the dimension of the columns space of AT, which is
equal to the dimension of the row space of A, is rank A. Le. rank AT = rank A.
Let x = (21,...,2,) . Then Ax = > i xici. Hence the system Ax = b is solvable
if and only if b is in the column space of A. The set of all x € F” such that Ax =0
is called the null space of A. It is a subspace of dimension of n — rank A, and is
denoted as N(A) C F™. dimN(A) is called the nullity of A, and denoted by nul A.
If A€ GL(n,F) then Ax = b has the unique solution x = A~'b.

The following are some special subsets of F™"*".

1. Ais symmetric if AT = A. Denote by S(n,F) the subspace of n x n symmetric
polynomials.

2. A is skew-symmetric, or anti-symmetric, if AT = —A. Denote by A(n,F) the
subspace of the skew-symmetric matrices.

3. A = [a;j] is called upper triangular if a;; = 0 for each j < i. Denote by U(n,F)
the subspace of upper triangular matrices.

4. A = [aij;] is called lower triangular if a;; = 0 for each j > i. Denote by L(n,TF)
the subspace of lower triangular matrices.

Leta={on < <...<ap} C(m),B={0 <f2<...<fp} C(n) Then
Ala, 8] is an p x ¢ submatrix of A, which is obtained by erasing in A all rows



and columns which are not in a and 3 respectively. Assume that A € F"*"™,
The Ala, 3] is called a principal if and only if a = 3.

1.4 Polynomials

For a field F, (usually F = R, C), denote by F|z], the ring of polynomials p(z) =
agz™ + a1 2" ' + ... + a, with coefficients in F. The degree of p, denoted by degp,
is the maximal degree n — j of a monomial ajx”_j which is not identically zero,
ie. aj # 0. So degp = n if and only if ag # 0, the degree of a nonzero constant
polynomial p(z) = ag is zero, and the degree of the zero polynomial is agreed to be
equal to —oo. For two polynomials p, g € F[z] and two scalars a,b € F ap(z) + bq(z)
is a well defined polynomial. Hence FF|z] is a vector space over F, whose dimension is
infinite. The set of polynomials of degree n at most, is n 4+ 1 dimensional subspace
of F[z]. Given two polynomials p = Y1 ja;z2""",q = 2o bj2™ 7 € F[z] one can
form the product

n+m k
p(2)q(z) = Z (Z aiby_;)z" T, where a; = bj = 0 for i > n and j > m.
k=0 =0

Note that pg = gp and deg pg = degp+ deg q. The addition and the product in F[z]
satisfies all the nice distribution identities as the addition and multiplication in F.
Here the constant polynomial p = 1 is the identity element, and the zero polynomial
as the zero element. (That is the reason for the name ring of polynomials in one
variable over F.)

Recall that given two polynomials p,q € F[z] one can divide p by ¢ # 0 with
the residue r, i.e. p = tq + r for some unique ¢,r € F[z], where degr < degq. For
p,q € F[z] let (p, q) be the greatest common divisor of p,q. If p and g are identically
zero then (p,q) is the zero polynomial. Otherwise (p,q) is a polynomial s of the
highest degree that divides p and q. s is determined up to a multiple of a nonzero
scalar. s can be chosen as a unique monic polynomial:

s(z) =2 + 5127+ ..+ 5, € F[z]. (1.2)
For p,q # 0 s can be found using the Euclid algorithm:

Pi(2) = ti(2)pit1(2) + piva(z), degpito < degpir1 i=1,... (1.3)

Start this algorithm with p; = p,ps = ¢. Continue it until p; = 0 the first time.
(Note that & > 3.) Then px_1 = (p, q). It is easy to show, for example by induction,
that each p; is of the form u;p + v;q for some polynomials u;,v;. Hence the Euclid
algorithm yields

(p(2),q(2)) = u(2)p(z) + v(2)q(z), for some u(z),v(z) € F[z]. (1.4)

(This formula holds for any p,q € F[z].) p,q € F|[z] are called coprime if (p,q) = 1.

Recall that if we divide p(z) by z — a we get the residue p(a), i.e. p(z) =
(z —a)q(z) + p(a). So z — a divides p(z) if and only if p(a) = 0, i.e a is the root of
p. A monic p(z) splits to a product of linear factors if

p(z)=(z—21)(z —22)...(2 — zp) :H(z—zi). (1.5)



Note that z1,..., z, are the roots of p.
Let z = (21,...,2,) € F". Denote

or(z) = Z Zi1Zig - Ziy k=1,...,m. (1.6)

1<i1<ia<... <1 <n

or(z) is called the k — th elementary symmetric polynomial in z1,. .., z,. Observe

01(z) =21 + 22+ ... + 2z, n summands
n(n—1)
2
on(z) = 2122 ... 2n, n terms in the product.

09(z) = z120 4+ ...+ 212n + 2223 + ... Zp—1, summands,

A straightforward calculation shows

n

H(z —z)=2"+ Z(—l)iai(z)zn_i. (1.7)
i=1

=1

1.5 Determinants

For A € F™"*" we define the determinant of A as

det A = Z SIgN(0)@10(1)A20(2) - - - Aneo(n) - (1.8)
WESn

Here, S, is the group of the bijections w of (n) := {1,...,n} onto itself. sign(w) =
+1. Each w can be expressed as product of transpositions. Then o(w) = —1 if
and only if w can be expressed as a product of an odd number of transpositions.
(1 € Sy, is a transposition if there exists a pair of integers 1 < i < j < n such that
7(i) = j,7(j) = i. Furthermore 7(k) = k for k # 4,j. Note sign(r) = —1.) In
particular, sign(id) = 1, where id is the identity bijection id(i) =i for i = 1,...,n.

It follows straightforward from the definition that the determinant of an upper
or lower triangular matrix is a product of its diagonal elements. The determinant
of A changes simply with respect to the elementary row operations performed on
A € F™ ™ to obtain the matrix B = FA:

1. det B = adet A if we perform the elementary operation 1.
2. det B = —det A if we perform the elementary operation 2.
3. det B = det A if we perform the elementary operation 3.

Hence det(EA) = det F det A for any elementary matrix A. Thus we can com-
pute fast the determinant of A by bringing to its reduced elementary row echelon
form. It also follows that det(AB) = det Adet B. Furthermore, det AT = det A.
From the definition of the determinant it follows that the determinant of an upper
or lower triangular matrix is the product of the diagonal entries. Hence det A = 0 if
and only if rank A < n for any A € F"*". L.e., det A = 0 if and only if the columns
A are linearly dependent. Equivalently Ax = 0 if has a nontrivial solution if and
only if det A = 0.



Observe next that det I,, = 1. Hence

B 1
det A

1 =detl, = det(AA™") = det Adet A~! = det(A™1)

For A = [a;j] € F™*" denote by A;; the determinant of the matrix obtained
from A by deleting i-th row and j-th column and multiplied by (—1)**7. Then
the expansion of det A by the row 7 and the column j respectively is given by the

equalities
det A = Zaiinj = Z aiinj.
j=1 i=1
A]_]_ .A.2]_ P ATL].
. Ao Agn ... Ao . o .

Then adj A := . ) . is called the adjoint matrix of A. The

Aln AZn v Ann
basic identity is

Aadj A = (adj A)A = (det A)I,, for any A € F"*". (1.9)

Hence A is invertible if and only if det A # 0. Furthermore, A~! = (det A)~'adj A.
Let B be a square submatrix of A. Then det B is called a minor of A. det B is
called a principle minor of order m if B is an m X m principle submatrix of A.

1.6 Linear transformations

Let V, U be two finite dimensional subspaces, where dimV = n,dimU = m. T :
V — U is called a linear transformation if T'(au+bv) = aT'(u)+bT'(v). Assume that
{vi,...,vp},{u1,...,un} be two bases in V, U respectively. Then T is completely
determined by T'(v;) = >2i% ajju;,j = 1,...,n. Let A = [a;];27_, € F™*". Then
the above equality is equivalent to

T[Vl,Vg, e ,Vn] = [TVl,TVQ, PN ,TVn] = [111,112, PPN um]A (110)
A is called the representation matrix of 1. Assume that
Vi, s ¥n] = [V1, Ve, ..., Vi)Y, [X1,...,Xp] = [u,ug,. .., uy)X, (1.11)

where Y € GL(n,F), X € GL(m,F), are another bases in V and U respectively.
Then
Tly1, ¥, ¥n] = [X1,X2, ..., Xpn] X LAY, (1.12)

Denote by L(V,U) is the set of linear transformations 7': V. — U. L(V,U) is a
vector space by defining (aT'+bS)(v) = aT'(v)+bS(v). Then L(V, U) is isomorphic
to >, (Choose bases [vi,Va,...,V,],[u1,us,...,uy] in V, U respectively, and
identify 7' with its representation matrix.)



2 Jordan canonical form

2.1 Eigenvalues and eigenvectors

Let A € F"*™. p(z) := det(zI, — A) is called the characteristic polynomial of A.

Lemma 2.1 Let A € F*™*". Then det(zI, — A) = 2" + > a;z"". (—1)'a;
is the sum of all i x i principle minors of A. Assume that det(zI, — A) = (z —
21)...(z — 2zp), where z1,...,2, € F*. Then (—1)'a; = 04(z) fori=1,...,n.

Proof. Consider det(2I — A). To obtain the coefficient of 2"~ we need to take
the product of some n —i diagonal elements of 21, — A: (z—a;,5,) ... (2 —aj, ij._.)-
We take 2"~ in this product. Then this product is multiplied by the det(—A[a, a]),
where a is the complement of {ji,...,j,_;} in the set (n). This shows that (—1)%a;
is the sum of all principal minors of A of order 1.

Suppose that det(zI, — A) splits to linear factors in F[z]. Then (1.7) implies
that (—1)'a; = o4(z). O

Corollary 2.2 Let A € F"*" and assume that det(zI, — A) = [[}_,(z — z).
Then
n n
trA:= Zaii:zi, detA:HZZ'.
i=1 i=1

Definition 2.3 Let GL(n,[F) C F"*" denote the set (group) of all n x n invert-
ible matrices with entries in a given field F. A, B € F"*™ are called similar, and
this is denoted by A ~ B, if B = UAU™! for some U € GL(n,F). The set of all
B € F™*" similar to a fired A € F™*"™ is called the similarity class corresponding to
A, or simply a similarity class.

The following proposition is straightforward:

Proposition 2.4 Let F be a field, (F = R,C). Then the similarity relation on
F™" s an equivalence relation:

A~A A~B < B~A A~Band B~C= A~ B.
Furthermore if B=UAU"" then
1.
det(zI,—B) = det(U(2I,—A)U ') = det U det(z1,—A) det(U ') = det(zI,—A),
i.e. A and B have the same characteristic polynomial.
2. For any integer m > 2 B™ = UA™U .

3. If in addition A is invertible, then B is invertible and B™ = UA™U ™! for any
integer m.



Corollary 2.5 Let 'V be n-dimensional vector space over F. Assume that T :
V — V is a linear transformation. Then the set of all representation matrices of
T in different bases vi,...,vy is a similarity class. (Use (1.11) and (1.12), where

m=n, X; =yii=1,...,n,X =Y.) Hence, the characteristic polynomial of T is
defined as det(zI, — A) = 2" —I—E?:_OI a;z', where A is the representation matriz of T
in any basis [uy, ..., uy], and this definition is independent of the choice of a basis.

In particular det T := det A, and trace T = trace A™ for any nonnegative integer.
(T is the identity operator, i.e T°v = v for all v € V, and A = I. Here by the
trace of B € F™*", denoted by trace B, we mean the sum of all diagonal elements

of B.)

Problem 2.6 (The representation problem.) Let V be n-dimensional vector
space over F. Assume that T : V — V is a linear transformation. Find a basis
[V1,...,Vyn] in which T has the simplest form. Equivalently, given A € F™*™ find
B ~ A of the simplest form.

In the following case the answer is well known. Recall that v € V is called an
eigenvector of T' corresponding to the eigenvalue A € F, if v # 0 and T'v = Av. This
is equivalent to the existence 0 # x € F” such that Ax = Ax. Hence (Al —A)x =0
which implies that det(A] — A) = 0. Hence X is the zero of the characteristic
polynomial of A and T'. The assumption A is a zero of the characteristic polynomial
yields that the system (A — A)x has a nontrivial solution x # 0.

Corollary 2.7 Let A € F™*". Then X is an eigenvalue of A if and only if X is
a zero of the characteristic polynomial of A: det(zI — A). Let V be n-dimensional
vector space over F. Assume that T : V — V is a linear transformation. Then X\ is
an eigenvalue of T if and only if X is a zero of the characteristic polynomial of T'.

Proposition 2.8 Let V be n-dimensional vector space over F. Assume that
T :V — V is a linear transformation. Then there exists a basis in V' such that T
1s represented in this basis dy a diagonal matriz

A1 0 .. 0

0 A2 . 0
diag(A1, Agy ..oy Ap) i= ) ) A I

0 0 e An

if and only if the characteristic polynomial of T is (z — X1)(z — A2) ... (2 — A\n), and
V has a basis consisting of eigenvectors of T'.

Equivalently, A € F™*™ is similar to a diagonal matriz diag(A\1, Ae, ..., A\n) if and
only if det(z] — A) = (z—A1)(z = A2) ... (2 — A\p), and A has n-linearly independent

eigenvectors.

Proof. Assume that there exists a basis [uj,...,u,] in V such that T is
represented in this basis dy a diagonal matrix A := diag(\1,...,A,). Then the
characteristic polynomial of T is det(zI — A) = []_;(# — A\;). From the definition
of the representation matrix of 7', it follows that Tu; = A\;u, for i = 1,...,n. Since
each u; # 0, we deduce that each u; is an eigenvector of T. By our assumption
uy,...,u, for a basis in V.
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Assume now that V has a basis [uy,...,u,| consisting eigenvectors of T.. So
Tu; = \ju,; for i = 1,...,n. Hence A is the representation matrix of 1" in the basis
[ul, ceey un].

To prove the corresponding results for A € F"*™ let V := F" and define the
linear operator Tx := Ax for all x € F". O

Lemma 2.9 Let A € F"*™ and assume that x1,...,X) be k eigenvectors cor-
responding to k eigenvalues Ai,...,\p. Suppose that \; # \;j for i # j. Then
X1,...,XE are linearly independent.

Proof. We prove by induction on k. For k = 1 x; # 0, hence x; is linearly
independent. Assume that the lemma holds for £ = m — 1. Suppose that k& = m.
Assume that >, a;x; = 0. So

m m m
0=A40= AZaixi = Z%sz‘ = Zai)\ixi.
=1 1=1

i=1

Multiply the equality " | a;x; = 0 by Ay, and subtract if from the above inequality
to deduce that Z?;l a;(A\i—Am)x; = 0. Since X1, ..., X;,—1 are linearly independent
by the induction hypothesis, we deduce that a;(A\; — \,) =0fori=1,...,m — 1.
As A\; — A\ # 0 for i < m we get that a; =0 for i =1,...,m — 1. The assumption
that Eﬁl a;x; = 0 yields that a,x,, = 0. Since x,, # 0 we obtain that a,, = 0.
Hencea; =... =a, =0. O

Theorem 2.10 Let V be n-dimensional vector space over F. Assume that T :
V — V is a linear transformation. Assume that the characteristic polynomial of T
p(z) has n distinct roots over F, i.e. p(z) =[]\, (z — X\i) where \i,..., \, € F, and
Ai # Aj for each i # j. Then there exists a basis in 'V in which T is represented by
a diagonal matrix.

Similarly, let A € F™*" and assume that det(zI — A) has n distinct roots in F.
Then A is similar to a diagonal matrizx.

Proof. It is enough to consider the case of the linear transformation 7.
Recall that each root of the characteristic polynomial of T is an eigenvalue of T
(Corollary 2.7). Hence to each A; corresponds an eigenvector u;: T'u; = \ju;. Then
the proof of the theorem follows Lemma 2.9 and Proposition 2.8. O

Given A € F™*™ it may happen that det(zI — A) does not have n roots in F. (See
for example Problem 2 of this section.) Hence we can not diagonalize A, i.e. A is
not similar to a diagonal matrix. If F is algebraically closed, i.e. any det(zI — A) has
n roots in F we can apply Proposition 2.8 in general and Theorem 2.10 in particular
to see if A is diagonable.

Since R is not algebraically closed and C is, that is the reason that we sometimes
we view a real valued matrix A € R"*" as a complex valued matrix A € C"*". (See
Problem 2 of this section.)

Corollary 2.11 Let A € C™*" be nondiagonable. Then its characteristic poly-
nomial must have a multiple root.
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Definition 2.12 1. Let k be a positive integer and X € F. Then Jy(\) € FF**
be a k x k be an upper diagonal matriz, with A on the main diagonal, 1 on the
next sub-diagonal and other entries are equal to 0 for k > 1:

A 10 .00
0 A1 .00
Je(A) = | ¢ Do R I
0 00 Al
0 00 0 A |

(1(A) = [A].)
2. Let A; € F"i*™ fori=1,...,1. Denote by

@7]?:114@' A DAD... DA, = diag(Al,AQ, c. ,Ak) =

Ay 0 .. 0
0 Ao .. 0
. . eF™ "™, n=ni+no+...+n,
0 0 e Ag
the n x n block diagonal matriz, whose blocks are Ay, As, ..., Ag.

Theorem 2.13 (The Jordan Canonical Form) Let A € C"*", (A € <",
where F is an algebraically closed field.) Then A is similar to its Jordan canonical
form @k, J,,(\;) for some A1,..., \x € C, (A1,...,\x € F), and positive integers
ni,...,nk. The Jordan canonical form is unique up to the permutations of the
Jordan blocks Jyn, (A1), .., In, (Ak).

FEquivalently, let T : V. — V be a linear transformation of an n-dimensional
space over C, or any other algebraically closed field. Then there exists a basis in
V, such that EBf:lJm()\i) is the representation matrix of T in this basis. The blocks

In,(Ni),i=1,..., k are unique.

Note that A € C™*" is diagonable if and only in its Jordan canonical form k = n,
ie. np =...=n, = 1. For k < n, the Jordan canonical form is the simplest form
of the similarity class of a nondiagonable A € C"*",

We will prove Theorem 2.13 in the next several sections.

Problems

1. Let V be a vector space over F. (You may assume that F =C.) Let T:V —V
be a linear transformation. Suppose that u; is an eigenvector of T" with the
corresponding eigenvalue \; for ¢ = 1,...,m. Show by induction on m that if
AL, ..., Ay, are m distinct scalars then uy, ..., u,, are linearly independent.

_ 0 1 2x2
2.LetA—[_1 O}GR )

(a) Show that A is not diagonable over the real numbers R.
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(b) Show that A is diagonable over the complex numbers C. Find U €
C?*2? and a diagonal A € C?*2 such that A = UAU .

3. Let A =@ J,,(\;). Show that det(2] — A) = Hle(z — i)™, (You may use
the fact that the determinant of an upper triangular matrix is the product of
its diagonal entries.)

4. Let A = @k | A; where A; € C"*"i j = 1,... k. Show that det(zI, — A) =
Hle det(zI,, — A;). (First show the identity for £ = 2 using the determinant
expansion by rows. Then use induction for k > 2.

5. (a) Show that any eigenvector of J,(A) € C"*™" is in the subspace spanned
by e;. Conclude that J,()) is not diagonable unless n = 1.

(b) What is the rank of zI,, — J,(\) for a fixed A € C and for each z € C?

(c) What is the rank of zI — @F | J,,,()\;) for fixed A1,...,A\x € C and for
each z € C?

6. Let A € C™" and assume that det(zl, — A) = 2" +a12" ' +... +ay,_12 +ay
has n distinct complex roots. Show that A" +a; A" ' +...ap_1A+a,l, =0,
where 0 € C"*™ denotes the zero matrix, i.e. the matrix whose all entries are
0. (This is a special case of the Cayley-Hamilton theorem, which claims that
the above identity holds for any A € C"*™.) Hint: Use the fact that A is
diagonable.

2.2 Matrix polynomials

Let P(z) = (pij(2));Zj—; be an m x n matrix whose entries are polynomials in F[z].
The set of all such m x n matrices is denoted by F[z]"*". Clearly F[z]™*" is a vector
space over I, of infinite dimension. Given p(z) € F[z] and P(z) € F[z]™*™ one can
define p(2)P(z) := (p(2)pi;) € F[z]. Again, this product satisfies nice distribution
properties. Thus F[z] is a module over the ring F[z]. (Note F|z] is not a field!)

Let P(z) = (pij(2)) € F[z]™*". Then deg P(z) := max; ; deg p;j(z) = . Write

l
pij(Z) == Zpij7kzl_k, Pk = (pij7k)?;’?:1 € men fOI" k‘ = 0, . ,l.
k=0

Then
P)=P+ P+, . +P, PecF™" i=0,...,l, (2.1)

is a matrix polynomial with coefficients in F™*",

Assume that P(z),Q(z) € F[z]"*". Then we can define P(z)Q(z) € F[z]. Note
that in general P(2)Q(z) # Q(z)P(z). Hence F[z]™*™ is a noncommutative ring.
For P(z) € F™*™ of the form (2.1) and any A € F"*" we define

l
P(A) = ZPZ-AH =P A + P AT + . 4+ P, where A = 1,,.
1=0

Recall that given two polynomials p, ¢ € F[z] one can divide p by ¢ #Z 0 with the
residue r, i.e. p = tq+ r for some unique ¢,r € F[z], where degr < deggq. One can
trivially generalize that to polynomial matrices:
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Proposition 2.14 Let p(z),q(z) € F[z| and assume that q(z) # 0. Let p(z) =
t(2)q(z) + r(z), where t(z),r(z) € F[z] are unique polynomials with degr(z) <
degq(z). Let n > 1 be an integer, and define the following scalar polynomials:
P(2) := p(2)1,,Q(2) := q(2)1,,,T(2) := t(2)I,, R(z) := r(2)I, € F[z]"*"™. Then
P(A) =T(A)Q(A) + R(A) for any A € F™*".

Proof. Since A*A7 = A™J for any nonnegative integer, with A? = I, the
equality P(A) = T(A)Q(A) + R(A) follows trivially from the equality p(z) =
t(2)q(z) + r(2). O

Recall that p is divisible by ¢, denoted as ¢|p, if p = tq, i.e. r is the zero
polynomial. Note that if ¢(z) = (2 — a) then p(z) = t(2)(z — a) + p(a). Thus
(z—a)l|p if and only if p(a) = 0. Similar results hold for square polynomial matrices,
which are not scalar.

Lemma 2.15 Let P(z) € F[z]"*", A € F"*" Then there exists a unique Tjcf¢(2),
of degree degP — 1 if deg P > 0 or degree —oo if deg P < 0, such that

P(z) = Tiefe(2)(21 — A) + P(A). (2.2)
In particular, P(z) is divisible from the right by zI — A if and only if P(A) = 0.

Proof. We prove the lemma by induction on deg P. If deg P < 0, i.e. P(z) =
Py € F**" then Tjt = 0, P(A) = Py and the lemma trivially holds. Suppose that
the lemma holds for all P with deg P <[ — 1, where [ > 1. Let P(z) be of degree
I > 1 of the form (2.1). Then P(z) = Pyz' + P(z), where P(z) = 22:1 PZ71. By
the induction assumption P(2) = Tje(2) (21, — A) 4+ P(A), where Tj.f+(2) is unique.
A straightforward calculation shows that

-1
Poz' = Tiept(2) (2 — A) + PyAl, where Tiep(2) = > PyAl2l 7,
=0

and ’f’left is unique. Hence Tjcp(2) = Tleft(z) +Tleft is unique, P(A) = PyAl + P(A)
and (2.2) follows.

Suppose that P(A) = 0. Then P(2) = Tjep(2)(2I — A), i.e. P(z) is divisible by
zI, — A from the right. Assume that P(z) is divisible by (z1,, — A) from the right,
i.e. there exists T'(z) € F[z]"*" such that P(z) = T(z)(zI, — A). Subtract (2.2)
from P(z) = T(z)(21,, — A) to deduce that 0 = (T'(2) — Tjeft(2)) (21, — A) — P(A).
Hence T'(z) = Tjefi(2) and P(A) = 0. O

The above lemma can generalized to any Q(z) = Qo2 + Q121 +...+Q; € F[z],
where Qo € GL(n,F): There exists unique Tje:(2), Rieft(2) € Flz] such that

l
P(2) = Tiept(2)Q(2)+ Ricse(2), deg Ries < deg @, Q(z) =Y Qiz'™", Qo € GL(n, F).
=0

(2.3)
Here we agree that (Az%)(Bz/) = (AB)z'* for any A, B € F"*" and nonnegative
integers ¢, J.
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Theorem 2.16 ( Cayley-Hamilton theorem.) Let A € F™*™ and p(z) = det(z1,—
A) be the characteristic polynomial of A. Let P(z) = p(z)I, € F[z]"*"™. Then
P(A)=0.

Proof. Let A(z) = 21, — A. Fix z € F and let B(z) = (b;j(2)) be the adjoint
matrix of A(z), whose entries are the cofactors of A(z). That is b;;(z) is (—1)"
times the determinant of the matrix obtained from A(z) by deleting row j and
column ¢. If one views z as indeterminate then B(z) € F[z]"*". Recall the identity

A(2)B(z) = B(2)A(z) = det A(2)I,, = p(2)I, = P(2).

Hence (21, — A) divides from the right P(z). Lemma 2.15 yields that P(A) =0. O

For p,q € F[z] let (p,q) be the greatest common divisor of p,q. If p and ¢ are
identically zero then (p,q) is the zero polynomial. Otherwise (p,q) is a polynomial
s of the highest degree that divides p and ¢. s is determined up to a multiple of a
nonzero scalar. s can be chosen as a unique monic polynomial:

s(z) =2 + 5127 ..+ 5 € Fl2]. (2.4)
Equality (1.4) yields.

Corollary 2.17 Let p,q € F[z] be coprime. Then there exists u,v € Flz] such
that 1 = up +vq. Let n > 1 be an integer and define P(z) = p(z)[,,Q(z) :=
q(2) 0, U(2) = u(z)ln,V(2) = u(z)l, € F[z]"*". Then for any A € F™" we
have the identity I,, = U(A)P(A) + V(A)Q(A), where U(A)P(A) = P(A)U(A) and
V(A)Q(A) = Q(A)V(A).

Let us consider that case where p,q € F[z] are both nonzero polynomials that
split (to linear factors) over F. So

p(z) =po(z —a1)...(z —a;),po #0, q(z) = qo(z —B1)... (2 — Bj),q0 # 0.

In that case (p,q) = 1, if p and ¢ do not have a common root. If p and ¢ have a
common zero then (p,q) is is a nonzero polynomial that has the maximal number
of common roots of p and ¢ counting with multiplicities.

From now on for any p € F[z] and A € F™*" we identify p(A) with P(A), where

P(2) = p(2)In.

2.3 Minimal polynomial and decomposition to invariant subspaces

Recall that F**" is a vector space over F of dimension n?. Let A € F»*" and
consider the powers A° = I,,, A, A%, ..., A™. Let m be the smallest positive integer
such that these m+ 1 matrices are linearly dependent as vectors in F"*". (Note that
AY#£0.) So 3 b Am =0, and (bo,...,by)" # 0. If bp = 0 then A%,... A™~1
are linearly dependent, which contradicts the definition of m. Hence by # 0. Divide
the linear dependence by by to obtain.

P(A) =0, ¢(z)=2""+ Zaizm_i eFlz], a= b fori=1,...,m. (2.5)
i=1 bo

1 is called the minimal polynomial of A. In principle m < n?, but in reality m < n:
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Theorem 2.18 Let A € F™*™ and 1(z) be its characteristic polynomial. As-
sume that p(z) € F[z] is an annihilated polynomial of A, i.e. p(A) = 0. Then 1
divides p. In particular, the characteristic polynomial p(z) = det(zI,—A) is divisible
by ¥(z). Hence degt < degp = n.

Proof. Divide the annihilating polynomial p by 1 to obtain p(z) = t(2)¥(z) +
r(z), where degr < degv = m. Proposition 2.14 yields that p(A) = t(A)yp(A)+r(A)
which implies that 7(A) = 0. Assume that | = degr(z) > 0, i.e. r is not identically
the zero polynomial. So AY,..., Al are linearly dependent, which contradicts the
definition of m. Hence r(z) = 0.

The Cayley-Hamilton theorem yields that the characteristic polynomial p(z) of
A annihilates A. Hence ¥|p and deg < degp = n. O

Theorem 2.19 Let A € F"*". Denote by q(z) the g.c.d., (monic polynomial),
of all the entries of adj (zI, — A) € F[z]"*", which is the g.c.d of all (n — 1) X
(n—1) minors of (zI,, — A). Then q(z) divides the characteristic polynomial p(z) =

p(2)
q(z)"

det(zl, — A) of A. Furthermore, the minimal polynomial of A is equal to

Proof. Expand det(zI,, — A) by the first column. Since ¢(z) divides each (n —
1) X (n — 1) minor of zI,, — A we deduce that ¢(z) divides p(z). Let ¢(z) = 58 As
q(z) divides each entry of adj (21, — A) we deduce that adj (zI, — A) = q(2)C(z)
for some C(z) € F[z]™*". Divide the equality p(z)I, = adj (I, — A)(zI, — A) by
q(z) to deduce that ¢(2)I, = C(z)(zI, — A). Lemma 2.15 yields that ¢(A) = 0.

Let 1(z) be the minimal polynomial of A. Theorem 2.18 yields that v divides
¢. We now show that ¢ divides 1. Theorem 2.18 implies that p(z) = s(2)¥(z) for
some monic polynomial s(z). Since 1)(A) = 0 Lemma 2.15 yields that ¢ (2)I, =
D(z)(zI, — A) for some D(z) € F"*"[z]. So p(z)I, = s(2)Y(2)1I, = s(z)D(z)(zI, —
A). Since p(z)1I, = adj (zI, — A)(zI, — A) we deduce that s(z)D(z) = adj (21, — A).
As all the entries of D(z) are polynomials, it follows that s(z) divides all the entries
of adj (zI,, — A). Since q(z) is the g.c.d. of all entries of adj (21, — A) we deduce
that s(z) divides ¢(z). Consider the equality p(z) = s(z)¢¥(z) = q(z)¢(z). Thus
P(z) = %(ﬁ(z). Hence ¢(z) divides 9(z). As 9(z) and ¢(z) are monic we deduce
that ¥(z) = ¢(z). O

Proposition 2.20 Let A € F™*" and assume that A\ € F is an eigenvalue of
A with the corresponding eigenvector x € F". Then for any h(z) € F[z], h(A)x =
h(A)x. In particular, X is a root of the minimal polynomial 1(z) of A, i.e. Y(A) = 0.

Proof. Clearly, A™x = A"x. Hence, h(A)x = h(\)x. Assume that h(A) = 0.
As x # 0 we deduce that h(\) = 0. Hence ¢(\) = 0. O

Definition 2.21 A matriz A € F"*" is called nonderogatory if the minimal
polynomial of A is equal to its characteristic polynomial.

Definition 2.22 Let'V be a finite dimensional vector space over F, and assume
that V1,...,V; nonzero subspaces of V. Then V is a direct sum of Vi,...,V,,
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denoted as V = EB;-:le if any vector v.€ V has a unique representation as v =
vi+ ...+ v, where v; € V; for j =1,...,i. Equivalently, let [vj1,...,vj;] be a
basis of Vj for j=1,...,i. Then dim'V = 37" dim'V; =3"%_, l; and the dim'V

vectors Vit, ..., Vil ..., Vil, ..., V4, are linearly independent.

Let T': V — V be a linear operator. A subspace U of V is called a T-invariant
subspace, or simply an invariant subspace when there is no ambiguity about T, if
Tu € U for each u € U. We denote this fact by TU C U. Denote by T'|y the
restriction of T' to the invariant subspace of T'. Clearly, T'|y is a linear operator on
U.

Note V and the zero subspace {0}, (which consist only of the zero element),
are invariant subspaces. Those are called trivial invariant subspaces. U is called a
nontrivial invariant subspace if U is an invariant subspace such that 0 < dim U <
dim V.

Since the representation matrices of T in different bases form a similarity class
we can define the minimal polynomial (z) € F[z] of T, as the minimal polyno-
mial of any representation matrix of T. (See Problem 1 in the end of this section.)
Equivalently 1(z) is the monic polynomial of the minimal degree which annihilates
T: (T)=0.

Theorem 2.23 Let T : V — V be a linear operator on a finite dimensional
space dim'V > 0. Let 1(z) be the minimal polynomial of T. Assume that 1(z)
decomposes to P(z) = 1(2)...Yx(2), where each ¥;(z) is a monic polynomial of
degree at least 1. Suppose furthermore that for each pair i # j 1;(z) and ;(2)
are coprime. Then 'V is a direct sum of V1,..., Vi, where each V; is a nontrivial
invariant subspace of T. Furthermore the minimal polynomial of Tl|v, is equal to
Yi(z) for i = 1,...,k. Moreover, each V; is uniquely determined by v;(z) for
i=1,... k.

Proof. We prove the theorem by induction on & > 2. Let £k = 2. So
P(z) = P1(2)2(z). Let Vi :=o(T)V,Vy =11 (T)V be the ranges of the operators
Wo(T), 11 (T) respectively. Observe that

TV =T(2(T)V) = (T2(T))V = (¢2(T)T)V = o(T)(TV) Cp2(T)V = V1.

Thus V; is a T-invariant subspace. Assume that Vi = {0}. This is equivalent to
that ¢9(7T") = 0. By Theorem 2.18 1 divides 19 which is impossible since degy =
deg 1 + dego > degey. Thus dim V1 > 0. Similarly Vg is a nonzero T-invariant
subspace. Let T; = T'|y, for i = 1,2. Clearly

Ui1(T1)Vi = 0i(T) Vi = 01 (T) (2 (T)V) = (1 (T)92(T))V = {0},

since v is the minimal polynomial of T'. Hence v (17) = 0, i.e. 1 is an annihilating
polynomial of T3. Similarly, ¢ (7%) = O.

Let U = V1NV3a. Then U is an invariant subspace of T. We claim that U = {0},
i.e. dimU = 0. Assume to the contrary that dimU > 1. Let @ := T'|y and denote
by ¢ € F[z] the minimal polynomial of Q). Clearly deg¢ > 1. Since U C V; it
follows that v; is an annihilating polynomial of @ for i = 1,2. Hence ¢|¢; and ¢[i)2,
i.e. ¢ is a nontrivial factor of 1; and 1. This contradicts the assumption that 1
and 19 are coprime. Hence Vi N'Vy = {0}.
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Since (¢1,12) = 1 there exists polynomials f, g € F[z] such that ¢ f 4+ 129 = 1.
Hence I = 1(T)f(T) + ¥2(T)g(T), where I is the identity operator Iv = v on V.
In particular for any v € V we have v = vy + vy, where vi = ¢o(T)(g(T)v) €
Vi,va =i (T)(f(T)v) € Va. Since Vi N Vy = {0} it follows that V = V; & V.
Let ¢z be the minimal polynomial of 7;. Then %Wz for : = 1,2. Hence wlwg\w1¢2
Let v € V. Then v = vi 4+ v, where v; € V;,© = 1,2. Using the facts that
U1 (T)o(T) = po(T)1(T), 5 is the minimal polynomial of T}, and the definition
of T; we deduce

D1(T)a(T)v = o (T)h1 (T) vy + U1 (T) o (T)v2 = 0.

Hence the monic polynomial 0(z) := ’(751(2)1;2(2:) is an annihilating polynomial of T
Thus t(2)|6(z) which implies that 1)(z) = 6(z), hence ¢; = 1 for i = 1,2.

It is left to show that Vi and Vy are unique. Let V; := {v € V: ¢;(T)v = 0}
for i = 1,2. So V; is a subspace that contains V; for i = 1,2. If 1;(T)v = 0 then

() (Tv) = (G(D)T)V = (Tes(T)v) = T(t4(T)v) = TO = .

Hence V; is T-invariant subspace. We claim that V; = V;. Suppose to the contrary
that dimV; > dimV; for some i € {1,2}. Let j € {1,2} and j # i. Then
dim(V; N'V;) > 0. As before we conclude that U := V; NV, is T-invariant
subspace. As above, the minimal polynomial of T'|y must divide 1 (2z) and 19(z),
which contradicts the assumption that (¢1,2) = 1. This concludes the proof of the
theorem for k = 2.

Assume that k > 3. Let 1)y := 9...15. Then (wl,zﬂQ) =1 and ¥ = P11s.
Then V = V1 @ Vg, where T : Vi — Vi, has the minimal polynomlal 11, and
T : Vo — Vs has the minimal polynomial '(7Z12 Note that V; and Vs are unique.
Apply the induction hypothesis to T\VZ to deduce the theorem. O

Problems

1. Let A, B € F"*" and p(z) € F[z]. Show

(a) If B=UAU!, for some U € GL(n,F), then p(B) = Up(A)U L.
(b) If A ~ B then A and B have the same minimal polynomial.

(c) Let Ax = Ax. Then p(A)x = p(A\)x. Deduce that each eigenvalue of A is
a root of the minimal polynomial of A.

(d) Assume that A has n distinct eigenvalues. Then A is nonderogatory.

2. (a) Show that the Jordan block Ji(\) € F**¥ is nonderogatory.
(b) Let A1,..., A\ € F be k distinct elements. Let

A= @Z e - 1Jm; (Ni), where m; =mp > ... >my, > 1, fori=1,...,k.

(2.6)
Here m;; and [; are positive integers be integers. Find the minimal poly-
nomial of A. When A is nonderogatory?
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3. Find the characteristic and the minimal polynomials of

2 2 -2 4

-4 -3 4 —6
Ci= 1 1 -1 2|’
2 2 -2 4

4. Let A := [ i Z ] Then A is a point in four dimensional space R?.

(a) What is the condition that A has a multiple eigenvalue (det(zlz — A) =
(z — A)?) 7 Conclude that the set (variety) all 2 x 2 matrices with a
multiple eigenvalue is a quadratic hypersurface in R%, i.e. it satisfies a
polynomial equation in (x,y,u,v) of degree 2. Hence its dimension is 3.

(b) What is the condition that A has a multiple eigenvalue and it is a diag-
onable matrix, i.e. similar to a diagonal matrix? Show that this is a line
in R%. Hence its dimension is 1.

(c) Conclude that the set (variety) of 2 x 2 matrices which have multiple
eigenvalues and diagonable is "much smaller” then the variety of matrices
with multiple eigenvalue.

This fact holds for any n x n matrices R"*™ or C™"*",

5. Programming Problem

Spectrum and pseudo spectrum: Let A = (a;;);;—y € C"*". Then det(zI, —
A) = (z = M\)...(z — \y) and the spectrum of A is given as spec A :=
{A1,...,A\n}. In computations, the entries of A are known or given up to
a certain precision. Say, in regular precision each a;; is known with precision
to eight digits: aj.as...ag x 10™ for some integer m., e.g. 1.2345678 x 10712,
in floating point notation. Thus, with a given matrix A, we associate a whole
class of matrices C(A) C C™*™ of matrices B € C™*™ that are represented by A.
For each B € C(A) we have the spectrum spec B. Then the pseudo spectrum
of A is the union of all the spectra of B € C(A): pspec A := Upce(a)spec (B).
spec A and pspec A are subsets of the complex plane C and can be easily plot-
ted by computer. The shape of pspec A gives an idea of our real knowledge of
the spectrum of A, and to changes of the spectrum of A under perturbations.
The purpose of this programming problems to give the student a taste of this
subject.

In all the computations use double precision.

(a) Choose at random A = (a;;) € R?*® as follows: each entry a;; is chosen
at random from the interval [—1, 1], using uniform distribution. Find the
spectrum of A and plot the eigenvalues of A on the X —Y axis as complex
numbers, marked say as +, where the center of + is at each eigenvalue.

i. For each ¢ =0.1,0.01,0.0001,0.000001 do the following:
For i = 1,...,100 choose B; € R®*5 at random as A in the item (a)
and find the spectrum of A+ e€B;. Plot these spectra, each eigenvalue
of A+ €B; plotted as - on the X — Y axis, together with the plot of
the spectrum of A. (Altogether you will have 4 graphs.)
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(b) Let A := diag(0.1C,[-0.5]), i.e. A € R>*5 be a block diagonal matrix
where the first 4 x 4 block is 0.1C, where the matrix C is given in Problem
3 above, and the second block is 1 x 1 matrix with the entry —0.5. Repeat
part (i) of part (a) above with this specific A. (Again you will have 4
graphs.)
(¢) Repeat (a) by choosing at random a symmetric matrix A = (a;;) € R5*®.
That is choose at random a;; for 1 <7 < j, and let aj; = a;; for @ < j.
i. Repeat the part (i) of (a). (B; are not symmetric!) You will have 4
graphs.
ii. Repeat part (i) of (a), with the restriction that each B; is a random
symmetric matrix, as explained in (c¢). You will have 4 graphs.

(d) Can you draw some conclusions about these numerical experiments?

2.4 [Existence and uniqueness of the Jordan canonical form

Definition 2.24 A € F™*" or a linear transformation T : V. — V is called
nilpotent respectively, if A™ =0 orT™ = 0. The minimal m > 1 for which A™ =0
or T™ = 0 is called the index of nilpotency of A and T respectively, and denoted by
index A or index T respectively.

Assume that A or T are nilpotent, then the s-numbers are defined as

si(A) := rank A"1 — 2rank A’ + rank A" (2.7)
5;(T) :=rank T~ — 2rank T% 4+ rank 77!, i =1,...

Note that A or T' are nilpotent with the index of nilpotency m if and only 2™ is
the minimal polynomial of A or T respectively. Furthermore if A or T" are nilpotent
then the maximal [ for which s; > 0 is equal to the index of nilpotency of A or T
respectively.

Proposition 2.25 Let T : V — V be a nilpotent operator, with the index of
nilpotency m, on the finite dimensional vector V. Then

m

rank 7% = Z (j—1)sj =(m—i)sm+(m—i—1)spm_1+...85141, =0,...,m—1.

j=i+1
(2.8)
Proof. Since T' = 0 for | > m it follows that s,,(T) = rank 7! and
Sm—1 = rank T™~2—2rank 7™ ! if m > 1. This proves (2.8) for i = m—1,m—2. For
other values of i (2.8) follows straightforward from (2.7) by induction on m —1i > 2.
O

Theorem 2.26 Let T : V — V be a linear transformation on a finite dimen-
sional space. Assume that T is nilpotent with the index of nilpotency m. Then V
has a basis of the form

xj,ij,...le_lxj, j=1,...,1, whereli=m>...>1; > 1, andlexj =0,7=1,...,1.
(2.9)

More precisely, the number of l;, which are equal to an integer | € [1,m], is equal to

si(T') given in (2.7).
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Proof. Let s; := s;(T),i = 1,...,m be given by (2.7). Since T' = 0 for [ > m
it follows that s, = rank 7™~ ! = dimrange 7™ !. So [yi,...,¥s, ] is a basis for
T V. Clearly y; = T™ 'x; for some xq, ... ,Xs,, € V. We claim that the ms,,
vectors

w1, Txq, . T %y, xe T, .., T kg (2.10)

m

are linearly independent. Suppose that there exists a linear combination of these

vectors that is equal to O:
1s

> appTix; = 0. (2.11)
=0 k=1

Multiply this equality by 7™ . Thus we obtain Z;”;OI S app T ik, = 0.
Recall that T! = 0 for any [ > m. Hence this equality reduces to Soam agT™ x), =
0. Since T 1xy,...,T™ 'x, form a basis in 7'V it follows that agy = 0
for k = 1,...,8n. If m = 1 we deduce that the vectors in (2.10) are linearly
independent. Assume that m > 1. Suppose that we already proved that aj; = 0
fork=1,...,8p and 7 =0,...,] — 1, where 1 <1 < m — 1. Hence in (2.11) we
can assume that the summation on j starts from j = I. Multiply (2.11) by 7™~ +1
and use the above arguments to deduce that oy = 0 for k = 1,...,s,,. Use this
argument iteratively for [ = 1,...,m — 1 to deduce the linear independence of the
vectors in (2.10).

Note that for m = 1 we proved the theorem. Assume that m > 1. Let p € [1,m)]
be an integer. We claim that the vectors

m

xj, Txj,. .. ,le_lxj, for all j such that I; > p (2.12)

are linearly independent and satisfy the condition 7% x; = 0 for all l; > p. Moreover,
the vectors
TP, ..., T 'x;, for all j such that I; > p (2.13)

is a basis for range TP~1. Furthermore for each integer [ € [p,m] the number of [,
which are equal to [, is equal to s;(7T).

We prove this claim by the induction on m — p + 1. For p = m our previous
argument give this claim. Assume that the claim holds for p = ¢ > m and let p = ¢—
1. By the induction assumption the vectors in (2.12) are linearly independent for [; >
q. Hence that vectors Tq_ZXj, e ,le_lxj for all I; > ¢ are linearly independent.
Use the induction assumption that the number of [; = [ € [¢,m] is equal to s;(T")
to deduce that the number of this vectors is equal to t;_2 := (m — g+ 2)sp, + (m —
q+1)Sm—1+ ...+ 2s4. Also the number of [; > ¢ is Ly = S + Sm—1 + ... 54. Use
the formula for rank 7972 in (2.8) to deduce that rank 7972 — ¢, o = s,_1.

Suppose first that s,—1 = 0. Hence the vectors quzxj, ey le*lxj foralll; > q
form a basis in range 7972. In this case we assume that there is no l; that is equal
to ¢ — 1. This concludes the proof of the induction step and the proof of the theorem
in this case.

Assume now that s, 1 > 0. Then there exist vectors z1,...,2s,_, that to-
gether with the vectors Tq*QXj, e ,Tlflxj for all I; > ¢ form a basis in T2V,
Let z), = T9 %uy, k= 1,..., s4—1. Observe next that by induction hypothesis the
vectors given in (2.13) form a basis in range 7?~! for p = ¢. Hence T9 lu; =

lj—1 r o lj—1 r—q+1
D jity>q 2armg1 P T7x5. Let vig = = 370 o 30 BT 7% Clearly
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. _ —24 _ lj—1 =l
T v =0for k=1,...,54-1. Also T ?v}, = zj, — Zj:lqu Zr:q_l Bl T X .

Hence T9 %vy, ... ,Tq*2v$qf1 and the vectors Tq’2xj7 . ,Tlflxj for all [; > ¢ form
a basis in 7972V. From the above definition of L, I; > ¢ if and only if j = [1, L,].
Let xj =v;_p,and [ = s, 1 for j=Ly+1,...,Lg1:=Lg+s4-1.

It is left to show that the vectors given in (2.12) are linearly independent for
p = q¢ — 1. This is done as in the beginning of the proof of the theorem. (Assume
that a linear combination of these vectors is equal to 0. Then apply 792 and use
the fact that Tlﬂ'xj =0for j =1,...,L,—1. Then continue as in the beginning of
the proof of this theorem.) This concludes the proof of this theorem by induction. O

Corollary 2.27 Let T satisfies the assumption of Theorem 2.26 hold. Denote
V; = span (T4 1x;,...,Txj,x;) for j = 1,...,i. Then each V; is a T-invariant
subspace, Ty, is represented by J;;(0) € C4*l in the basis [T 'x;, ..., Tx;,x%;],
and V = @}:1Vj- FEach l; is uniquely determined by the sequence s;(T),i=1,...,.
Namely, the index m of the nilpotent T' is the largest i > 1 such that s;(T") > 1. Let
ki = sp(T),l1 = ... = ly, = p1 = m and define recursively k, := k,_1 + sp,.(T),
b 141 = ... = lg, = pp, where 2 < r,p. € [I,m — 1,5, (T) > 0 and k,—1 =

>t sm—jr1(T).

Definition 2.28 T : V — V be a nilpotent operator. Then the sequence
(l1,...,1l;) defined in Theorem 2.26, which gives the lengths of the corresponding
Jordan blocks of T in a decreasing order, is called the Segré characteristic of T.
The Weyr characteristic of T is the dual to Segre’s characteristic. That is consider
an m x i 0 — 1 matriz B = (byy) € {0,1}™*%. The j-th column of B has 1 in the
rows 1,...,l; and 0 in the rest of the rows. Let w, be the p-th row sum of B for
p=1,...,m. Thenwi > ... > wy > 1 is the Weyr characteristic.

Proof of Theorem 2.13 (The Jordan Canonical Form)

Let p(z) = det(zl, — A) be the characteristic polynomial of A € C"*". Since
C is algebraically closed p(z) = H?Zl(z — Aj)™. Here A,..., \; are k distinct
roots, (eigenvalues of A), where n; > 1 is the multiplicity of \; in p(z). Note
that Z;?:l nj = n. Let ¢(z) be the minimal polynomial of A. By Theorem 2.18

¥ (2)|p(z). Problem 1(c) of §2.3 we deduce that )(\;) =0 for j =1,..., k. Hence

k k
det(zI, — A) = [[(z = )™, v(z) = [J(z = A)™, (2.14)
1<mj <nj, \j# N forj#1,4,5=1,...,k.

Let ¢j := (2 —Aj)™ for j =1,...,k. Then (¢j,v;) =1 for j #i. Let V := C" and
T :V — V be given by Tx := Ax for any x € C". Then det(zl,, — A) and ¢ (z) are
the characteristic and the minimal polynomial of T respectively. Use Theorem 2.23
to obtain the decomposition V = EBfZIVi, where each V; is a nontrivial T-invariant
subspace such that the minimal polynomial of T; := T|v, is ¢; for i = 1,... k.
That is T; — \;I;, where I; is the identity operator, i.e. I;v = v for all v € V,, is
a nilpotent operator on V; and index (7; — \;I;) = m;. Let Q; := T; — A\;I;. Then
Q); is nilpotent and index Q; = m;. Apply Theorem 2.26 and Corollary 2.27 to
deduce that V; = EB?L 1 Vi j, where each V; ; is Q;-invariant subspace, and each V; ;
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has a basis in which Q; is represented by a Jordan block Jp,,;(0) for j =1,...,¢q;.
According to Corollary 2.27

mi:mﬂz...miinL izl,...,k. (215)

Furthermore, the above sequence is completely determined by rank Qg, 7=0,1,...
for i = 1,...,k. Noting that T; = @Q; + \;I; it easily follows that each V;; is a
T;-invariant subspace, hence T-invariant subspace. Moreover, in the same basis of
Vi, ; that Q; represented by Jy,,.(0) T; is represented by Jm,-j()\z‘) forj=1,...,¢q
and ¢ = 1,..., k. This shows the existence of the Jordan canonical form.

We now show that the Jordan canonical form is unique, up to a permutation
of factors. Note that the minimal polynomial of A is completely determined by its
Jordan canonical form. Namely ¢ (z) = Hle(z — z;)™it, where m;; is the biggest
Jordan block with the eigenvalues \;. (See Problems 1,2 in §2.3.) Thus m;; = m;
for i = 1,..., k. Theorem 2.23 yields that the subspaces V1,..., Vi are uniquely
determined by 1. So each T; and Q; = T' — A;1; are uniquely determined. Theorem
2.26 yields that rank Q7,7 = 0,1,... determines the sizes of the Jordan blocks of
Q;. Hence all the Jordan blocks corresponding to \; are uniquely determined for
each i € [1,k]. O

Corollary 2.29 Let A € F™*" and assume that the characteristic polynomial of
p(z) = det(zI, — A) splits to linear factors, i.e. (2.14) holds. Let B be the Jordan
canonical form of A. Then

1. The multiplicity of the eigenvalue \; in the minimal polynomial ¥ (z) of A is
the size of the biggest Jordan block corresponding to \; in B.

2. The number of Jordan blocks in B corresponding to X; is the nullity of A—\; I,
i.e. the number of Jordan block in B corresponding to A — A\ I, is the number
of linearly independent eigenvectors of A corresponding to the eigenvalue X;.

3. Let A\; be an eigenvalue of A. Then the number of the Jordan blocks of order
i corresponding to \; in B is given in (2.16).

Proof. 1. Since J,,(0)" = 0 and J,,(0)"~! # 0, it follows that the minimal poly-
nomial of Jy,(A) is (z — \,)" = det(z1, — Jn(A)). Use Problem 4a to deduce the first
part of the corollary. 2. Since J,(0) has one independent eigenvector, use Problem
4b to deduce the second part of the corollary. 3. Use 3a to establish the last part
of the corollary. O

Problems

1. Let T: V — V be nilpotent with m = index T". Let (w1, ...,wm) be the Weyr
characteristic. Show that rank 77 = 22:1 wjforj=1,...,m.

2. Let A € C™*™. Show that A is diagonable if and only if all the zeros of the
minimal polynomial ¢ of A are simple, i.e. 1 does not have multiple roots.
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3. Let A € C™*" and assume that det(zl,—A) = Hle(z—/\i)"i, where A\, ..., Ag
are k distinct eigenvalues of A. Let

si(A, ;) = rank (A — \;I,)""' — 2rank (A — \;1,,)" + rank (A — \;1,)""{2.16)
i=1,...,n5,j=1,...,k

(a) Show that s;(A, A;) is the number of Jordan blocks of order i correspond-
ing to A\j for i =1,...,n;.
(b) Show that in order to find all Jordan blocks of A corresponding to A;

one can stop computing s;(A4,\;) at the smallest ¢ € [1,n;] such that
1s1(A, )\j) + 282(A, /\j) oot iSi(A, )\j) =n;.

4. Let C = F @ G = diag(F,G), F € F™*!, G ¢ Fmxm,

(a) Assume that ¥p, g are the minimal polynomials of F,G respectively.

Show that 1, the minimal polynomial of C, is equal to ($£ ﬁGG)

(b) Show that nul (C) = nul (F) 4+ nul (G). In particular, if G is invertible,
i.e. 0 is not eigenvalue of G then nul (C) = nul (F).

2.5 Cyclic subspaces

Let T : V — V be a linear operator, and assume that V is finite dimensional.
Let 0 # u € V. Consider the sequence of vectors u = T%u,Tu,T?u,.... Since
dim V < oo there exists a positive integer [ > 1 such that u,Tu,...,T" 'u linearly
independent, and u,T'v, ..., T'u are linearly dependent. Hence [ is smallest integer
such that

l
Tha=-> a,T" "u (2.17)
=1

Clearly, I < dimV. The polynomial 9y(2) := 2! + 22:1 a;z'~" is the called the
minimal polynomial of u, with respect to T" . It is a monic polynomial of the
minimal degree such that ¢(T')u = 0. Its property is similar to the property of
the minimal polynomial of 7. Namely if a polynomial ¢ € [F[z] annihilates u, i.e.
¢(T)u = 0 then ¥y |¢. In particular, the minimal polynomial ¢(z) of T is divisible by
Wy, since (T)u = Ou = 0. Clearly, every vector w € U can be uniquely represented
as ¢(T)u, where ¢ € F[z] and deg ¢ <[ — 1. Hence U is T-invariant subspace. The
subspace U spanned by u,T'u,..., is called a cyclic subspace, generated by u. Note
that in the basis u; = u,us = T'u, ..., u; = 7' 1u the linear transformation T|U is
given by the matrix

000 0 —a

100 0 —ai

010 0 —ai2 | ¢ FX. (2.18)
(000 ... 1 —ay |

The above matrix is called the companion matrix, corresponding to the polyno-
mial 9y (2). (Sometimes the transpose of the above matrix is called the companion
matrix.)
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Lemma 2.30 Let T : V — V,dim'V < 00,0 # u,w. Assume that (¢, Yw) =
1. Then Yutw(2) = Yu(2)w(2).

Proof. Let U, W be the cyclic invariant subspaces generated by u, w respec-
tively. We claim that the T-invariant subspace X := U N W is the trivial sub-
space {0}. Suppose to the contrary, there exists 0 # x € X. Let X; C X be a
nontrivial cyclic subspace generated by x and ¥x be the minimal polynomial cor-
responding to x. Since X; C U it follows that x = ¢(7")u. Hence ¢y (T)x = 0.
Thus ¢x|ty. Similarly ¢x|t¢w. This contradicts the assumption that (¢y, w) = 1.
Hence UN'W = {0}. Let ¢ = 1yihw. Clearly

(1) (u+ w) = Y (T)(Yu(T)u) + Yu(T) (Yw(T)W) = 0+ 0 = 0.

So ¢ is an annihilating polynomial of u + w. Let 6(z) be an annihilating polyno-
mial of u+w. So 0 = (0(T)u) + (0(T)w). Since U,V are T-invariant subspaces
and UNW = {0}, it follows that 0 = 0(T)u = 6(T)w. Hence ¥y|0,1w|0. As
(Yu, Yw) = 1 it follows that ¢|f. Hence yiw = ¢. O

Theorem 2.31 Let T : V — V be a linear operator and 1 < dimV < oo.
Let ¥(z) be the minimal polynomial of T. Then there exists 0 # u € V such that
hu = 1.

Proof. Assume first that 1(z) = (¢(z))!, where ¢(z) is irreducible in F[2], i.e.
¢(z) is not divisible by any polynomial 6 such 1 < degf < deg ¢, and [ is a positive
integer. Let 0 #w € V. Recall that by |, Hence by, = (¢)"™), where I(w) € [1,1]
is a positive integer. Assume to the contrary that 1 < I(w) < [ — 1 for each
0#w € V. Then (¢(T))""}(w) = 0. As (¢(T))""(0) = 0 we deduce that (¢(z))"~*
is annihilating polynomial of T. So 1/|¢!~! which is impossible. Hence there exists
u # 0 such that [(u) =1, i.e. ¥y = .

Assume now the general case

k
¥(z) = [[(#1(2)", I €N, ¢; irreducible , (¢;, ¢;) = 1 for i # j, (2.19)

i=1
where k > 1. Theorem 2.23 implies that V = @levi, where T': V; — V; and qﬁi"
is the minimal polynomial of T'|V;. The first case of the proof yields the existence
0 # u; € V; such that ¢, = qﬁii fori =1,...,k. Let w; = u; + ...+ u;. Use
Lemma 2.30 to deduce that iy, = 11 ¢iz Hence iy = ¥ for u := wy. O

Let U C V be a subspace of V. Then V/U is the following object. We intro-
duce the following relation ~ on the elements of V: x ~ y, which is also denoted
as x =y mod U, if x —y € U. It is straightforward to show that ~ is an equiv-
alence relation. Denote by [x]| the equivalence class corresponding to x. Then
V/U = {[x]|, x € V}. It is straightforward to show that the following definition
are valid a[x] := [ax], [x] + [y] := [x +y], i.e. these definitions are independent
of the choice of the representatives of the equivalence classes. Furthermore, under
these two operations V /U is a vector space. Then V/U is called the quotient vector
space. Moreover, dimV /U = dimV — dim U. Observe next that if 7" is a linear
operator T : V — V and U is an T-invariant subspace of V, then T induces a linear
transformation 7' : V /U — V/U. See Problem 4a.
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Theorem 2.32 Let T : V — V be a linear operator on a finite dimensional
space dAim V' > 0. Then there exists a decomposition of V to a direct sum of r T'-
cyclic subspaces V- = @;_,U; with the following properties. Assume that 1; is the
minimal polynomial of T|U; then 11 is the minimal polynomial of T'. Furthermore,

Viy1|y; fori=1,...,r—1.

Proof. We prove the theorem by induction on dim V. For dimV =1, any 0 # u
is an eigenvector of T: Tu = Au, so V is cyclic, and ¢(z) = 91(2) = z — X\. Assume
now that the theorem holds of all V with dim V' < n. Let dim'V = n + 1. Let ¢ (z2)
be the minimal polynomial of T. Assume that m = deg Suppose first that T is
nonderogatory, i.e. m = n 4+ 1, which is the degree of the characteristic polynomial
of T'. Theorem 2.31 implies that V is a cyclic subspace. So r = 1, and the theorem
holds in this case.

Assume now that T is derogatory. So m < n + 1. Theorem 2.31 implies the
existence of 0 # u; such that v, = 1. Let U; be the cyclic subspace generated by
u;. Let V := V/U1 So1<dimV =dimV —m < n. We now apply the induction
hypothesis to T:V—-V.SoV= Di_ QUZ, where U; is a cyclic subspace generated
by [@;],7 = 2,...,r. The minimal polynomial of [0;] is ¥;,i = 2,...,7. 19 is the
minimal polynomial of T, and ;1)1 for i = 2,...,r — 1. Observe first that for
any polynomial ¢(z) we have the identity ¢(7)[x] = [¢(T)x]. Since ¥(T)x = 0 it
follows that 11 := 1 (z) is an annihilating polynomial of T. Hence Yathy.

Observe next that since 1;41|¢; for i = 1,...,r — 1, it follows that ;|1 = ¢
So ¢ = 6;1;, where 6; is a monic polynomial and i = 2,ldots,r. Since [0] =
Gi(T)[] = [1hs(T)y] it follows that 1;(T)@; € Uy. Hence ¢;(T)t; = w;(T)u;y for
some w(z) € F[z]. Hence 0 = ¢(T)a; = 0;(T)y;(T)0; = 6;(T)w;(T)u;. Therefore,
Yy, = ¢ divides O;w;. So ¥;|lw;. Thus w; = ;. Define u; = 0; — a;(T)u; for
i =2,...,7. The rest of the proof theorem follows from Problem 5. O

Theorem 2.33 Let A € F"*™. Then there exists r monic polynomials iy, ...,y
of degree one at least, such that the following conditions. First v;i1|¢; for i =
1,...,r. Second, 1 = 1 is the minimal polynomial of A. Then A is similar to
®7_,C(¢), where C(1;) is the companion matriz of the form (2.18) corresponding
to the polynomaial ;.

Decompose each 1; = ;1 ... 14, to the product of its irreducible components, as
in the decomposition of 1 = 1y given in (2.19). Then A is similar to @ji;:10(¢i7l).

Suppose finally that ¥ (z) = H?Zl(z — X\;)™ where A\, ..., A\ are the k distinct
eigenvalues of A. Then A is similar to the Jordan canonical form given in Theorem
2.13.

Proof. Identify A with T': F" — F", where T'(x) = Ax. Use Theorem 2.32 to
decompose F" = @;_,U;, where each Uj; is a cyclic invariant subspaces such that
T'|U; has the minimal polynomial ;. Since Uj is cyclic then T'|Uj; is represented by
C(v;) in the suitable basis of U; as shown in the beginning of this section. Hence
A is similar to @]_;C(1).

Consider next T; := TU;. Use Theorem 2.23 to deduce that U; decomposes
to a direct sum of T; invariant subspaces @fi:lUi,z, where the minimal polynomial
of T;; := T;|U,;; is 1;;. Since U; was cyclic, i.e., T; was nonderogatory, it follows
that each T;; must be nonderogatory, i.e. U;; cyclic. (See Problem 3.) Recall that
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each T;; is represented in a corresponding basis by C(1;;). Hence A is similar to
r,t;
@i:lzlc(,(/)i,l)'

Suppose finally that 1(z) splits to linear factors. Hence ¢;; = (2 —A;)™it. Hence
T;; — N is nilpotent of index m;;. So there exists a basis in U;; such that T;; is
represented by the Jordan block Jy,, ,(A;). Therefore A is similar to a sum of corre-
sponding Jordan blocks. O

The polynomials 91, ..., appearing in Theorem 2.32 are called invariant polyno-
mials of T' or its representation matrix A, in any basis. The polynomials ¥; 1,...,%iy,,1 =
1,...,k appearing in Theorem 2.33 are called the elementary divisors of A, or the
corresponding linear transformation T represented by A. We now show that these
polynomial are uniquely defined.

Lemma 2.34 (Cauchy-Binet formula) For two positive integers 1 < p < m
denote by Qpm the set of all subsets o of {1,...,m} of cardinality p. (See bottom
of page 5 of these notes.) Let A € F™" B € F"¥! and denote C = AB € F™*x!,
Then for any integer p € [1,min(m,n,p)], @ € Qpm, B € Qp; the following identity
holds.

det Cla, B] = ) det Ao, ~]|Blv, 3] (2.20)
YE€EQp,n
Proof. It is enough to assume the case where « = 8 = {1,...,p}. This is

equivalent to the assumption that p = m =1 < n. For p = m = n = [ the Cauchy-
Binet formula reduces to det AB = (det A)(det B). So it is enough to consider the
casep=m=1<n. Let C = [Cij]‘?:j:y Then ¢;; = Zg:l it by for i, j =1,...,p.
Use multilinearity of the determinant to deduce

P P
detC = det[z aitjbtjj]f:jzl = Z det[aitjbtjj]?:jzl =

ti=1 t1,..,tp=1

p
> det A[{1,...ph At tp bbby

t1,.tp=1

Observe next that det A[{1,...,p},{t1,....tp}] =0ift; =t; forsome 1 <i < j <p,
since the the columns ¢; and ¢; in A[{1,...,p},{t1,...,tp}] are equal. Consider the
sum
> AL, ph At b abiga - e
{tit2,tp}=7€Qp,n
The above arguments yield that this sum is det(A[(p), v]C[v, (p)]) = (det A[(p),~])(det C[v, (p)]).
This establishes (2.20). O

Proposition 2.35 Let A(z) € F™*"[z]. Denote by the rank of A(z), denoted by
r = rank A(z) the size of the biggest minor of A(z) which is not a zero polynomial.
For an integer k € [1,7] let d(2) be the greatest common divisor of all k x k minors

of A(z), which is assumed to be a monic polynomial. Assume that 69 = 1. Then
(51"(51'4_1 fO?"i = 0,...,’/”— 1.

Proof. Expand a nonzero (k 4+ 1) x (k 4+ 1) minor of A(z) to deduce that
0k (2)|0k+1(2). In particular, §;|9; for 1 <i < j <. O
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Proposition 2.36 Let A(z) € F[z|™*". Assume that P € GL(m,F),Q €
GL(n,F). Let B(z) = PA(2)Q. Then

1. rank A(z) = rank B(z) = .
2. 0k(A(2)) = 0p(B(2)) for k=0,...,r.

Proof. Use Cauchy-Binet to deduce that rank B(z) < rank A(z). Since A(z) =
P~'B(2)Q~! it follows that rank A(z) < rank B(z). Hence rank A(z) = rank B(z) =
r. Use the Cauchy-Binet to deduce that 63 (A(2))|6x(B(2)). As A(z) = P7'B(2)Q~!
we deduce also that dx(B(2))|0k(A(2)). O

Definition 2.37 Let A € F"*™ and define A(z) := zI,, — A. Then the polyno-
mials the polynomials of degree 1 at least in the sequence ¢; = g":_"(gl),i =1,...,n

are called the invariant polynomials of A.

Note that the product of all invariant polynomials is det(zl, — A). In view of
Proposition 2.36 we obtain that similar matrices have the same invariant polyno-
mials. Hence for linear transformation 7" : V — V we can define its invariant
polynomials of T" by any representation matrix of 7' in a basis of V.

Theorem 2.38 Let T : V — V. Then the invariant polynomials of T are the
polynomaials 1, ..., Y, appearing in Theorem 2.32.

Proof. From the proof of Theorem 2.32 it follows that V has a basis in which T'

is represented by C' := &]_,;C(¢;). It is easy to see that for any monic polynomial
0 if degree m > 1 §,,—1(2I, — C(0)) is 1. Hence §,,—(C) =1, and 6,,—; = ¥y ... 9;
for 1 <i<r. Hencewi:%. O

Note that the above theorem implies that t;1]¢; fori =1,...,r — 1.

The irreducible factors ¢; 1,..., @iy, of ¥; given in Theorem 2.33 fori =1,...,r
are called the elementary divisors of A. The matrices ®F_, C(¢);), G}f’:tleC(zpu) are
called the rational canonical forms of A. Those are the canonical forms in the case
that the characteristic polynomial of A does not split to linear factors over F.

Problems
1. Let ¢(z) = 2! + Ei-:l a;2'~*. Denote by C(¢) the matrix (2.18). Show

(a) ¢(2) = det(zI — C(¢)).
(b) Show that the minimal polynomial of C(¢) is ¢, i.e. C(¢) is nonderoga-
tory.

(c) Assume that A € F"*" is nonderogatory. Show that A is similar to C(¢),
where ¢ is a characteristic polynomial of A.

2. Let T:V — V,dimV < 00,0 # u,w. Show that ¢yiw = (i‘jﬁjy

3. Let T : V — V and assume that V is a cyclic space, i.e. T' is nondegenerate.
Let ¢ be the minimal and the characteristic polynomial. Assume that ¢ =
119, where degy,degpy > 1, and (¢1,12) = 1. Show that there exists
0 # uy, up such that ¢; = 1y, = 1,2. Furthermore V = U; @ Ug, where U;
is the cyclic subspace generated by u;.
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4. Let T is a linear operator T': V — V and U is a subspace of V. Show

(a) Assume that 7U C U. Show that T induces a linear transformation
T:V/U - V/U,ie. T[x|:=[Tx].
(b) Assume that TU ¢ U. Show that T[x] := [T'x] does not make sense.

5. In this problem we finish the proof of Theorem 2.32.

(a) Show that v; is an annihilating polynomial of u; for ¢ > 2.
(b) By considering the vector [@;] = [u;] show that 1y, = 1; for i > 2.

(c) Show that the vectors u;, T, ..., 7% ~lu; i = 1,... r are linearly
independent. (Hint: Assume linear dependence of all vectors, and then
quotient this dependence by U;. Then use the induction hypothesis on
V)

(d) Let U; be the cyclic subspace generated by u; for i = 2,...,r. Conclude
the proof of Theorem 2.32.

6. Let the assumptions of Theorem 2.32 hold. Show that the characteristic poly-
nomial of T is equal to []i_; ¢.

3 Applications of Jordan Canonical form

3.1 Functions of Matrices

Let A € C™*"™. Consider the iterations
X; = Axj_1, Xj_1 € (Cn, l=1,... (3.1)

Clearly x; = Alxg. To compute x; from x;_; one need to perform n(2n — 1) flops,
(operations: n? multiplications and n(n — 1) additions). If we want to compute x;gs
we need to 10%n(2n — 1) operations, if we simply program the iterations (3.1). If
n = 10 it will take us some time to do these iterations, and we will probably run
to the roundoff error, which will render our computations meaningless. Is there any
better way to find x19s? The answer is yes, and this is the purpose of this section. To
do that we need to give the correct way to find directly Ams7 or for that matter any
f(A), where f(z) is either polynomial, or more complex functions as e, cos z, sin z,
an entire function f(z), or even more special functions.

Theorem 3.1 Let A € C*"*" and

k k
det(zl, — A) = [[(z = 2™, v(z) = [[(z = M)™(3:2)
i=1 i=1
k k
1§m::degw:Zmi§n:Zni, 1<m; <ng, i # N fori#3,4,5=1,...,k,
i=1 i=1

where (z) is the minimal polynomial of A. Then there exists unique m linearly
independent matrices Z;; € C™™ for i = 1,...,k and j = 0,...,m; — 1, which
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depend on A, such that for any polynomial f(z) the following identity holds

b il ()

i=1 j=0
(Zij,i=1,...,k,j=1,...,m; are called the A-components.)

Proof. We start first with A = J,,(\). So J,,(\) = AI,, + H,,, where H,
Jn(0). Thus H, is a nilpotent matrix, with H” = 0 and Hj, has 1’s on the J-
th subdiagonal and all other elements are equal 0 for j = 0,1,...,n — 1. Hence
I,=H% H,,...,H" ! are linearly independent.
Let f(z) = z!. Then

l min(l,n—1)
A= (AL + Hy) =) <;> NAH) = Y <l> A=iHT

=0 =0 J

.

The last equality follows from the equality H? = 0 for 5 > n. Note that (z) =
det(zl, — Ju(A)) = (z — A)", i.e. k =1 and m = m; = n. From the above equality
we conclude that Zy; = Hj, for j = 0,...if f(z) = 2t and 1 = 0,1,.... With this
definition of Z1; (3.3) holds for K;z!, where K; € C and [ = 0,1,.... Hence (3.3)
holds for any polynomial f(z) for this choice of A.

Assume now that A is a direct sum of Jordan blocks as in (2.6): A = @Z i1 (M)
Here m; = miy1 > ... > my, > 1for ¢ = 1,...,k, and \; # \; for @ # j. Thus
(3.2) holds with n; = 2?21 my; for i =1,..., k. Let f(z) be a polynomial. Then

f(A) = EB?’:l;»ZIf(Jmij (Xi)). Use the results for J,(\) to deduce
mg;—

(r
f( - —j 1 f m”

Let Z;; € C™*™ be a block diagonal matrix of the following form. For each integer [ €
[1, k] with [ # i all the corresponding blocks to J;,-(A;) are equal to zero. In the block
corresponding to Jy,,.(A\;) Zi; has the block matrix Hj,,, for j =0,...,m; —1. Note
that each Z;; is a nonzero matrix with 0 — 1 entries. Furthermore, two different Z;;
and Z;j» do not have a common 1 entry. Hence Z;;,¢ =1,...,k,j =0,...,m;—1 are
linearly independent. It is straightforward to deduce (3.3) from the above identity.

Let B € C™ ", Then B = UAU~! where A is the Jordan canonical form of
B. Recall that A and B have the same characteristic polynomial. Let f(z) € Cl[z].
Then (3.3) holds. Clearly

k
f(B)=UfAU! = Z

Hence (3.3) holds for B, where UZZ-jU_l,i =1,...,k,j = 0,...,m;j—1 are the
B-components.
The uniqueness of the A-components follows from the existence and uniqueness
of the Lagrange-Sylvester interpolation polynomial as explained below.
O
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Theorem 3.2 (The Lagrange-Sylvester interpolation polynomial). Let
ALy, A € C be k-distinct numbers. Let mq, ..., my be k positive integers and let
m=mi+...+my. Lets;j,i=1,...,k,j=0,...,m;—1 be any m complex numbers.
Then there exists a unique polynomial ¢(z) of degree at most m — 1 satisfying the
conditions ) (\;) = sij fori=1,...,k,j=0,...,m; — 1 satisfying the conditions.
(For m; =1,i=1,...,k ¢ is the Lagrange interpolating polynomial.)

Proof. The Lagrange interpolating polynomial is given by the formula

k
(Z — )\1) N (Z — )\i_l)(z — )\i—i-l) e (Z — )\k)
zZ) = S50-
?z) ; i = A1) i = MmN = A1) - — )
In the general case one determines ¢(z) as follows. Let ¥(z) := Hle(z — Ap)™
Then
k m;—1 Lo k m;—1
S =0 D e = 2 2 iz = X)), (34)
e (72— \g)mi—d :
i=1 j=0 =1 j=1
¥(2) m; i .
wlzmzn(z—)\]) 7, W(AT):Oforl:O,...,mr—l andr;éz.
J#i
Now start to determine Z;o, t;1, - . ., tj(m,—1) Tecursively for each fixed value of 7. This

is done by using the values of ¢()\;), @' (\i), ..., ¢~ D()\;) in the above formula for
¢(z). Note that deg ¢ < m — 1. It is straightforward to show that

4

B(\;) P @' (Ni) — tiobi(As) b ¢ (N) — tio; (Ai) — 2tal(\)
Gy Gy 20i(M)

The uniqueness ¢ is shown as follows. Assume that 0(z) is another Lagrange-
Sylvester polynomial of degree less than m. Then w(z) := ¢(z) — 0(z) must be
divisible by (z — \;)™, since w@W (\;) =0 for j =0,...,m; — 1, for eachi = 1,..., k.
Hence 9(z)|w(z). As degw(z) < m — 1 it follows that w(z) is the zero polynomial,
le. ¢(z) =6(2). O

tio = . (3.5)

Proof of the uniqueness of A-components. Let ¢;;(z) be the Lagrange-
Sylvester polynomial given by the data s; ;7' = 1,...,k,j' = 1,...,my — 1. As-
sume s;; = j! and all other s;y;7 = 0. Then (3.3) yields that Z;; = ¢;;(A). O

Example: Find the polynomials ¢;; for ¢(z) = 23(z — 1)%(z + 1).
Solution: )\1 == O,m1 = 3,)\2 = 1,m2 = 2, )\3 == —1,m3 =1.

U1 = (2 —1)%2, thy =22 (2 + 1), ¢33 = 2°(z — 1)%.

Proposition 3.3 Let A € C"*". Assume that the minimal polynomial 1(z) be
given by (3.2) and denote m = degv. Then for each integers u,v € [1,n]| denote
by an?, and (Zij)uy the (u,v) entries of A and of the A-component Z;; respectively.
Then (Zij)uw,i =1,...,k,7=0,...,m; —1 are the unique solutions of the following
system with m unknowns

kE m;—1

. l max(l—7j
Yy <>>\ (=397 ) = al, 1 =0,...,m—1. (3.6)
i=1 j=0 J
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(Note that (jl) =0 forj>1.)

Proof. Consider the equality (3.3) for f(z) = z! where I = 0,...,m — 1. Re-
stricting these equalities to (u,v) entries we deduce that (Z;;),, satisfy the system
(3.6). Thus the systems (3.6) are solvable for each pair (u,v),u,v =1,...,n. Let
Xij e C" i =1,...,kj=1,...,m; —1 such that ((Xj;)y, satisfy the system
(3.6) for each u,v € [1,n]. Hence f(A) = %, Z?ﬁal f(J;gAi)ﬂj for f(z) = 2! and
[ =0,...,m— 1. Hence the above equality holds for any polynomial f(z) of degree
less than m. Apply the above formula to the Lagrange-Sylvester polynomial ¢;; as
given in the proof of the uniqueness of the A-components. Then ¢;;(A) = X;;. So
Xij = Z;j. Thus each system (3.6) has a unique solution. O

The algorithm for finding the A-components and its complexity.

1. (a) Seti=1.
(b) Compute and store A°. Check if I,,, A, ..., A* are linearly independent.
If independent, set i =i+ 1 and go to (b).
(¢c) m =i and express A™ = >, a; A"~ Then ¢(z) = 2™ — >0 a;z™"
is the minimal polynomial.
(d) Find the k roots of ¢(z) and their multiplicities: 1(z) = [JF_, (z — X;)™.
(e) Find the A-components by solving n? systems (3.6).

2. The maximum complexity to find 1(z) happens when m = n. Then we need
to compute and store I,,, A, A%, ..., A". So we need n? storage space. Viewing
I,, A, ..., A" as row vectors arranged as i x n? matrix B; € (CiX”Q, we bring
B; to a row echelon form: C; = U;B;,U; € C™*. Note that C; is essentially
upper triangular. Then we add i + 1-th row: A*! to the B; to obtain C;, 1 =
Uir1Biy1. (C; is i x i submatrix of Cj41.) To get Ciyq from C; we need 2in?
flops. In the case m = n C,2,; has las row zero. So to find ¢ (z) we need at
most Kn* flops. (K < 27). The total storage space is around 2n3.

Now to find the roots of ¢ (z) with certain precision will take a polynomial
time, depending on the precision.

To solve n? systems with n variables, given in (3.6), use Gauss-Jordan for
the augmented matrix [S T]. Here S € C"*" stands for the coefficient of the
system (3.6), depending on Aq,...,A\x. T € Crxn? given the ”left-hand side”
of n? systems of (3.6). One needs around n® storage space. Bring [S T] to
[I, Q] using Gauss-Jordan to find A-components. To do that we need about
n* flops.

In summary, we need storage of 2n® and around 4n* flops. (This would suffice
to find the roots of ¥(z) with good enough precision.)

Problems

1. Let A € C*** be given as in Problem 3 of Section 2.3. Assume that the
characteristic polynomial of A is z2(z — 1)%.

(a) Use Problem 4 of Section 2.4 to find the Jordan canonical form of A.

32



(b) Assume that the minimal polynomial of A is z(z — 1)%. Find all the
A-components.

(c) Give the explicit formula for any A’.

2. Let A € C"*" and assume that det(z/,—A) = Hle(z—)\i)”i, and the minimal
polynomial ¢ (z) = Hle(z — X\)™ where A1, ..., \; are k distinct eigenvalues

of A. Let Z;;,j =0,...,m; —1,i =1,...,k are the A-components.

(a) Show that Z;;Z,, = 0 for i # p.
(b) What is the exact formula for Z;;Z;,?

3.2 Power stability, convergence and boundedness of matrices

Corollary 3.4 Let A € C™"™ Assume that the minimal polynomial ¥(z) be
given by (3.2) and denote by Z;j,i=1,...,k,j=0,...,m; — 1 the A-components.
Then for each positive integer |

f:iz% <) Amax(1=70) 7. . (3.7)

=1

If we know the A-components then to compute A! we need only around 2mn? <
2n3 flops! Thus we need at most 4n* flops to compute A’, including the computations
of A-components, without dependence on I! (Note that A} = el°8iXi ) So to find
X108 = A108x0 discussed in the beginning of the previous section we need about
10* flops. So to compute x;ps we need about 10*10? flops compared with 108102
flops using the simple minded algorithm explained in the beginning of the previous
section. There are much simpler algorithms to compute A! which are roughly of
the order (log, 1)?n?® of computations and (log, [)?n? (4n%?) storage. See Problem ?
However roundoff error remains a problem for large .

Definition 3.5 Let A € C™". A is called power stable if lim;_.o A' = 0. A is
called power convergent if lim;_,oo A' = B for some B € C"*™. A is called power
bounded if there exists K > 0 such that the absolute value of every entry of every
ALl =1,... is bounded above by K.

Theorem 3.6 Let A €¢ C*"*". Then

1. A is power stable if and only if each eigenvalue of A is in the interior of the
unit disk: |z| < 1.

2. A is power convergent if and only if each eigenvalue A of A satisfies one of the
following conditions

(a) |Al <1;

(b) A =1 and each Jordan block of the JCF of A with an eigenvalue 1 is of
order 1, i.e. 1 is a simple zero of the minimal polynomial of A.

3. A is power bounded if and only if each eigenvalue A of A satisfies one of the
following conditions
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(a) Al <1;
(b) |A| =1 and each Jordan block of the JCF of A with an eigenvalue X\ is of

order 1, i.e. X\ is a simple zero of the minimal polynomial of A.

Proof. Consider the formula (3.4). Since the A-components Z;j,i =1,....k,j =

0,...,m; — 1 are linearly independent we need to satisfy the conditions of the the-
orem for each term in (3.4), which is (;) Aé_]Zij for [ >> 1. Note that for a fixed j
lim;_, o (ﬁ) /\é_j = 0 if and only if |A;| < 1. Hence we deduce the condition I of the
theorem. A

Note that the sequence (é) /\é_] U =34,7+1,..., converges if and only if either
|[Ail <1lor A;=1and j=0. Hence we deduce the condition 2 of the theorem.

Note that the sequence (]l.))\i_j , 0 =17,7+1,...,1is bounded if and only if either
[Ail| <1or|\|=1and j=0. Hence we deduce the condition 3 of the theorem.

O

Corollary 3.7 Let A € C" " and consider the iterations x; = Ax;_1 for | =
1,.... Then for any xg

1. limj_o x; = 0 if and only if A is power stable.
2. x1,1 =0,1,... converges if and only if A is power convergent.
3. x5, =0,1,... is bounded if and only if A is power bounded.

Proof. If A satisfies the conditions of an item i Theorem 3.6 then the corre-
sponding condition 4 of the corollary clearly holds. Assume that the conditions of
an item 7 of the corollary holds. Choose x¢g = €; = (41}, ... ,5nj)T forj=1,...,n
to deduce the corresponding condition ¢ of Theorem 3.6. O

Theorem 3.8 Let A € C™"*™ and consider the nonhomogeneous iterations
X =Ax;_1+b;, 1=0,... (38)
Then

1. im0 x; = 0 for any x¢9 € C™ and any sequence by, by, ... satisfying the
condition lim;_,o, b; = 0 if and only if A is power stable.

2. The sequence x;,1 = 0,1, ... converges for any xo and any sequence bg, by, ...
satisfying the condition Z%:o b; converges if and only if A is power convergent.

3. The sequence x;,1 = 0,1,... is bounded for any xo and any sequence bg, b1, ...
satisfying the condition Z;:O ||bi||loc converges if and only if A is power bounded.
(Here ||(@1, .. ) oo = mXiciy 21

Proof. Assume that b; = 0. Since x( is arbitrary we deduce the necessity of

all the conditions from Theorem 3.6. The sufficiency of the above conditions follow
from the Jordan Canonical Form of A as follows.
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Let J = U~YAU where U is an invertible matrix and J is the Jordan canonical
form of A. By letting y; := U 'x; and ¢; = U~ 'b; it is enough to prove the
sufficiency part of the theorem for the case where A is sum of Jordan blocks. In
this case system (3.8) reduces to independent systems of equations for each Jordan
block. Thus it is left to prove the theorem when A = J,,(\).

1. We show that if A = J,,(A\) and |A\| < 1, then lim;_,,, x; = 0 for any xo and
b;,l=1,...if lim;_,, b; = 0. We prove this claim by the induction on n. For
n =1 (3.8) reduces to

= Ar;_1+0b, zo,x;,0p€Clorl=1,... (39)

It is straightforward to show, e.g. use induction that

l
zp =Y XNb_ij=b+M_1+...+XNbg 1=1,..., were by :=x0. (3.10)
=0

Let B = sup;>,, |bi|. Since lim;_,o by = 0, it follows that each 3, is finite,

the sequence G,,,m = 0,1,... decreasing and lim,, . Bm = 0. Fix m. Then
forl >m
! ‘ l—m . m '
] <> Il = D Al + D A b <
i=0 i=0 j=1
l—m A m 4 ) ' m A
B > AN A bl < B DA+ AT D 1A b | =
i=0 j=1 i=0 j=1
B

m
— 1 5m
NS A o | — as | — oo.
1— Al ; Y

That is limsup;_, . |z < ﬁ'l”/\‘. As lim,, o By = 0 it follows that lim sup;_, o |x;| =

0, which is equivalent to the statement lim;_,,, z; = 0. This proves the case

n=1.
Assume that the theorem holds for n = k. Let n = k 4+ 1. View XlT =
(xLl,le, )Tabl = (bl,lacl—rv >T7 where Yy = ((BZ,h <o 7xk+1,l)T7Cl € (Ck are the

vectors composed of the last k coordinates of x; and b; respectively. Then
(3.8) for A = Jiy1(A) for the last k coordinates of x; is given by the sys-

tem y; = Jp(N)y;—1 + ¢ for I = 1,2,.... Since lim;_,, ¢; = 0 the induction
hypothesis yields that lim; .o, y; = 0. The system (3.8) for A = Ji11(A)
for the first coordinate is x1; = Axy;—1 + (22;—1 + b1y) for | = 1,ldots.

From induction hypothesis and the assumption that lim; .., b; = 0 we de-
duce that lim;_.o x2;—1 + b1 ; = 0. Hence from the case k = 1 we deduce that
lim;_,, 21; = 0. Hence lim;_,o, x; = 0. The proof of this case is concluded.

2. Assume that A satisfies the each eigenvalue A of A satisfies the following
conditions: either |A\| < 1, or A = 1 and each Jordan block corresponding to
1 is of order 1. As we pointed out we assume that A is a direct sum of its
Jordan form. So first we consider A = Ji(A) with |[A| < 1. Since we assumed
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that Zi’il b; converges we deduce that lim; .., b; = 0. Thus, by part I we
get that lim;_,., x; = 0.

Assume now that A = (1) € C*!. Thus we consider (3.9) with A = 1. (3.10)
yields that x; = Zi:o b;. By the assumption of the theorem ) .°, b; converges,
hence the sequence z;,l = 1,... converges.

3. Asin the part 2 it is enough to consider the case J;(A) with |A| = 1. Note that
(3.10) yields that |z;| < Zi:o |b;|. The assumption that »":°, |b;| converges
imply that |2;| <> 72, |bi] < oo.

Remark 3.9 The stability, convergence and boundedness of the nonhomoge-
neous systems:

X = Aixi_q, AZGC”X", l=1,...,
x=Ax;_1+b, 4, cC”", b eC" [=1,...,

are much harder to analyze. (If time permits we revisit these problems later on in
the course.)

Problems

1. Consider the nonhomogeneous system x; = A;x;_1, 4, € C™™" [ =1,....
Assume that the sequence A;,l = 1,..., is periodic, i.e. Aj, = A; for all
I=1,..., and a fixed positive integer p.

(a) Show that for each xg € C" lim;_. x; = Oifand only if B := A A, 1 ... 44
is power stable.

(b) Show that for each xo € C™ the sequence x;,l = 1,..., converges if and
only if the following conditions satisfied. First, B is power convergent,
i.e. lim_o B! = C. Second, 4;,C =C fori=1,...,p.

(c¢) Find a necessary and sufficient conditions such that for each xo € C" the
sequence x;,l = 1,...,, is bounded.

3.3 ¢ and stability of certain systems of ODE
Recall that the exponential function e® has the MacLaurin expansion
2

N A —iz—l
B 2 6 &=

Hence for each A € C™**™ one defines

A% A3 = Al
A . _E
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More generally, if ¢ € C then

A% A3 Al
At . —
e =1, + At + 5t 5 +..._l§_0 T

Hence e“? satisfies the matrix differential equation

At

ed—t = Aet = A4, (3.11)

At Au — SA(t+u)

Also one has the standard identity e for any complex numbers ¢, u.

Proposition 3.10 Let A € C™*" and consider the system of linear system of

n ordinary differential equations with constant coefficients ) _ Ax(t), where

dt
x(t) € C", satisfying the initial conditions x(tg) = xo. Then x(t) = eAl—tox,
is the unique solution to the above system. More generally, let b(t) € C™ be any
continuous vector function on R and consider the monhomogeneous system of n

ordinary differential equations with the initial condition:

dx(t)
dt

= Ax(t) + b(t), =x(to) = xo. (3.12)

Then this system has a unique solution of the form

t
x(t) = eAll—to) +/ eA(t*")b(u)du. (3.13)

to

Proof. The uniqueness of the solution of (3.12) follows from the uniqueness of
solutions to system of ODE (Ordinary Differential Equations). The first part of the
proposition follows from (3.11). To deduce the second part one does the variations
of parameters. Namely one tries a solution z(t) = eA(t~t)y(t) where y(t) € C" is
unknown vector function. Hence

X/ _ (eA(tfto))/y(t)_’_eA(tfto)y/(t) — AeA(tfto)y(t)_}_eA(tfto)y/(t) _ Ax(t)_’_eA(tfto)y/(t)'

Substitute this expression of x(¢) to (3.12) to deduce the differential equation y’ =
e~ Al—to)b(t). Since y(ty) = xo this simple equation have a unique solution y(t) =
Xp + ftz eAw=t0)b(y)du. Now multiply by eA(*=*) and use the fact that e?ted" =
e tv) to deduce (3.13). O

Note: The second term in the formula (3.13) can be considered as a perturbation
te(rr)n to the solution d’;—g) = Ax(t),x(to) = %o, i.e. to the system (3.12) with
b(t) = 0.

Use (3.3) for e*! and the observation that % =tle*,j =0,1,... to deduce:

Zij. (3.14)

We can substitute this expression for e4? in (3.13) to get a simple expression of
the solution x(¢) of (3.12).
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Definition 3.11 Let A € C™*". A is called exponentially stable, or simple
stable, if limy_,o0 € = 0. A is called exponentially convergent if lim_,o0 et = B
for some B € C"*™. A is called exponentially bounded if there exists K > 0 such
that the absolute value of every entry of every e, t € [0,00) is bounded above by K.

Theorem 3.12 Let A € C**"™. Then

1. A is stable if and only if each eigenvalue of A is in the left half of the complex
plane: Nz < 0.

2. A is exponentially convergent if and only if each eigenvalue A of A satisfies
one of the following conditions

(a) RA < 0;
(b) A =2nl\/—1 for some integer 1, and each Jordan block of the JCF of A

with an eigenvalue X\ is of order 1, i.e. A is a simple zero of the minimal
polynomial of A.

3. A is exponentially bounded if and only if each eigenvalue X of A satisfies one
of the following conditions

(a) RA < 0;

(b) RX\ = 0 and each Jordan block of the JCF of A with an eigenvalue X is
of order 1, i.e. X is a simple zero of the minimal polynomial of A.

Proof. Consider the formula (3.14). Since the A-components Z;;,i =1,...,k,j =
0,...,m;—1 are linearly independent we need to satisfy the conditions of the theorem
for each term in (3.14), which is %e)‘itZij. Note that for a fixed j lim; %6)‘it =0
if and only if R\; < 0. Hence we deduce the condition 7 of the theorem.
Note that the function %e/\it converges as t — oo if and only if either ®)\; < 0
or e’ =1and j=0. Hence we deduce the condition 2 of the theorem.
Note that the function %e/\it is bounded for ¢ > 0 if and only if either ®A; < 0
or [e}| =1 and j = 0. Hence we deduce the condition & of the theorem.
O

Corollary 3.13 Let A € C™*™ and consider the system of differential equations
d’;—g) = Ax(t),x(tg) = xo. Then for any xo

1. limy_,oo x(t) = 0 if and only if A is stable.

2. x(t) converges as t — oo if and only if A is exponentially convergent.

3. x(t),t € [0,00) is bounded if and only if A is exponentially bounded.

Theorem 3.14 Let A € C™*™ and consider the system of differential equations
(8.12). Then for any xo € C"

1. limy_, o x(t) = O for any continuous function b(t), such that lim;_,, b(t) = 0,
if and only if A is stable.
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2. x(t) converges ast — oo for any continuous function b(t), such that ftzo b(u)du
converges, if and only if A is exponentially convergent.

3. x(t),t € [0,00) is bounded for any continuous function b(t), such that j; u)|du
converges if and only if A is exponentially bounded.

Proof. The necessity of the conditions of the theorem follow from Corollary
3.13 by choosing b(t) =0

1. Suppose that A is stable. Then Corollary 3.13 yields that lim;_. e**xg = 0.
Thus show that lim; .~ x(t) = 0, it is enough to show that the second term
in (3.13) tends to 0. Use (3.14) to show that it is enough to demonstrate that

¢
lim [ (t—u)er""g(u)du = 0, where R\ < 0,

t—o00 to

for any continuous g(t) € [tg, o), such that lim g(¢) = 0. For € > 0 there exists
T = T'(e) such that |g(t)| < e for t > T(¢). Let t > T(¢). Then

t . T(e) . t .
| [ (=) g(u)du| = | (t —u) X g(u)du + / (t = u) X" g (u)dul
to

to
T(e)
<[ (- uperg dum/ ) X g )
to
T(e)
< -tV g(uydul + ¢ / (t— w0y,
to T(E)

Consider the first term in the last inequality. Since lim;_.o, t/e* = 0 it follows
that the first term converges to zero. The second term bounded by eK for K :=
Jo7 tie™dt. Hence as € — 0 we deduce that lim; .o fti) (t—u)? =W g(u)du =
0.

2. Using part 1 we deduce the result for any eigenvalue A with ®A < 0. It is left
to discuss the case A = 0. We assume that the Jordan blocks of A correspond
to A = 0 are of length one. So the A-component corresponding to A = 0 is
Z10- The corresponding term is

4 Inner product spaces

4.1 Inner product

Definition 4.1 Let F = R,C and let V be a vector space over F. Then (-,-) :
V XV — F is called an inner product if the following conditions hold:

(a) (ax+by,z) =a(x,z)+b(y,z), foralla,beF, x,y,z€V,
(br) forF=R (y,x)=(x,y), forallx,yeV;

(be) for F=C (y,x)=(x,y), forallx,y€V;

(¢) (x,x) >0 forallx e V\{0}.

[|Ix|| := v/(x,%) is called the norm (length) of x € V.

39



Other standard properties of inner products are mentioned in Problems 4.2-4.3.
We will use the abbreviation IPS for inner product space. In this chapter we assume
that F = R, C unless stated otherwise.

Proposition 4.2 Let 'V be a vector space over R. Identify V. with the set of
pairs (X,y), X,y € V. Then V. is a vector space over C with

(a+vV-1b)(x,y) := a(x,y) + b(—y,x), foralla,beR, x,y € V.

If V has a basis ey, ..., e, overF then (e1,0),...,(e,,0) is a basis of V. over C. Any
inner product (-,-) on 'V over R induces the following inner product on V.:

(xy), (0, v)) = (x,u) + (v, v) + V=1({y,u) = (x,v)), x,y,u,v € V.
We leave the proof of this proposition to the reader (Problem 4.4).

Definition 4.3 Let V be an IPS. Then
(a) x,y € V are called orthogonal if (x,y) = 0.
(b) S, T C 'V are called orthogonal if (x,y) =0 foranyxe€ S, yeT.
(d) For any S C V, S+ C V is the maximal orthogonal set to S.
(e) X1, ..., Xy, is called an orthonormal set if

<Xi,Xj> = 517, Z,j = 1, ey T

(f) X1, ..., %y, is called an orthonormal basis if it is an orthonormal set which is a
basis in V.

Definition 4.4 (Gram-Schmidt algorithm.) Let V be an IPS and S =
{X1,..,Xm} C V a finite (possibly empty) set (m > 0). Then S = {ei,...,ep}
is the orthonormal set (p > 1) or the empty set (p = 0) obtained from S using the
following recursive steps:

(a) If x1 = 0 remove it from S. Otherwise replace x1 by ||x1||~'x1.

(b) Assume that Xx1,...,X) is an orthonormal set and 1 < k < m. Let ypi1 =
Xk41 — Z§:1<Xk+1, Xi)Xi. If yr+1 = 0 remove X1 from S. Otherwise replace Xj11
by [yksal| " yrr-

Corollary 4.5 Let V be an IPS and S = {x1,...,x,} C V be n linearly inde-
pendent vectors. Then the Gram-Schmidt algorithm on S is given as follows:

Y1
y1 =Xy, T11 = HY1||, e == —,
11

Tji = <Xz',ej>, ] = 1, ,Z - 1, (41)
i—1 v;
Yi =X — eriep rii == |yill, € = #7 1=2,..,mn.

jzl (22

for

In particular, ; € S; and ||y;|| = dist(x;, S;—1), where S; = span(xi,...,X;)
i=1,..,n and Sy = {0}. (See Problem 4.5 for the definition of dist(x;, Si—1).)

Corollary 4.6 Any (ordered) basis in a finite dimensional IPS V induces an
orthonormal basis by the Gram-Schmidt algorithm.
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See Problem 4.5 for some known properties related to the above notions.

Remark 4.7 It is known, e.g. [?] that the Gram-Schmidt process as described
in (4.1) is numerically unstable. That is, there is a severe loss of orthogonality of
Y1, .. as we proceed to compute y;. In computations one uses either a modified GSP
or Householder orthogonalization [?].

Definition 4.8 (Modified Gram-Schmidt algorithm.) Let V be an IPS
and S = {X1,....xm} C V a finite (possibly empty) set (m > 0). Then S =
{e1,...,ep} is the orthonormal set (p > 1) or the empty set (p = 0) obtained from S
using the following recursive steps:

e [nitialize j =1 and p =m.

o Ifx; #0 let e; := MXJ'. If x; = 0 replace p by p — 1 and x; by x;41 for
. . J
1=7,...,p.

e p;:= (x;,ej)e; and replace x; by x; :==x; —p; fori=j+1,...,p.

o Let j =3+ 1 and repeat the process.

MGS algorithm is stable, needs mn? flops, which is more time consuming then
GS algorithm.

Problems
(4.2)
Let V be an IPS over F. Show
(0,x) = (x,0) =0,
for F =R (z,ax + by) = a(z,x) + b(z,y), foralla,b € R, x,y,z €V,
for F = C (z,ax + by) = a(z,Xx) + b(z,y), foralla,b € C, x,y,z€ V.

(4.3)
Let V be an IPS. Show
(a) |lax|| = |a| ||x|| for a € F and x € V.
(b) The Cauchy-Schwarz inequality:
| ) < x| lyll;
and equality holds if and only if x,y are linearly dependent (collinear).
(c) The triangle inequality
[+l < [Ix|[ +[l¥]],
and equality holds if either x = 0 or y = ax for a € R;..
(4.4)
Prove Proposition 4.2.
(4.5)
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Let V be a finite dimensional IPS of dimension n. Assume that S C V. Show

(a) If xq, ..., Xy, is an orthonormal set then x1, ..., X, are linearly independent.

(b) Assume that ey, ..., e, is an orthonormal basis in V. Show that for any x € V
the orthonormal expansion holds

n
x=> (x,e)e;. (4.6)
i=1
Furthermore for any x,y € V

n

(x,y) =) (xe)y,e). (4.7)

=1

(c) Assume that S is a finite set. Let S be the set obtained by the Gram-Schmidt
process. Show that S = ) <= spanS = {0}. Show that if S # 0 then e, . €p s
an orthonormal basis in span S.

(d) There exists an orthonormal basis ey, ...,e, in V and 0 < m < n such that

el,....en €5, span S =span(ey,...,ep),
St = span(€m41, -, €n),
(§+)% = spans.

(e) Assume from here to the end of the problem that S is a subspace. Show V =
So St

(f) Let x € V and let x = u + v for unique u € S, v € S*. Let P(x) := u be the
projection of x on S. Show that P : 'V — V is a linear transformation satisfying

P?=P, RangeP =S, KerP=5".
(g) Show

dist(x, S) :=||x — Px|| < ||x — w|| for any w € S
and equality <= w = Px. (4.8)

(h) Show that dist(x, S) = ||x—w]|| for some w € S if and only if x —w is orthogonal
to S.

(i) Let ey, ..., ey be an orthonormal basis of S. Show that for each x € V Px =

f:l <ya ei>ei-

(Note: Px is called the least square approzimation to x in the subspace S.)

(4.9)

Let X € C™*" and assume that m > n and rank X = n. Let xq1,...,x, € C™ be the
columns of X, i.e. X = (x1,...,Xy). Assume that C™ is an IPS with the standard
inner product < x,y >= y*x. Perform the Gram-Schmidt algorithm (4.5) to obtain
the matrix @ = (e, ...,e,) € C™*". Let R = (rj)} € C"*™ be the upper triangular
matrix with r;;, j < i given by (4.1). Show that QTQ = I, and X = QR. (This
is the QR algorithm.) Show that if in addition X € R™*"™ then @ and R are real
valued matrices.
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(4.10)

Let C € C™*™ and assume that {1, ..., A\, } are n eigenvalues of C' counted with their
multiplicities. View C' as an operator C' : C"* — C". View C" as 2n-dimensional
vector space over R?". Let C = A ++/—1B, A, B € M,,(R).

- A -B
a. Then C := B A
operator over R in suitably chosen basis.
b. Show that {\1, A1, ..., A\n, An} are the 2n eigenvalues of C counting with multi-
plicities.
c. Show that the Jordan canonical form of C, is obtained by replacing each Jordan
block M + H in C by two Jordan blocks AI + H and X\ + H.

€ My, (R) represents the operator C' : C" — C" as an

4.2 Geometric interpretation of the determinant

Definition 4.9 Letx1,...,X,;, € R™ be m given vectors. Then the parallelepiped
P(x1y,...,Xm) is defined as follows. The 2™ wvertices of P(x1,...,X) are of the

form v :=>"" 1 a;x;, where a; = 0,1 for i =1,...,m. Two vertices v.= "y ", a;X;
and w = Y bix; of P(X1,...,%Xpm) are adjacent, i.e. connected by an edge in
P(x1,...,Xm), if [|[(a1,...,am)" — (b1,...,bym) || =1, i.e. the 0 — 1 coordinates of
(ai,...,am)" and (by,...,by)" differ only at one coordinate k, for some k € [1,m].

Note that if ey, ...,e, is the standard basis in R, i.e. € = (614,...,0n) .5 =
1,...,n, then P(ey,...,e;) is the m-dimensional unit cube, whose edges are parallel
to ei,..., e, and its center (of gravity) is %(17 ...,1,0,...,0)T, where 1 appears m

———

times for 1 < m < n.
For m > n P(x1,...,%,,) is "flattened” parallelepiped, since xi,...,x,, are
always linearly dependent in R™ for m > n.

Proposition 4.10 Let A € R™ "™ and view A = [c1 c2...¢y] as an ordered
set of n wvectors, (columns), ci,...,¢c,. Then |det A| is the n-dimensional volume
of the parallelepiped P(cy,...,cn). If c1,...,¢p are linearly independent then the
orientation in R"™ induced by cq,...,c, is the same as the orientation induced by

eq,...,e, if det A > 0, and is the opposite orientation if det A < 0.

Proof. det A = 0 if and only if the columns of A are linearly dependent.
If c1,...,cy, are linearly dependent, then P(cy,...,c,) lies in a subspace of R",
i.e. some n — 1 dimensional subspace, and hence the n-dimensional volume of
P(cy,...,cy) is zero.

Assume now that det A # 0, i.e. cy,...,c, are linearly independent. Perform
that Gram-Schmidt process 4.4. Then A = QR, where Q = [e; e3...€,] is an
orthogonal matrix and R = (rj;) € R™*" is an upper diagonal matrix. (See Problem
4.9.) So detA = det@QdetR. Since Q'Q = I, we deduce that 1 = detl, =
det QT det Q = det Q det Q = (det Q)2. So det @ = £1 and the sign of det Q is the
sign of det A.

Hence |det A| = det R = 111722 . . . Ty Recall that r1; is the length of the vector
c1, and 74 is the distance of the vector e; to the subspace spanned by eq,...,e;_1
for i = 2,...,n. (See Problem 4.5 parts (f-i).) Thus the length of P(cy) is r1;. The
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distance of cg to P(cy) is r92. Hence the area, i.e 2-dimensional volume of P(cq, c2)
is r11722. Continuing in this manner we deduce that the ¢ — 1 dimensional volume

of P(c1,...,€i—1) is r11...7(1)(i—1)- As the distance of ¢; to P(c1,...,¢;—1) is 7y
it follows that the i-dimensional volume of P(cy,...,¢;) is r11...74. For i = n
we get that |det A| = rq1...7r,, which is equal to the n-dimensional volume of
P(Cl, e ,Cn).

As we already pointed out the sign of det A is equal to the sign of det Q = +1.
If det Q = 1 it is possible to "rotate” the standard basis in R™ to the basis given by
the columns of an orthogonal matrix @@ with det @ = 1. If det Q@ = —1, we need one

reflection, i.e. replace the standard basis ey, ..., e, be the new basis —eq,es,..., e,
and the rotate the new basis —ej, es, ..., e, to the basis consisting of the columns
of an orthogonal matrix ), where det Q = —1. O

Theorem 4.11 (The Hadamard determinantal inequality) Let A = [cy, ...
C™*™. Then |det A| < ||c1]| ||c2l] - - -|lcnl|- Equality holds if and only if either c; = 0
for some i or (c;,c;) =0 for all i # j, i.e. c1,...,¢cy is an orthogonal system.

Proof. Assume first that det A = 0. Clearly the Hadamard inequality holds.
Equality in Hadamard inequality if and only if ¢; = 0 for some 1.

Assume now that det A # 0 and perform the Gram-Schmidt process. From (4.1)
it follows that A = QR where @ is a unitary matrix, i.e. Q*Q = I, and R = (rj;) €
C™*™ upper triangular with r; real and positive numbers. So det A = det Q) det R.
Thus

1 =detl, =detQ*Q = det Q*det Q = det Qdet Q = | det Q|*> = | det Q| = 1.

Hence |det A| = det R = 711722 ... Ty According to Problem 4.5 and the proof
of Proposition 4.10 we know that ||c;]| > dist(c;,span(cy,...,ci—1)) = 14 for
i = 2,...,n. Hence |detA| = detR < ||c1]| ||cz||..-]|lcn]|- Equality holds if
|lc;|| = dist(c;,span(cy,...,ci—1)) for ¢ = 2,...,n. Use Problem 4.5 to deduce
that ||c;|| = dist(c;, span(cy,...,c;—1)) if an only if (c;,c;) =0for j =1,...,7i— 1.

Use these conditions for ¢ = 2, ... to deduce that equality in Hadamard inequality
holds if and only if ¢, ..., c, is an orthogonal system. O
Problems

1. Let A = (aij)i; € C™". Assume that |a;;| < K for all i, = 1,...,n. Show
that |det A| < K™n2.

2. Let A = (a5)};—=; € C"*" such that |a;;| < 1 fori,j =1,...,n. Show that
|det A| = n? if and only if A*A = AA* = nl,. In particular, if |det A| = n?
then |a;j| =1fori,j =1,...,n.

3. Show that for each n there exists a matrix A = (a;;)7';—; € C"*" such that

la;j| =1 fori,j =1,...,n and | det A =nz.

4. Let A = (ai;) € R™™™ and assume that a;; = £1,4,j = 1,...,n. Show that if
n > 2 then the assumption that |det A| = n? yields that n is divisible by 4.
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5. Show that for any n = 2™, m = 0,1,... there exists A = (a;;) € R™*"
such that a;; = £1,4,5 = 1,...,n and |det A| = ns. (Hint: Try to prove by
induction on m that A € R?"*2™ can be chosen symmetric, and then construct
B e R 2" yging A.)

Note: A matrix A = (a;;);;_; € R™" such that a;; = +1 for 3,5 = 1,...,n
and |det A| = n? is called a Hadamard matrix. It is conjectured that for each n
divisible by 4 there exists a Hadamard matrix.

4.3 Special transformations in IPS

Proposition 4.12 Let V be an IPS and T : V — V a linear transformation
Then there ezists a unique linear transformation T* : V. — V such that (Tx,y) =
(x, T*y) for all x,y € V.

See Problems 1-2.

Definition 4.13 Let'V be an IPS and let’T' : V — V be a linear transformation.
Then
(a) T is called self-adjoint if T* =T
(b) T is called anti self-adjoint if T* = —T';
(c) T is called unitary if T*T =TT* = I;
(d) T is called normal if T*T = TT*.
Denote by S(V), AS(V), U(V), N(V) the sets of self-adjoint, anti self-adjoint,

unitary and normal operators on 'V respectively.

Proposition 4.14 Let V be an IPS over F = R,C with an orthonormal basis
E ={ei,...,e,}. Let T : V — V be a linear transformation. Let A = (a;;) € F™*"
be the representation matriz of T in the basis E:

a;; = (Tej,e;), i,j=1,..,n (4.1)
Then for F = R:

(a) T*is represented by A,

(b) T isselfadjoint <= A= AT,

(¢) T is anti selfadjoint <= A= —AT,

(d) Tisunitary <= A isorthogonal <= AA" = ATA=1,
()

>~

T isnormal <= Aisnormal < AA" = AT A,
and for F = C:

a) T*is represented by A* (:= A"),

T is selfadjoint <= A is hermitian < A = A",

T is anti selfadjoint <= A is anti hermitian <= A = —A",
d) T isunitary <= Aisunitary < AA*"=A"A=1,

e) Tisnormal <= Aisnormal <= AA* = A"A.

See Problem 3.
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Proposition 4.15 Let V be an IPS over R, and let T € Hom(V). Let V. be
the complexification of V.. Show that there exists a unique T, € Hom(V.) such that
T.|V = T. Furthermore T is self-adjoint, unitary or normal if and only if T, is
self-adjoint, unitary or normal respectively.

See Problem 4

Definition 4.16 For a field F let

S(n,F):={AeDv™: A=AT},
AS(n,F):={AeDV":. A=—AT},
O(n,F):={AeD™": AAT =ATA=1},
SO(n,F):={A€0O(n,D): detA=1},
DO(n,F) := D(n,D) N O(n,D),
N(n,R):={AcR™": AAT = AT A},
N(n,C):={AcC™": AA* = A*A},
H,:={AecC"": A=A},

AH, ={AeCY": A=-A"},

U, :={AcCY": AA* = A*A=1},
SU,:={Ae€U,: detA=1},

DU, :=D(n,C)NU,.

See Problem 5 for relations between these classes.

Theorem 4.17 Let V be an IPS over C of dimension n. Then a linear trans-
formationT : V — V is normal if and only if V has an orthonormal basis consisting
of eigenvectors of T.

Proof. Suppose first that V has an orthonormal basis e, ..., e, such that T'e; =
Ai€;, i =1,...,n. From the definition of T* it follows that T%e; = \je;, i = 1, ..., n.
Hence TT* = T*T.

Assume now T is normal. Since C is algebraically closed T has an eigenvalue A;.
Let V1 be the subspace of V spanned by all eigenvectors of T corresponding to the
eigenvalue \;. Clearly TV C V1. Let x € Vy. Then T'x = A\;x. Thus

T(T*x) = (TT*)x = (T*T)x = T*(Tx) = MT*x = T*V; C V.

Hence TVi,T*Vi C Vi. Since V = V1 @ Vi it is enough to prove the theorem
for T|Vy and T|V7y.

As T|V1 = M1y, it is straightforward to show T%|V; = A\ Iy, (see Problem
2). Hence for T|V; the theorem trivially holds. For T|V{ the theorem follows by
induction. |

The proof of Theorem 4.17 yields:

Corollary 4.18 Let V be an IPS over R of dimension n. Then the linear
transformation T : V. — V with a real spectrum is normal if and only if V has an
orthonormal basis consiting of eigenvectors of T'.
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Proposition 4.19 Let 'V be an IPS over C. Let T € N(V). Then

T is self — adjoint <= spec (T') C R,
T is unitary <= spec (T) C S'={z€C: |[z] =1}

Proof. Since T is normal there exists an orthonormal basis ey, ..., e, such that
Te; = M\e;, i =1,...,n. Hence T"e; = \;e;. Then

T=T" < \N=M\,i=1,...,n,
TT* =TT =1 < |\|=1,i=1,..,n.

a

Combine Proposition 4.15 and Corollary 4.18 with the above proposition to
deduce:

Corollary 4.20 Let 'V be an IPS over R and let T € S(V). Then spec (T') C R
and V has an orthonormal basis consisting of the eigenvectors of T .

Proposition 4.21 Let 'V be an IPS over R and let T € U(V). Then V =
Bic{-1,1,2,....k} Vi, where k > 1, V; and V are orthogonal for i # j, such that
(a) T’V71 = _IV,l dimV,l > 0,
(b) T|V1 = IV1 dimV1 2 O,
() TV; =V, dimV; =2, spec (T|V;) C S\{-1,1} fori=2,...,k.

See Problem 7.

Proposition 4.22 Let V be an IPS over R and let T € AS(V). Then V =
®ic{1,2,..k} Vi, where k > 1, V; and V; are orthogonal for i # j, such that
(a) T’Vl = OV1 dimVo > O,
(b) TV, =V,;, dimV; = 2, spec (T|V;) C v/—1R\{0} fori=2,... k.

See Problem 8.

Theorem 4.23 Let V be an IPS over C of dimensionn. Let T € Hom(V). Let
A, .ry A € C be n eigenvalues of T counted with their multiplicities. Then there
exists a unitary basis g1, ...,8n of V with the following properties:

Tspan(g17 agl) C Span(gla "'7gi)7 <Tg27g't> = >\i7 1= 1a ey TN (42)

Let 'V be an IPS over R of dimension n. Let T € Hom(V) and assume that
spec (T') C R. Let A\j,....\n € R be n eigenvalues of T counted with their mul-

tiplicities. Then there exists an orthonormal basis g1, ...,8n of V such that (4.2)
holds.

Proof. Assume first that V is IPS over C of dimension n. The proof is by
induction on n. For n = 1 the theorem is trivial. Assume that n > 1. Since
A1 € spec (T) it follows that there exists g1 € V, (g1,81) = 1 such that T'g; = A1g1.
Let U := span(g;)*. Let P be the orthogonal projection on U. Let Ty := PT|y.
Then T} € Hom(U). Let A2, ..., \n be the eigenvalues of T counted with their
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multiplicities. The induction hypothesis yields the existence of an orthonormal
basis g2, ..., g, of U such that

Tlspan(gQ, 7g1) C span(gg, ceny gi), <T1gl', gz> = >\i, 1= 1, ey M.

It is straightforward to show that T'span(g,...,g;) C span(gi,...,g;) fori =1,....n.
Hence in the orthonormal basis g1, ..., g, T is presented by an upper diagonal matrix
B = (bi;)}, with bi; = A\ and b; = Ni, i = 2,...,n. Hence Ai, Ao, ..., \, are the
eigenvalues of T' counted with their multiplicities. This establishes the theorem in
this case. The real case is treated similarly. O

Combine the above results with Problems 6 and 12 to deduce:

Corollary 4.24 Let A € C™ ™. Let A1, ..., A\ € C be n eigenvalues of A counted
with their multiplicities. Then there exist an upper triangular matriz B = (b))} €
C™*™  such that by; = N, i = 1,...,n, and a unitary matrizc U € U, such that
A=UBU . If A€ N(n,C) then B is a diagonal matriz.

Let A € R™™ and assume that spec (T) C R. Then A = UBU ! where U
can be chosen a real orthogonal matriz and B a real upper triangular matriz. If
A € N(n,R) and spec (A) C R then B is a diagonal matriz.

It is easy to show that U in the above Corollary can be chosen in SU,, or SO(n, R)
respectively (Problem 11).

Definition 4.25 Let 'V be a vector space and assume that T : V — V is a
linear operator. Let 0 # v € V. Then W = span(v,T'v,T?v,...) is called a cyclic
invariant subspace of T generated by v. (It is also referred as a Krylov subspace
of T generated by v.) Sometimes we will call W just a cyclic subspace, or Krylov
subspace.

Theorem 4.26 Let 'V be a finite dimensional IPS. Let T : V. — 'V be a linear
operator. For 0 # v € V let W = span(v,Tv,...,T""'v) be a cyclic T-invariant
subspace of dimension r generated by v. Let uy,...,u, be an orthonormal basis of
W obtained by the Gram-Schmidt process from the basis [v,TV,...T""1v] of W.
Then (Ta;,uj) =0 for 1 <i < j—2, i.e. the representation matriz of T|W in the
basis [uy,...,w,] is upper Hessenberg. If T is self-adjoint then the representation
matriz of T|W in the basis [ui,...,w,| is a tridiagonal hermitian matriz.

Proof. Let W; = span(v,...,77"'v) for j = 1,..,r + 1. Clearly TW, C
W, for j = 1,...,7. The assumption that W is T-invariant subspace yields
W =W, =W, ;. Since dim W = r it follows that v,...,7""'v are linearly inde-
pendent. Hence [v,...,T""1v] is a basis for W. Recall that span(uy, ..., u;) =W,
forj=1,...,r. Let r > j > i+ 2. Then Tu; € TW; C W;1. Asu; L W;
it follows that (Tu;,u;) = 0. Assume that 7 = T. Let r > ¢ > j + 2. Then
(T'uj,uj) = (u;,Tuj) = 0. Hence the representation matrix of T|W in the basis
[ui,...,u,] is a tridiagonal hermitian matrix. O

Problems
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. Prove Proposition 4.12.
. Let P,Q € Hom(V),a,b € F. Show that (aP + bQ)* = aP* + bQ*.
. Prove Proposition 4.14.

. Prove Proposition 4.15 for finite dimensional V. (Hint: Choose an orthonor-
mal basis in V.)

. Show the following

SO(n,D) C O(n,D) C GL(n,D),

S(n,R) C H, C N(n,C),

AS(n,R) c AH,, C N(n,C),
S(n,R),AS(n,R) C N(n,R) C N(n,C),
O(n,R) c U, C N(n,C),

SO(n,D), O(n,D), SU,, U, are groups

1
S(n,D) is a D — module of dimension (n ;— >,

AS(n,D) is a D — module of dimension (Z) ,

H, isanR — vector space of dimension n’.
AH,=v-1H,

. Let £ = {ey,...,e,} be an orthonormal basis in IPS V over F. Let G =
{g1,...,8n} be another basis in V. Show that F' is an orthonormal basis if
and only if the tranfer matrix either from E to G or from G to F is a unitary
matrix.

. Prove Proposition 4.21
. Prove Proposition 4.22

cosf sinf

. a. Show that A € SO(2,R) is of the form A = .
—sinf cosd

],HGR.

b. Show that SO(2,R) = eASZR) That is for any B € AS(2,R) ef ¢
SO(2,R) and any A € SO(n, R) is e? for some B € AS(2,R). (Hint: Consider

the power series for e, B = [_00 g] )

c. Show that SO(n,R) = eAS(*R)  (Hint: Use Propositions 4.21 and 4.22 and
part b.)

d. Show that SO(n,R) is a path connected space. (See part e.)

e. Let V be an n(> 1)-dimensional IPS over F = R. Let p € (n —1). Assume
that x1,...,x, and y1,...,y, be two orthonormal systems in V. Show that
these two o.n.s. are path connected. That is there are p continuous mappings
z;(t) : [0,1] — V, i =1, ...,p such that for each t € [0,1] z;(¢), ..., z,(¢) is an
on.s. and z;(0) = x;,2;(1) = y;,i =1, ...,p.
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10. a. Show that U,, = ¢AH»_ (Hint: Use Proposition 4.19 and its proof.)
b. Show that U, is path connected.
c. Prove Problem 9e for F = C.

11. Show
(a) D1DDY = D for any D € D(n,C), D; € DU,,.
(b) A€ N(n,C) < A=UDU*, U € SU,, D € D(n,C).
(c) Ac N(m,R), 0(A)CR < A=UDU', U €S0, DcD(n,R).

12. Show that an upper triangular or a lower triangular matrix B € C™*" is normal
if and only if B is diagonal. (Hint: consider the equality (BB*)11 = (B*B)11.)

13. Let the assumptions of Theorem 4.26 hold. Show that instead of performing
the Gram-Schmidt process on v,Tv,...,T7""!v one can perform the following
process. Let wy := HTIHV' Assume that one already obtained ¢ orthonormal
vectors wi, ..., w;. Let w1 := Tw; — Z§:1<Twi,wj)wj. If w;11 = 0 then
stop the process, i.e. one is left with ¢ orthonormal vectors. If w;y; % 0 then
Wipl 1= vaiﬂ and continue the process. Show that the process ends

after obtaining r orthonormal vectors wi,...,w, and u; = w; for i =1, ..., 7.

(This is a version of Lanczos tridiagonalization process.)

4.4 Symmetric bilinear and hermitian forms

Definition 4.27 Let V be a module over D and QQ : V XV — D. Q is called a
symmetric bilinear form (on V) if the following conditions are satisfied:

(a) Q(x,y) = Q(y,x) for all x,y € V (symmetricity);

(b) Q(ax+bz,y) = aQ(x,y) +bQ(z,y) for alla,b € D and x,y,z € V (bilinearity).
For D = C Q is called hermitian form (on V) if Q satisfies the conditions (a’)

and (b) where

(d') Q(x,y) = Q(y,x) for allx,y € V (barsymmetricity).
The following results are elementary (see Problems 1-2):

Proposition 4.28 Let V be a module over D with a basis E = {ey,...,ey}.
Then there is 1 — 1 correspondence between a symmetric bilinear form @@ on V and
A e S(n,D):

Q(x,y) =n'Ag,

n n
X = Zfiei? y= Znieiv f = (flv "-7§n>T777 = (7717 -~-7777‘L)T e D"
=1 =1

Let V be a vector space over C with a basis E = {ey,...,en}. Then there is 1 — 1
correspondence between a hermitian form QQ on' V and A € Hy,:

Q(x,y) = n A,

n n
X = Z&ieia y = Znieiv f = (Eh '”7€n)T777 = (7717 "'77771)T eC™.
=1 =1
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Definition 4.29 Let the assumptions of Proposition 4.28 hold. Then A is called
the representation matriz of Q) in the basis E.

Proposition 4.30 Let the assumptions of Proposition 4.28 Let F' = {f1,....,fn}
be another basis of the D module V. Then the symmetric bilinear form Q is repre-
sented by B € S(n,D) in the basis F', where B is congruent A:

B=U"AU, U e GL(n,D)

and U is the matriz corresponding to the basis change from F to E. For D = C the
hermitian form @ is presented by B € H,, in the basis F', where B hermicongruent
to A:

B=U"AU, U € GL(n,C)

and U 1is the matrix corresponding to the basis change from F to E.

In what follows we assume that D = F = R, C.

Proposition 4.31 Let V be an n dimensional vector space over R. Let @) :
V XV — R be a symmetric bilinear form. Let A € S(n,R) the representation
matriz of QQ with respect to a basis E in V. Let V. be the extension of V over C.
Then there exists a unique hermitian form Q. : V. x V. — C such that Q.|vxv = Q
and Q. is presented by A with respect to the basis E in V..

See Problem 3

Normalization 4.32 Let V is a finite dimensional IPS over F. Let QQ : V X
V — F be either a symmetric bilinear form for F = R or a hermitian form for F = C.

Then a representation matriz A of Q) is chosen with respect to an orthonormal basis
E.

The following proposition is straightforward (see Problem 4).

Proposition 4.33 Let 'V is an n-dimensional IPS over F. Let Q : VXV — F
be either a symmetric bilinear form for F = R or a hermitian form for F = C. Then
there exists a unique T € S(V) such that Q(x,y) = (Tx,y) for anyx,y € V. In any
orthonormal basis of V. Q and T represented by the same matriz A. In particular
the characteristic polynomial p(\) of T is called the characteristic polynomial of Q.
Q has only real roots:

A(Q) = . = M(Q),

which are called the eigenvalues of Q). Furthermore there exists an orthonormal basis
F = {fi,...f,} in V such that D = diag(A1(Q), ..., \n(Q)) is the representation
matriz of Q in F.

Vice versa, for any T € S(V) and any subspace U C 'V the form Q(T,U) defined

by
Q(T,U)(x,y) = (I'x,y) forx,y €U

is either a symmetric bilinear form for F =R or a hermitian form for F = C.

In the rest of the book we use the following normalization unless stated otherwise.
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Normalization 4.34 Let 'V is an n-dimensional IPS over F. Assume that
T € S(V). Then arrange the eigenvalues of T counted with their multiplicities in
the decreasing order
AM(T) > ... > M(T).

Same normalization applies to real symmetric matrices and complex hermitian ma-
trices.

Problems
1. Prove Proposition 4.28.
2. Prove Proposition 4.30.
3. Prove Proposition 4.31.

4. Prove Proposition 4.33.

4.5 Max-min characterizations of eigenvalues

Definition 4.35 Let V be a finite dimensional space over the field F. Denote
by Gr(m, V) be the space of all m-dimensional subspaces in U of dimension m €
[O, n] N Z+.

Theorem 4.36 (The convoy principle) Let 'V be an n-dimensional IPS. Let
T € S(V). Then

M(T) = max  min (%, %) =
UeGr(k,V) 0#x€U (X, X)

A T U k=1, ..
Uerélﬁiw (Q(T,0)), sy T,

(4.1)

where the quadratic form Q(T,U) is defined in Proposition 4.33. For k € [1,n]NN
let U be an invariant subspace of T' spanned by eigenvectors ey, ..., e corresponding
to the eigenvalues A1 (T), ..., \g(T'). Then \e(T) = M\ (Q(T,U)). Let U € Gr(k, V)
and assume that \p(T) = M\ (Q(T,U)). Then U contains and eigenvector of T
corresponding to A\ (T).

In particular

(4.2)

Moreover for any x # 0

A(T) = <<];(X’X);> — Tx=M(T)x,
An(T) = <Z;<X;;> e Tx=M\(T)x,
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(Tx,x)
(x,x)

(4.2) is called convoy principle.
Proof. Choose an orthonormal basis E = {ey, ..., e,} such that

The quotient , 0 #£ x € Vis called Rayleigh quotient. The characterization

Te;, = )\i(T)ei, < e, e >= (51'3' i,j = 1, ey N (4.3)
Then "
(Tx,x) _ >0y (D) il
= = , X= zrie; # 0. (4.4)
<X7X> Z?:l |xl’2 ; o

The above equality yields straightforward (4.2) and the equality cases in these char-
acterizations. Let U € Gr(k, V). Then the minimal characterization of A;(Q(7, U))
yields the equality

M(Q(T,U)) = min

B %) for any U € Gr(k, U). (4.5)

Next there exists 0 # x € U such that (x,e;) =0fori=1,..,k—1. (Fork =1
this condition is void.) Hence

(Tx,%) _ S, M)
x) | y [l

< Me(T) = Me(T) = Me(Q(T, U)).

Let

MT)= .=, (T) > AXD)py+1(T) = oo = Aip (T) > ... >

Ay 1+1(T) = . =M. (T) = M(T), no=0<n; <..<np=n. (4.6)
Assume that nj_; < k < nj. Suppose that Ay (Q(T,U)) = A(T). Then for x € U
such that (x,e;) = 0 we have equality A\;(Q(7,U)) = A\e(T) if and only if x =
Z:ﬁk zie;. Thus Tx = A\ (T)x.

Let Uy = span(eq,...,e). Let 0 #x = Zle € Ug. Then
(Tx, %) _ 3oy M(T) il
= == > Me(T) = Me(Q(T, Ug)) > Me(T).
box) X [l

Hence /\k(Q(T, Uk)) = )\k(T) O

It can be shown that for £ > 1 and A\ (7)) > A\i(T) there exist U € Gr(k, V)
such that A (T) = A\x(T,U) and U is not an invariant subspace of T, in particular
U does not contain all ey, ..., e satisfying (4.3). (See Problem 1.)

Corollary 4.37 Let the assumptions of Theorem 4.36 hold. Let 1 < ¢ < n.
Then

Mo(T) = Me(Q(T, W k=1...0 4.
k(1) W K(Q(T, W)), s (4.7)

Proof. For k < ¢ apply Theorem 4.36 to A, (Q (T, W)) to deduce that A\ (Q(T, W)) <
Me(T). Let Uy = span(ey, ...,e¢). Then

Me(Q(T,Up) = \e(T), k=1,....0

53



Theorem 4.38 (Courant-Fisher principle) Let V be an n-dimensional IPS and
T € S(V). Then

T
M\e(T) = min max (T%,%)

, k=1,...,n.
WeGr(k—1,V) 0£xeWL (X, X)

See Problem 2 for the proof of the theorem and the following corollary.

Corollary 4.39 Let V be an n-dimensional IPS and T € S(V). Let k,l € [1,n]
be integers satisfying k < 1. Then

An—tk(T) < A (Q(T, W) < A (T),  forany W € Gr(¢, V).

Theorem 4.40 Let V be an n-dimensional IPS and S,T € S(V). Then for
any i,j € N,i+ j — 1 < n the inequality Niyj—1(S +T) < Xi(S) + X;(T) holds.

Proof. Let U;_1,V;_1 C V be eigenspaces of S,T spanned by the first
i — 1,7 — 1 eigenvectors of S, T respectively. So

(5%, %) < Xi(S)(x,x), (Ty,y) < X(T){y,y) for all x € U~y € V.

Note that dimU;_; = i — 1,dimVj,1 =j5—1. Let W =U,;_; + ijl- Then
dimW =1 —1<i+j—2. Assume that z € W+, Then ((S + T)z,z) = (Sz,2z) +
(Tz,2) < (i(S) + A;(T))(2,7). Hence maxg ews LD < A(S) + A(T). Use

Theorem 4.38 to deduce that A\i;;—1(S +T) < N(S+T) < N(S) + X (T). O

Definition 4.41 Let 'V be an n-dimensional IPS. Fiz an integer k € [1,n].
Then Fy, = {f1,....,fy} is called an orthonormal k-frame if < £;,f; >= d;; for i,j =
1,...,k. Denote by Fr(k, V) the set of all orthonormal k-frames in V.

Note that each Fj € Fr(k, V) induces U = spanF} € Gr(k, V). Vice versa, any
U € Gr(k, V) induces the set Fr(k, U) of all orthonormal k-frames which span U.

Theorem 4.42 Let 'V be an n-dimensional IPS and T € S(V). Then for any
integer k € [1,n]

k k
)\'i T)= max Tfl,fl .
izl ( ) {fl,...,fk}eFr(k:,V);< >
Furthermore
k k
D> N(T) =) (T, f)
i=1 i=1

for some k-orthonormal frame Fy, = {f1,...,fx} if and only if spanFy, is spanned by
el, ..., e, satisfying (4.3).
Proof. Define

k
trQ(T,U) ==Y _M(Q(T,U)) for U € Gr(k, V),
=1
(4.8)
k
trk T .= Z )\z(T)
i=1
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Let Fy, = {f1,...,fx} € Fr(k, V). Set U = spanF}. Then in view of Corollary 4.37

k

k
D (T, ) =tr Q(T,U) <> N(T
i=1

=1

Let Ey, := {e1,...,e;} where ey, ..., e, are given by (4.3). Clearly try T = tr Q(T', spanEy).
This shows the maximal characterization of try 7.

Let U € Gr(k, V) and assume that try 7' = tr Q(7, U). Hence \;(T) = \(Q(T, U))
for i =1, ..., k. Then there exists G = {g1, ..., 8k} € Fr(k, U)) such that

(Tx,x)

min
0#x€Espan(gi,...,gi } <X,X>

= X(Q(T,U)) = \(T), i =1,..., k.

Use Theorem 4.36 to deduce that T'g; = \;(T')g; for i = 1,.... k. O

Theorem 4.43 Let V be an n-dimensional IPS and T € S(V). Then for any
integer k,l € [1,n], such that k+1<n

I+k k
Ai(T)=  min max Tf;, f;).
Z (T) WeC(l,V) {fl,...,fk}eFr(k,VﬁWJ-)Z< oo £
i=l+1 i=1
Proof. Let W, := span(ey,...,e;),j = 1,...,n, where ey, ...,e, are given by

(4.3). Then Vi := VN Wi is an invariant subspace of T. Let T} := T|V;. Then
Ai(Ty) = Ny (T) for i = 1,...,n — I. Theorem 4.42 for T} yields

k I+k

max Z (Tf;, £;) Z Ai(

{f17...,fk}EFr(k:,VﬂWlJ‘)i 1 iml+1

Let Ty := T|Wyyx and W € Gr(l, V). Set U := Wy, N W-. Then dimU > k.
Apply Theorem 4.42 to —T5 to deduce

k k
PRIl Z —Tf;,£;) for {f1, ..., f;} € Fr(k, U).
i=1 i=1
The above inequality is equal to the inequality
l+k k
> N(T Z (Tf;,£;) for {fy,...,f;,} € Fr(k,U) <
i=l+1 i=1
k
a Tt f;).
{f1,~~~,fk}g:r(}l{%VﬁWJ‘) ZZ;< o)
The above inequalities yield the theorem. O
Problems
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. Let V be 3 dimensional IPS and T' € Hom(V) be self-adjoint. Assume that
)\1(T) > )\Q(T) > )\3(T), Te; = /\i(T)ei, 1=1,2,3.

Let W = span(ey, e3).

(a) Show that for each ¢t € [A3(T),A1(T)] there exists a unique W(t) €
Gr(1, W) such that A\ (Q(T, W (t))) = t.
(b) Let t € [Ma(T), A\ (T)]. Let U(t) = span(W (t),e2) € Gr(2, V). Show that
A2(T) = X (Q(T, U(2)).

. (a) Let the assumptions of Theorem 4.38 hold. Let W € Gr(k — 1, V). Show
that there exists 0 # x € W+ such that (x,e;) = 0 for k& + 1,...,n, where
el, ..., e, satisfy (4.3). Conclude that \;(Q(T, W+)) > % > M\e(T).

(b) Let Uy = span(ey,...,ep). Show that A\ (Q(T,U})) = A1 (T) for £ =
1,...,n—1.

(c) Prove Theorem 4.38.

(d) Prove Corollary 4.39. (Hint: Choose U € Gr(k, W) such that U C W N
span(€,_giki1, - en). Then A\ o 1(T) < M(Q(T,U)) < M(Q(T, W)).)

. Let B = [bij]}szl € H,, and denote by A € H,,_; the matrix obtained from B
by deleting the 7 — th row and column.

(a) Show the Cauchy interlacing inequalities

)\z(B) > )\Z(A) Z )\i—i-l(B)a for i = 1, ey — 1.

(b) Show that inequality A1(B) + An(B) < Ai(A4) + bi;.
Hint. Express the traces of B and A respectively in terms of eigenvalues
to obtain

n—1

A(B) + An(B) = bii + M (A) + > (Ai(A) = \i(B)).
=2

Then use the Cauchy interlacing inequalities.

. Show the following generalization of Problem 3.b ([?, p.56]). Let B € H,, be

By 312}
. Show that
B, Ba

the following 2 x 2 block matrix B = [
)\1(B) + )\n(B) < )\1(311) + )\1(322).

Hint. Assume that Bx = \{(B)x,x' = (x{,x, ), partitioned as B. Consider
U = span((x{,0) ", (0,%;)"). Analyze A\i1(Q(T,U)) + A2(Q(T, U)).

. Let B = (b;;)} € H,. Show that B > 0 if and only if det(b;;)¥ > 0 for
k=1,..,n.

o6



6. Let T € S(V). Denote by t4(T),to(T),.—(T) the number of positive, neg-
ative and zero eigenvalues among A\i(7T) > ... > A\, (T'). The triple «(T) :=
(t4(T),00(T),e—(T)) is called the inertia of T. For B € H, let «(B) :=
(t+(B),to(B),t—(B)) be the inertia of B, where t4(B),to(B),t—(B) is the
number of positive, negative and zero eigenvalues of B respectively. Let
U € Gr(k, V). Show

(a) Assume that A\ (Q(T,U)) > 0, i.e. Q(T,U) > 0. Then k < 14 (T). If
k = 14(T) then U is the unique invariant subspace of V spanned by the
eigenvectors of T' corresponding to positive eigenvalues of T

(b) Assume that Ay (Q(T,U)) > 0, ie. Q(T,U) > 0. Then k < 1 (T") + 1o(T).
If Kk =14(T)+ to(T) then U is the unique invariant subspace of V spanned
by the eigenvectors of T' corresponding to nonnegative eigenvalues of 7.

(¢) Assume that \(Q(T,U)) < 0, i.e. Q(T,U) < 0. Then k < (7).
If K = ¢_(T) then U is a unique invariant subspace of V spanned by the
eigenvectors of T' corresponding to negative eigenvalues of T'.

(d) Assume that A1 (Q(T,U)) <0,ie. Q(T,U) <0. Then k < ¢_(T) + 1o(T).
If k=11_(T)+ to(T) then U is a unique invariant subspace of V spanned by
the eigenvectors of T' corresponding to nonpositive eigenvalues of T'.

7. Let B € H,, and assume that A = PBP* for some P € GL(n,C). Then
L(A) = «(B).

4.6 Positive definite operators and matrices

Definition 4.44 Let V be a finite dimensional IPS over F = C,R. Let S,T €
S(V). ThenT > S, (T > 8S) if (T'x,x) > (Sx,x), ((I'x,x) > (Sx,x)) for all
0#x € V. T is called positive (nonnegative) definite if T > 0 (T > 0), where 0 is
the zero operator in Hom(V).

Denote by S+ (V)° C S1(V) C S(V) the open set of positive definite self adjoint
operators and the closed set of nonnegative selfadjoint operators respectively.

Let P,Q be either quadratic forms if F = R or hermitian forms if F = C. Then
Q>P (Q>P)if Qx,x) > P(x,x), (Q(x,x) > P(x,x)) for all0 #x € V. Q is
called positive (nonnegative) definite if Q > 0 (Q > 0), where 0 is the zero operator
in Hom(V).

For ABe€H, B>A(B>A)ifx*Bx > x*Ax (x*Bx > x*Ax) for all 0 #
x € C". B € H,, is called is called positive (nonnegative) definite if B > 0 (B > 0).
Denote by Hy, , C H,,+ C H,, the open set of positive definite n x n hermitian
matrices and the closed set of n X n nonnegative hermitian matrices respectively.
Let S (n,R) :=S(n,R)NH, 1, Sy(n,R)?:=S(n,R)NHj, ..

Use (4.1) to deduce.

Corollary 4.45 Let V be n-dimensional IPS. Let T € S(V). Then T > 0 (
0) if and only if \p(T) > 0 (A (T) > 0). Let S € S(V) and assume that T > S (
S) Then )\Z(T) > )\z(S) ()\l(T) > )\Z(S)) fOT’i = 1, .

T>
T>

Proposition 4.46 Let V be a finite dimensional IPS. Assume that T € S(V).
Then T > 0 if and only if there exists S € S(V) such that T = S?. Furthermore
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T > 0 if and only if S is invertible. For 0 < T € S(V) there exists a unique
0 < S € S(V) such that T = S?. This S is called the square root of T and is

denoted by T3,

Proof. Assume first that T' > 0. Let eq, ..., €, be an orthonormal basis consisting
of eigenvectors of T" as in (4.3). Since A\;(T) > 0, i = 1,...,n we can define P €

Hom(V) as follows
Pei = \/)\Z-(T)ei, 1= 1,...,77,.

Clearly P is self-adjoint nonnegative and T' = P2.

Suppose now that 7' = S? for some S € S(V). Then T € S(V) and (Tx,x) =
(Sx,Sx) > 0. Hence T" > 0. Clearly (I'x,x) = 0 <= Sx = 0. Hence
T >0 < S e GL(V). Suppose that S > 0. Then \;(S) = VAN(T), i =1,...,n.
Furthermore each eigenvector of S is an eigenvector of T. It is straightforward
to show that S = P, where P is defined above. Clearly 7' > 0 if and only if
VAn(T') > 0, ie. if and only if S is invertible. O

Corollary 4.47 Let B € H,, (S(n,R)). Then B > 0 if and only there exists
A € H, (S(n,R)) such that B = A%. Furthermore B > 0 if and only if A is
invertible. Folr B > 0 there exists a unique A > 0 such that B = A?. This A is
denoted by B2.

Theorem 4.48 Let V be an IPS over F = C,R. Let x1,....,X, € V. Then
the grammian matric G(X1,...,Xp) = ((Xi,X;))} is a hermitian nonnegative defi-
nite matriz. (If F = R then G(x1,...,Xy) is real symmetric nonnegative definite.)
G(X1,...,Xn) > 0 if and only X1, ..., Xy, are linearly independent. Furthemore for any
integer k € [1,n — 1]

det G(x1, ..., Xp) < det G(x1, ..., X)) det G(Xp41, -y Xn)- (4.1)

Equality holds if and only if either det G(x1,...,xx) det G(Xki1,....%xn) = 0 or
(xi,xj) =0 fori=1,...,kand j =k +1,...,n.

Proof. Clearly G(x1,...,x,) € H,,. If V is an IPS over R then G(x,...,x,) €
S(n,R). Let a = (a1, ...,a,)" € F". Then

n n
a*G(xy,...,X,)a = (Z a;Xq, Zajxj> > 0.
i=1 j=1

Equality holds if and only if ;" | a;x; = 0. Hence G(x1, ..., X,) > 0 and G(x1, ..., Xy,
0 if and only if xq, ..., x,, are linearly independent. In particular det G(x1,...,x,) > 0
and det G(x1,...,X,) > 0 if and only if x1, ..., x,, are linearly independent.

We now prove the inequality (4.1). Assume first that the right-hand side of (4.1)
is zero. Then either x4, ..., X} or X4 1, ..., X, are linearly dependent. Hence x1, ..., x5,
are linearly dependent and det G = 0.

Assume now that the right-hand side of (4.1) is positive. Hence xi, ..., X
and Xg41,..., X, are linearly independent. If xi,...,x, are linearly dependent then
det G = 0 and strict inequality holds in (4.1). It is left to show the inequality
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(4.1) and the equality case when xi,...,x, are linearly independent. Perform the
Gram-Schmidt algorithm on xi,...,x, as given in (4.1). Let S; = span(xy, ..., X;)
for j = 1,...,n. Corollary 4.1 yields that span(ey,...,e,—1) = S,—1. Hence y, =
X, — Z;le bjx; for some by,...,bp—1 € F. Let G’ be the matrix obtained from
G(x1,...,Xy,) by subtracting from the n-th row b; times j-th row. Thus the last row
of G is ((Yn,X1), ey (Yny Xn)) = (0,..., 0, lynl|?). Clearly det G(x1,...,x,) = det G’.
Expand det G’ by the last row to deduce

det G(x1, ..., Xpn) = det G(X;, ..., Xn1) lynll®* = ... =

det G(x1,...xx) [[ llyil® = (4.2)
i=k+1

det G(Xl, ...,Xk) H diSt(Xi, Si_l)z, k=n-— 1, veey 1.
i=k+1

Perform the Gram-Schmidt process on xg41, ..., X, to obtain the orthogonal set of
vectors Ygi1, ..., ¥n such that

A~

S] = SpaD(Xk+1, 7Xj) = Span(ykﬁ-‘rla ay])a dlSt(Xjagjfl) = ||yj||7

for j=k+1,...,n, where S = {0}. Use (4.2) to deduce that det G(Xgy1, ..., Xn) =
H?:k—&-l 9112, As Sj—1 C Sj_ for j > k it follows that

;| = dist(x;, Sj—1) < dist(x;, Sj-1) = [[¥;l, 5=k +1,..,n.

This shows (4.1). Assume now equality holds in (4.1). Then |ly;|| = [|y;|| for
j=k+1,..,n Since S’j_l C Sj—1 and y; —x; € 5']-_1 C Sj—1 it follows that
dist(x;, Sj-1) = dist(y;,Sj-1) = [ly;|l. Hence [ly;|| = dist(y;,5;-1). Part (h)
of Problem 4.1.4.5 yields that y; is orthogonal on S;_;. In particular each y;
is orthogonal to Sy for j = k + 1,...,n. Hence x; L S; for j = k+1,...,n,
ie. (xj,%x;) = 0for j > k and i < k. Clearly, if the last condition holds then
det G(x1,...,%,) = det G(x1, ..., X)) det G(Xg41, ...y Xp)- O

det G(x1, ..., Xy, ) has the following geometric meaning. Consider a parallelepiped
IT in V spanned by xi, ..., x, starting from the origin 0. That is II is a convex hull
spanned by the vectors 0 and ) ;¢ x; for all nonempty subsets S C {1,...,n}. Then
V/det G(x1, ..., X,,) is the n-volume of II. The inequality (4.1) and equalities (4.2)
are ”obvious” from this geometrical point of view.

Corollary 4.49 Let 0 < B = (b))} € H,, . Then
det B < det(b;;)§ det(b;;)it 1, fork=1,...,n— 1.

For a fixed k equality holds if and only if either the right-hand side of the above
inequality is zero or bj; =0 fori=1,...,k and j =k +1,...,n.

Proof. From Corollary 4.47 it follows that B = X? for some X € H,. Let
X1,...,X, € C" be the n-columns of X7 = (x1,...,x,). Let (X,y) = y*x. Since
X € H,, we deduce that B = G(x1, ..., Xp). O
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Theorem 4.50 Let 'V be an n-dimensional IPS. Let T € S. TFAE:
(a) T > 0.
(b) Let g1, ...,8n be a basis of V. Then det((Tgi,gj>)ﬁj:1 >0, k=1,....n.

Proof. (a) = (b). According to Proposition 4.46 T = S? for some S € S(V) N
GL(V). Then (T'g;, g;) = (Sgi, Sg;). Hence det((Tgl-,gj))fij:l = det G(Sg1, ..., SLk)-
Since S is invertible and gy, ..., g linearly independent it follows that Sgy, ..., Sgx
are linearly independent. Theorem 4.1 implies that det G(Sgi,...,Sgr) > 0 for
k=1,..,n.

(b) = (a). The proof is by induction on n. For n = 1 (a) is obvious. Assume
that (a) holds for n = m — 1. Let U := span(gi,...,g,—1) and Q := Q(T,U).
Then there exists P € S(U) such that < Px,y >= Q(x,y) =< Tx,y > for any
x,y € U. By induction P > 0. Corollary 4.37 yields that A\,—1(T) > A\,—1(P) > 0.
Hence T has at least n — 1 positive eigenvalues. Let ey, ..., e, be given by (4.3).
Then det((T'e;,e;))7 ;=1 = [lig M(T) > 0. Let A = (apg)? € GL(n,C) be the

transformation matrix from the basis g1, ..., g, to e1, ..., e,, i.e.
n
g, = E Gpi€p, 1= 1, ey N
p=1

It is straightforward to show that

(Tgi, )t = AT((Tey, e.))A =
(4.3)

det((T'g;, g;))t = det((Te;, e;))7| det A]* = | det A|? H/\i(T)'
i=1

Since det((T'g;, g;))1 > 0 and A\ (T') > ... > A\p—1(T") > 0 it follows that A, (T") > 0.
a

Corollary 4.51 Let B = (b;;)} € H,,. Then B > 0 if and only if det(b;;)} > 0
fork=1,..n.

The following result is straightforward (see Problem 1):

Proposition 4.52 Let V be a finite dimensional IPS over F = R, C with the
inner product (-,-). Assume that T € S(V). Then T > 0 if and only if (x,y) :=
(Tx,y) is an inner product on V. Vice versa any inner product (-,-) : V.xV — R
is of the form (x,y) =< Tx,y > for a unique self-adjoint positive definite operator
T € Hom(V).

Example 4.53 Fach 0 < B € H,, induces and inner product on C": (x,y) =
y*Bx. Each 0 < B € S(n,R) induces and inner product on R": (x,y) = y! Bx.
Furthermore any inner product on C™ or R™ is of the above form. In particular, the
standard inner products on C* and R™ are induces by the identity matriz I.

Definition 4.54 Let 'V be a finite dimensional IPS with the inner product (-, -).
Let S € Hom(V). Then S is called symmetrizable if there erists an inner product
(+,+) on V such that S is self-adjoint with respect to (-,-).
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Problems
1. Show Proposition 4.52.

2. Recall the Holder inequality

n n n
1 1
Zl‘lyzaz < (Z fﬁfal)p(z ylar) (4.4)
=1 =1 =1
for any x = (21,...,2,) ",y = (W1, yn) L, a= (a1,...,a,) € R" and p,q €
(1, 00) such that % + % = 1. Show

(a) Let Ac Hy, +,x € C" and 0 < i < j < k be three integers. Then

k—j j—i

x*Alx < (x*A'x) i (X*Akx)h. (4.5)

Hint: Diagonalize A.
(b) Assume that A = e for some B € H,,. Show that (4.5) holds for any

three real numbers i < j < k.
4.7 Inequalities for traces

Let V be a finite dimensional IPS over F = R,C. Let T : V — V be a linear
operator. Then trT is the trace of the representation matrix A of with respect to
any orthonormal basis of V. See Problem 1.

Theorem 4.55 Let V be an n-dimensional IPS over F = R, C. Assume that
S, T € S(V). Then tr ST is bounded below and above by

i )\@'(S)AnfiJrl(T) S tr ST § i )\l(S))\Z(T) (4.1)
i=1 i=1

Equality for the upper bound holds if and only if ST = TS and there exists an
orthonormal basis x1,...,X, € V such that

SXZ‘ = )\Z(S)Xl, TXi = )\i(T)Xi, 1= 1, ey N (4.2)

Equality for the lower bound holds if and only if ST = TS and there exists an
orthonormal basis X1, ...,X, € V such that

SXi = Al(S)Xl, Txi = >\n—i+1(T)X7L7 1= 1, ceey T (43)

Proof. Let yq,...,y, be an orthonormal basis of V such that

Tyz' = >\1,(T)y“ = 1, ceey T,
)\1(T) =..= )\il(T) > )\i1+1(T) =..= )\iQ(T) > >
)"ik,1+1(T) =..= )\%(T) = )\n(T), 1<y <. . < =n.
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Ifk=1 <= i1 = n it follows that T' = A\ and the theorem is trivial in this case.
Assume that k& > 1. Then

tr ST = N(T){Syi,yi) =
=1

n—1 i n
ST HT) = A (1) (Sy1,30) + (TS (Syi, 1)) =
=1 =1 =1

k-1 i

Z()‘ij (T) = Aij i (T)) Z(S}%}’D + A (T) tr S.

Jj=1 =1

Theorem 4.42 yields that >°,7  (Sy;,yi) < >, M(S). Substitute these inequali-
ties for j = 1,...,k — 1 in the above identity to deduce the upper bound in (4.1).
Clearly the condition (4.2) implies that tr ST is equal to the upper bound in (4.1).
Assume now that tr ST is equal to the upper bound in (4.1). Then Y ", (Sy;,y1) =
Sy Au(S) for j =1,...,k—1. Theorem 4.42 yields that span(y1, ..., y;,) is spanned
by some i; eigenvectors of S corresponding to the first i; eigenvalues of S for
j=1..,k—1 Let xi,..,x; be an orthonormal basis of span(yi,...,y;,) con-
sisting of the eigenvectors of S corresponding to the eigenvalues of A1(S), ..., Ai, (5).
Since any 0 # x € span(y1i, ..., ¥4, ) is an eigenvector of T' corresponding to the eigen-
value \;, (T) it follows that (4.2) holds for ¢ = 1,...,4;. Consider span(yi,...,¥yi,)-
The above arguments imply that this subspace contains is eigenvectors of S and
T corresponding to the first is eigenvalues of S and T. Hence Us,, the orthog-
onal complement of span(xy,...,X;,) in span(yi,...,¥i,), spanned by X;, 41, ..., Xi,,
which are io — 47 orthonormal eigenvectors of S corresponding to the eigenvalues
Aiy+(5)s ..oy Aiy (S).  Since any nonzero vector in Us is an eigenvector of T cor-
responding to the eigenvalue \;, (7)) we deduce that (4.2) holds for ¢ = 1,...,i.
Continuing in the same manner we obtain (4.2).

To prove the equality case in the lower bound consider the equality in the upper
bound for tr S(—T). O

Corollary 4.56 Let V be an n-dimensional IPS over F = R, C. Assume that
S, T € S(V). Then

n

D (A(S) = M(T))? < te(S - T)2. (4.4)

=1
Equality holds if and only if ST =TS and V has an orthonormal basis X1, ...,Xn
satisfying (4.2).

Proof. Note

n

D (A(S) = N(T))? =tr S+ tr T? — Qi:)\i(S))\i(T).

i=1 i=1
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Corollary 4.57 Let S,T € H,,. Then the inequalities (4.1) and (4.4) hold.
Equalities in the upper bounds hold if and only if there exists U € U,, such that
S =Udiag A(S)U*, T = U diag \(T)U*. Equality in the lower bound of (4.1) if and
only if there exists V € U, such that S =V diag A(S)V*, =T = V diag A\(—T")V*.

Problems
1. Let V be a n-dimensional IPS over F = R, C.

(a) Assume that T : V — V be a linear transformation. Show that for any
o.n. basis x1,...,Xp,

n
tr T = Z(Txi,xi).
i=1
Furthermore, if F = C then trT is the sum of the n eigenvalues of T
(b) Let S,T € S(V). Show that tr ST =trTS € R.

4.8 Singular Value Decomposition

Let U, V, be finite dimensional IPS over F = R, C, with the inner products (-, )y, (-, )v
respectively. Let uy,...,u,, and vy,...,v, be bases in U and V respectively. Let
T : V — U be a linear operator. In these bases 7' is represented by a matrix
A = [a;5] € F™*™ as given by

m
TVJ': E AU, jzl,...,n.
=1

Let T*:U*=U—>V*=V. Then T*T : V — V and TT* : U — U are selfadjoint
operators. As

(T*Tv,v)v = (Tv,Tv)y >0, (TT*u,u)y = (T*u,T*u)y >0

it follows that T*T > 0,TT* > 0. Let

T*Tc, = \i(T*T)c;, (ciycx)v = i, 1,k =1,..,n, (4.1)
AM(T*T) > ... > M(T*T) > 0,
TT*d; = \(TT*)d;y, (d;,d)u = 051, 1 =1,..,m, (4.2)
AM(TT*) > . > A (TT*) > 0,

Proposition 4.58 Let U, V, be finite dimensional IPS over F = R, C. Let
T :V — U. Then rank T = rank T* = rank T*T = rank TT* = r. Furthermore
the selfadjoint nonnegative definite operators T*T and TT* have exactly r positive
etgenvalues, and

Ni(T*T) = \(TT*) >0, i=1,..,rank 7. (4.3)

Moreover fori € [1,r] Tc; and T*d; are eigenvectors of TT* and T*T corresponding
to the eigenvalue \i(TT*) = \(T*T) respectively. Furthermore if ¢y, ...,c, satisfy
(4.1) then d; = Hgizu’l =1,...,r satisfy (4.2) fori =1,...,r. Similar result holds
fordq,...,d,.
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Proof. Clearly Tx =0 <= (I'x,Tx) =0 <= T*Tx = 0. Hence
rank T*T =rank T = rank T = rank 77" = 7.

Thus T*T and TT* have exactly r positive eigenvalues. Let ¢ € [1,7]. Then
T*Tc; # 0. Hence T'c; # 0. (4.1) yields that TT*(T'c;) = X\i(T*T)(Tc;). Similarly
T*T(T*d;) = M(TT*)(T*d;) # 0. Hence (4.3) holds. Assume that cy, ..., ¢, satisfy
(4.1). Let dy, ...,d, be defined as above. By the definition ||d;|| = 1,7 = 1,...,r. Let
1<i<j<r. Then

0= <Ci,0j> = )\i(T*T)<Ci,C]‘> = <T*TCZ‘,C]'> = <TCZ‘,TC]‘> = <c~1“&]> = 0.
Hence Ell, - d, is an orthonormal system. a

Let

0i(T) =/ \(T*T) fori =1,..r, o;(T)=0fori>r,
(4.4)
oy (T) := (o1(T), wnop(THT €RY ) peN.

Then o;(T) = 0;(T*),i = 1,...,min(m, n) are called the singular values of T" and T™*
respectively. Note that the singular values are arranged in a decreasing order. The
positive singular values are called principal singular values of T" and T™ respectively.
Note that

||[Tci||? = (T'es, Tey) = (T*Te;, ¢;) = N(T*T) = 02 =
HTCZH = 0y, Z: 1,...,71,,

|T*d;|[*> = (T*d;, T*d;) = (TT*d;,d;) = N(TT*) = 0} =
HTd]H = 0y, j = 1,...,m.

Let cq,...c,, be an orthonormal basis of V satisfying (4.1). Choose an orthonormal
basis di, ..., d,, as follows. Set d; := °t,i = 1,...,7. Then complete the orthonormal
set {dy,...,d,} to an orthonormal basis of U. Since span(dy, ...,d,) is spanned by
all eigenvectors of TT™ corresponding to nonzero eigenvalues of TT™* it follows that
ker T* = span(d, 41, ...,dy,). Hence (4.2) holds. In these orthonormal bases of U
and V the operators T and T™ represented quite simply:

Tc;i=0;T)d;, i=1,...,n, whered; =0 fori > m,

(4.5)
T*dj = 0(T)cj, j=1,...,m, wherec; =0 forj > n..
Let
Y= (sij);nj’zl, sij = 0 for i # j, s = oy for i = 1,...,min(m.n). (4.6)

In the case m # n we call 3 a diagonal matrix with the diagonal o1, ..., Omin(m,n)-
Then in the bases [di,...,d,,;] and [cy, ..., c,] T and T™ represented by the matrices
¥ and 7T respectively.
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Lemma 4.59 Let [uy, ..., Wy], [V1, ..., V] be orthonormal bases in the vector spaces
U,V over F = R,C respectively. Then T and T* are presented by the matrices
A e F™™ and A* € F™™ respectively. Let U € U(m) and V € U(n) be the unitary
matrices representing the change of base [dy, ...,dy] to [uy,...,uy] and [c1, ..., c,] to
[Vi, ..., V] respectively. (If F =R then U and V are orthogonal matrices.) Then

A=UXV* e F™" UeU(m), VeU(n). (4.7)

Proof. By the definition T'v; = > 3I"; ajju;. Let U = (up)f 1,V = (vjg)} =1-
Then

n n m n m m
TCq = Z quTVj = Z Vjq Z a;;u; = Z Vjq Z Qjj Z ’l_J,Z'pdp.
j=1 j=1  i=1 j=1 =1  p=1
Use the first equality of (4.5) to deduce that U*AV = 3. O

Definition 4.60 (4.7) is called the singular value decomposition (SVD) of A.

Proposition 4.61 Let F =R, C and denote by Ry, p i (F) C F™*" the set of all
matrices of rank k € [1,min(m,n)| at most. Then A € Ry, pni(F) if and only if A
can be expressed as a sum of at most k matrices of rank 1. Furthermore Ry, k()
is a variety in F™*™ given by the polynomial conditions: Each (k+ 1) x (k+ 1)
minor of A is equal to zero.

For the proof see Problem 2

Definition 4.62 Let A € C™*" and assume that A has the SVD given by (4.7),
where U = [uy,...,up),V = [v1,...,Vy]. Denote by Ay := Zle o vy € Cmxn
for k=1,...,rank A. For k > rank A we define Ay, := A (= Arank A)-

Note that for 1 < k < rank A, the matrix Ay is uniquely defined if and only if
o > okt1. (See Problem 1.)

Theorem 4.63 For F = R,C and A = (a;;) € F"™*™ the following conditions
hold:

Al = Vir A*A = Vir AA* =

l|All2 ;== max ||Ax|]2 = 01(A). (4.9)

x€F™ ||x||2=1
i A—Blly=||A— Ayl| = A k=1, rank A—1.  (4.10
o 114 Bl = 14~ Al = s (4) ran (4.10)

0i(A) > 0i((@iyjy)pet g=1) = Tit (m—m")+(n—n") (A),
(4.11)

m' e[l,m], n' e[l,n], 1 <i; < ... <ipy <m, 1 <51 < o < Jir <
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Proof. The proof of (4.8) is left a Problem 7. We now show the equality in
(4.9). View A as an operator A : C" — C™. From the definition of || A]|2 it follows
x*A*Ax
Al = = =\ (A4%A) = 01(A)?
JAIB = maxe 2 0 (474) = 1 (4P,
which proves (4.9).
We now prove (4.10). In the SVD decomposition of A (4.7) assume that U =
(ug,...,up) and V = (vy,...,vy,). Then (4.7) is equivalent to the following represen-
tation of A:

,
A= Zaiuivf, uj,...,u, € R™, v, v, € R", wju; =vjv; =0, i,j =1,...,7,
i=1
(4.12)
where r = rank A. Let B = Zle oWV} € Ry p k- Then in view of (4.9)

.
1A= Bll2 = [|Y_ ovwivills = ok11-
k1

Let B € Ry pn k- To show (4.10) it is enough to show that ||A — B2 > o441. Let
W:={xeR": Bx=0}.
Then codim W > k. Furthermore

A—B|2> max A— B)x|? = max X A¥Ax > )\ A*A) = o2
lA-BE > max A= B|P= e xAAx A (474) = o .

where the last inequality follows from the min-max characterization of Aj11(A*A).

Let C = (aijq)zzil. Then C*C is an a principal submatrix of A*A of dimension
n/. The interlacing inequalities between the eigenvalues of A*A and C*C' yields
(4.11) for m’ = m. Let D = (aiqu)gf;ﬁll. Then DD* is a principle submatrix of
CC*. Use the interlacing properties of the eigenvalues of CC* and DD* to deduce

(4.11). O

We now restate the above results for linear operators.

Definition 4.64 Let U,V be finite dimensional vector spaces over F = R, C.
For k € Zy denote Ly,(V,U) :={T € L(V,U) : rank T < k}. Assume furthermore
that U,V are IPS. Let T € L(V,U) and assume that the orthonormal bases of
[di,...,dn],[c1,...,cn] of U,V respectively satisfy (4.5). Define Ty := 0 and Ty, :=
T for an integer k > rank T'. Let k € [1,rank T'— 1] N N. Define T}, € L(V,U) by
the equality Ty, (v) = Z,’f:l oi(T)(v,c;)d; for any v € V.

It is straightforward to show that T} € Li(V,U) and T} is unique if and only if
0i(T) > 0k+1(T). See Problem 8. Theorem 4.63 yields:

Corollary 4.65 Let U and V be finite dimensional IPS over F = R,C. Let
T :V — U be a linear operator. Then

IT||F == Vtr T*T = Vtr TT* = (4.13)
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|T|]2 := max ||Tx]||a = o1(T). (4.14)
x€V,||x]]2=1

i T— — T), k=1,..,rank T — 1. 4.15
Qeﬁff(li},m” Qllz = ox1(T) ran (4.15)

Problems

1. Let U,V be finite dimensional inner product spaces. Assume that T €
L(U,V). Show that for any complex number ¢t € C o;(tT) = |t|o;(T) for
all 1.

2. Prove Proposition 4.61. (Use SVD to prove the nontrivial part of the Propo-
sition.)

3. Let A € C"™*" and assume that U € U(m),V € V(m). Show that o;(UAV) =
oi(A) for all i.

4. Let A € GL(n,C). Show that o1(A™1) = 0,,(A)~L.

5. Let U,V be IPS inner product space of dimensions m and n respectively.
Assume that

U= Ul@Uz,dimUl = ml,dim UQ = ma, V = V1@V2,dimvl =N, dimVQ = N9.

Assume that T' € L(V,U). Suppose furthermore that 7V, C U, TV, C U,.
Let T; € L(V;,U;) be the restriction of T to V; for i = 1,2. Then rank T' =
rank 77 + rank 75 and {o1(T),. .., 0rank 7(T)} = {o1(T1), ..., Orank 7, (1T1)} U
{UI(TQ)y -+« Orank TQ(TQ)}-

6. Let the assumptions of the Definition 4.62 hold. Show that for 1 < k < rank A
Ay is uniquely defined if and only if o > ogy1.

7. Prove the equalities in (4.8).

8. Let the assumptions of Definition 4.64 hold. Show that for k € [1,rank T' —
1] NN rank T}, = k and T} is unique if and only if o (T") > op4+1(T).

9. Let V be an n-dimensional IPS. Assume that 7' € L(V) is a normal operator.
Let A (T), ..., \(T) be the eigenvalues of T" arranged in the order |A(7T)| >
.. > [ A (T)]. Show that o;(T") = |N(T)| for i =1,...,n.
4.9 Characterizations of singular values

Theorem 4.66 Let F = R,C and assume that A € F™*™. Define

a) =[5 o] € Bt @)

Then

)\l(H(A)) = O‘i(A), >\m+n+1fi(H(A)) = —O'Z'(A), 1= 1, ...,rank A,
(4.2)
Nj(H(A)) =0, j=rank A+1,...,n +m —rank A.
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View A as an operator A : F" — F™. Choose orthonormal bases [d1, ..., dp], [c1, ..., Cn]
in F™ F™ respectively satisfying (4.5). Then

o) fe] e [E] [ ][] e[
i=1,..,rank A, (4.3)

ker H(A) = span((d;,,0)",...,(d},,0)%, (0, ¢y 1)*, ..., (0,c;)"), r = rank A.

Proof. It is straightforward to show the equalities (4.3). Since all the eigenvec-
tors appearing in (4.3) are linearly independent we deduce (4.2). O

Corollary 4.67 Let F = R,C and assume that A € F™ ", Let A := Ala, 0] €
FP*? be a submatriz of A, formed by the set of rows and columns o € Qpm, B € Qqn
respectively. Then

oi(A) < oi(A) fori=1,.... (4.4)

~

Forl € [1,rank A] NN the equalities 0;(A) = 0;(A),i = 1,...,1 hold if and only if
there exists two orthonormal systems of | right and left singular vectors c1,...,¢; €
F™ dy,...,d; € F" satisfying (4.3) fori=1,...,1 such that the nonzero coordinates
vectors C1,...,¢ and dy,...,d; are located at the indices 3, a respectively.

See Problem 1.

Corollary 4.68 Let V,U be IPS over F=R,C. Assume that W is a subspace
of V. Let T € L(V,U) and denote by T € L(W, U) the restriction of T to W. Then

0i(T) < 0;(T) for any i € N. Furthermore o;(T) = 0;(T) fori=1,...,1 <rank T
if and only if U contains a subspace spanned by the first | right singular vectors of
T.

See Problem 2.
Define by R} \ = RUNRE. Then D C RY} \ s called a strong Schur set if for
any x,y € Ri,\’ x Xy we have the implication y € D = x € D.

Theorem 4.69 Letp € N and D C Rp\ N Rﬂ be a regular convex strong Schur
domain. Fizr m,n € N and let o) (D) := {A € F™" . o04)(A) € D}. Let
h: D — R be a convex and strongly Schur’s order preserving on D. Let f : o(,) :— R
be given as h oo, . Then [ is a convex function.

See Problem 3.

Corollary 4.70 Let F = R,C, m,n,p € N, ¢ € [1,00) and w1 > wy > ... >

wp > 0. Then the following function

p 1
fiE SR f(A) = (O wioi(A)T)a, AeF™T
=1

18 a convex function.

See Problem 4
We now translate Theorem 4.66 to the operator setting.
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Lemma 4.71 Let U,V be finite dimensional IPS spaces with the inner products
(-, )u, (-, -)v respectively. Define W :=V @& U be the induced IPS with

((y,%), (v,u))w = (y,v)v + (x, u)u.

Let T : V — U be a linear operator, and T* : U — V be the adjoint of T'. Define
the operator
T:W—->W, T(y,x):=(T"x,Ty). (4.5)

Then T is self-adjoint operator and 12 = T*T & TT*. Hence the spectrum ofT 18
symmetric with respect to the origin and T' has exactly 2rank T' nonzero eigenvalues.
More precisely, if dimU = m,dim'V = n then:

)\Z(T) = _)\m+n—i+1(T) = Ui(T), fO’I"i = 1, ‘e ,rank T, (46)
)\j(T) =0, forj=rankT+1,...,n+m —rank T.

Let {di,...,dnin(mmn)} € Fr(min(m,n),U),{c1,..., Cninmn)} € Fr(min(m,n),V)
be the set of vectors satisfying (4.5). Define

1 1
z; .= —(¢;,d;), z —it1 = —=(c3,—d;), i =1,...,min(m,n). 4.7
i \/§( i 1) m+n—i+1 \/5( T z) ( ) ( )
Then {z1,Zm+n; - - - > Zmin(m,n)> Zm+n—min(mn)+1} € Fr(2min(m,n), W).  Further-
more Tz; = 0i(T)z;, szJrn,iH = —0i(T)Zm+n—i+1 for i =1,...,min(m,n).

See Problem 5.

Theorem 4.72 Let U,V be m and n-dimensional IPS over C respectively. Let
T :V — U be a linear operator. Then for each k € [1,min(m,n)]NZ

k

Y R(Tgifju= (438)

k
Z oi(T) = max
] {f1,....fx }€Fr(k,U),{g1,....8k } €Fr(k,V) P

k

max T i,fi )
{f1,....fx }€Fr(k,0),{g1,....81 }€Fr (K, V) Zz; |< g >U‘

Furthermore S-%_ 0y(T) = Zle R(Tg;, fi)u for some two k-orthonormal frames

Fy = {fl7 “eey fk:}a Gk = {gla ey gk} if and only Span((glv fl)a R (g/j7fk)) is spanned
by k eigenvectors of T corresponding to the first k eigenvalues of T .

Proof. Assume that {f,....,f;} € Fr(k,U),{g1,....8x} € Fr(k,V). Let w; :=

%(gi,fi),i = 1,...,k. Then {wy,...,wi} € Fr(k,W). A straightforward cal-

culation shows Z§:1<TWZ',W¢>W = Zle R(Tg;, f;)u. The maximal characteriza-
tion of S-F | A(T), (Theorem 4.42), and (4.6) yield the inequality S, oy(T) >
Zle éR(Tgl, fz>U for k € [min(m, 7’L) NZ. Let cq,... » Cmin(m,n)> d,..., dmin(m,n)
satisfy (4.5). Then Lemma 4.71 yields that Zi?:l oi(T) = Zle R(T'c;,d;)u for
k € [min(m,n) N Z. This proves the first equality of (4.8). The second equality of
(4.8) is straightforward. (See Problem 6).)

Assume now that Zle oi(T) = Zle R(T'g;, f;)u for some two k-orthonormal
frames Fy, = {f1,....fx},Gr = {g1,...,8r}. Define wy,..., wy as above. The above
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arguments yield that Zle(fwi,wi>w = Zle M\i(T). Theorem 4.42 yields that
span((g1,f1),-.., (g fx)) is spanned by k eigenvectors of T corresponding to the
first k eigenvalues of 7. Vice versa, assume that {f,....fx} € Fr(k,U),{g1,...,8} €
Fr(k,V) and span((g1,f1),. .., (8k, fx)) is spanned by k eigenvectors of T corre-
sponding to the first k eigenvalues of T. Define {w1,...,w;} € Fr(W) as above.
Then span(wy, ..., wy) contains k linearly independent eigenvectors correspond-
ing to the the first k eigenvalues of 7. Theorem 4.42 and Lemma 4.71 yield that

oi(T) = 25:1<TW1',W¢>W = Z§:1 R(T'gi, fi)u. O

Theorem 4.73 U,V be m and n dimensional IPS spaces. Assume that Let
S, T :V — U be linear operators. Then
min(m,n)
Rtr(ST) < Y 0il(S)ou(T). (4.9)
i=1
Equality holds if and only if there exists two orthonormal set {dy,..., dmin(mm)} €
Fr(min(m,n), U),{c1,. .., Cnin(m,n)} € Fr(min(m,n), V), such that

SCi = O'Z(S)dZ,Tcl = O'Z(T)d“ S*dl = O’Z(S)Cl,T*dl = O'i(T)Ci,i = 1, N ,min(m,n).
(4.10)

Proof. Let A, B € C"*™. Then
tr B*A = tr AB*. Hence 2R tr AB* = tr H(A)H(B). Therefore 2R tr S*T = tr ST
Use Theorem 4.55 for S,T and Lemma 4.71 to deduce (4.9). Equality in (4.9) if
and only if tr ST = 37+ N, (S)\i(T).

Clearly, the assumptions that {di, ..., dyin(m,n)} € Fr(min(m,n), U),
{e1, -+ Cmin(mn) b € Fr(min(m,n), V), and the equalities (4.10) imply equality in
(4.9).

Assume equality in (4.9). Theorem 4.55 and the definitions of S, T" yields the ex-
istence {d1, ..., dwmin(mn)} € Fr(min(m,n),U), {c1,..., Chintmn)} € Fr(min(m,n), V),
such that (4.10) hold. O

Theorem 4.74 Let U and V be finite dimensional IPS over F = R, C. Let
T :V — U be a linear operator. Then

min |7 - Q||r =

k=1,..rank T — 1. (4.11)
Q€ELL(V,U)

Furthermore ||T — Q||r = \/Ziir;if 02(T) for some Q € Lg(V,U), k < rank T, if
and only there QQ = Ty, where Ty, is defined in Definition 4.64.

Proof. Use Theorem 4.73 to deduce that for any @ € L(V,U) one has
T - Q||F = tr T*T — 2R tr Q*T + tr Q*Q >

rank T' k k
Z of(T) — QZUi(T)Ui(Q) + ZU?(Q) =
k - - rank T' Z1‘:1111kT
Y (0ilT) = ai(@)* + D o} (T) = > ai(T).
=1 i=k+1 i=k+1
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Clearly ||T—Ty|[% = Zg}g}fﬁ o2(T). Hence (4.11) holds. Vice versa if Q € Ly (V,U)
and ||T — Q|| = Ziir;ig 02(T) then the equality case in Theorem 4.73 yields that
Q = T. O

Corollary 4.75 Let F =R,C and A € F™*™. Then

min )HA—BHF: k=1,.. ,rank A —1. (4.12)

BE’Rm,nyk(F

Furthermore ||A — B||r = \/z;irg:_‘;‘ 02(A) for some B € Ry, pni(F), k < rank A, if
and only there B = Ay, where Ay is defined in Definition 4.62.

Theorem 4.76 Let F =R, C and A € F™*"™. Then

J k+j
5 Rmin - E 0i(A—B) = g oi(A), j=1,..,min(m,n)—k, k=1,..., min(m,n)—1.
ERm,n,k . .
7 =1 i=k+1

(4.13)

Proof. Clearly, for B = Ay we have the equality Zgzl 0i(A-B) = Zf:r,irl ai(A).
Let B € Ry i(F). Let X € Gr(k,C™) be an subspace which contains the columns
of B. Let W = {(07,x")T € F™*" x € X}. Observe that for any z € W+ one
has the equality z*H((A — B))z = z*H(A)z. Combine Theorems 4.43 and 4.66 to
deduce S_, 0y(B — A) > Zf;r]gﬂ oi(A). ]

Theorem 4.77 Let V be an n-dimensional IPS over C. LetT : V. — 'V be
a linear operator. Assume the n eigenvalues of T M (T), ..., \(T) are arranged
the order |\ (T)| > ... > [M(T)|. Let Ao(T) = (IM(D)],-. ., | (D)), o(T) :=
(01(T),...,00(T)). Then Xo(T) = o(T). That is

k k
SN oi(T), i=1,...,n (4.14)
i=1 i=1
Furthermore, Zle IXi(T)| = Zle oi(T) for some k € [1,n] NZ if and only if the
following conditions are satisfied. There exists an orthonormal basis X1, ...,X, of
V such that:

1. TXZ' = )\z(T)Xl,T*X,L = )\Z(T)X’L fO’f‘i = 1, .. .,k’.

2. Denote by S : U — U the restriction of T to the invariant subspace U =
span(Xyy1,...,Xn). Then ||S||l2 < [\ (T)].

Proof. Use Theorem 4.23 to choose an orthonormal basis g1, ..., g, of V, such
that T is represented by an upper diagonal matrix A = [a;;] € C™*™ such that
A = )\Z(T),’L =1,...,n. Let ¢ € (C,|€Z" = 1 such that Q)\Z(T) = |)\1(T)‘ for
i =1,...,n. Let S € L(V) be presented in the basis gi,...,8, by a diagonal
matrix diag(ey,...,€g,0,...,0). Clearly, 0;(S) =1 fori =1,...,k and 0;(S) =0
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for i = k+1,...,n. Furthermore, Rtr S*C = Zle |Ai(T)|. Hence Theorem 4.73
yields (4.14).

Assume now that Zle I\ (T)| = Zle 0i(T). Hence equality sign holds in
(4.9). Hence there exists two orthonormal bases {ci,...,cp}, {d1,...,d,} in V
such that (4.10) holds. It easily follows that {ci,...,cx},{d1,...,dx} are or-
thonormal bases of W := span(gi,...,gxr). Hence W is an invariant subspace
of T and T*. Hence A = A; @& Ag, i.e. A is a block diagonal matrix. Thus
A = (aij)ﬁjzl € CF*k Ay = (aij)i j—k41 € C(n=k)x(n=k) represent the restriction of
T to W, U := W+, denoted by T; and Tj respectively. Hence o;(T1) = o;(T) for
i =1,...,k. Note that the restriction of S to W, denoted by S; is given by the
diagonal matrix D; := diag(ey, .. .,ex) € U(k). (4.10) yield that S; 'Tic; = o4(T)c;
fori =1,...,kie. o01(T),...,0((T) are the eigenvalues of SflTl. Clearly SflTl

is presented in the basis [g1, . . .,gx] by the matrix D' Ay, which is a diagonal ma-
trix with |y (T)], ..., | \s(T)| on the main diagonal. That is S; '7} has eigenvalues
IA(T)], ..., | \&(T)|. Therefore o;(T) = |\i(T)| fori =1,..., k. Theorem 4.63 yields
that
k k k k
rATA =) oyl =D of(A) =) ol(T) =Y NP
ij=1 i=1 i=1 i=1

As M (T), ..., \x(T) are the diagonal elements of A; is follows from the above equal-
ity that Ay is a diagonal matrix. Hence we can choose x; = g; for i = 1,...,n to
obtain the part I of the equality case.

Let Tx = Ax where ||x|| = 1 and p(T) = |A|. Recall ||T||2 = 01(T'), where
o1(T)? = M\ (T*T) is the maximal eigenvalue of the self-adjoint operator T*T. The
maximum characterization of A\ (T*T) yields that |\* = (T'x,Tx) = (T*Tx,x) <
M(T*T) = ||T|[3 Hence p(T) < |IT]5.

Assume now that p(T) = ||T|l2. p(T) = 0 then ||T|l2 = 0 = T = 0, and
theorem holds trivially n this case. Assume that p(7') > 0. Hence the eigenvector
X1 = X is also the eigenvector of T*T corresponding to A\i(T*T) = |A|%2. Hence
IA\>x = T*Tx = T*(A\x), which implies that T*x = Ax. Let U = span(x)* be
the orthogonal complement of span(x). Since T'span(x) = span(x) it follows that
T*U C U. Similarly, since T*span(x) = span(x) 77U C U. Thus V = span(x) & U
and span(x), U are invariant subspaces of 7' and T™. Hence span(x), U are invariant
subspaces of T*T" and TT*. Let T7 be the restriction of 7" to U. Then 777 is the
restriction of T*T. Therefore ||T1||3 = M (T} * T1) > M(T*T) = ||T||3. This
establishes the second part of theorem, labeled (a) and (b).

The above result imply that the conditions (a) and (b) of the theorem yield the
equality p(T) = ||T]2. O

Corollary 4.78 Let U be an n-dimensional IPS over C. Let T : U — U be a
linear operator. Denote by |N(T)| = (|A1(T)|, ..., [Mn(T))T the absolute eigenvalues
of T, (counting with their multiplicities), arranged in a decreasing order. Then
INT)| = (o1(T), ...,00(T))T if and only if T is a normal operator.

Problems

1. Let the assumptions of Corollary 4.67 hold.
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(a) Since rank A < rank A show that the inequalities (4.4) reduce to o;(A) =
0i(A) =0 for ¢ > rank A.

(b) Since H(A) is a submatrix of H(A) use the Cauchy interlacing principle

to deduce the inequalities (4.4) for ¢ = 1,...,rank A. Furthermore, if
p = m — #a,q = n — #3 then the Cauchy interlacing principle gives
the complementary inequalities 0;(A) > 0444 (A) for any i € N.

(c) Assume that o;(A) = oy(A) for i = 1,...,1 < rank A. Compare the
maximal characterization of the sum of the first k eigenvalues of H(A)
and H(A) given by Theorem 4.42 for k = 1,...,l to deduce the last part
of Corollary (4.67).

2. Prove Corollary 4.68 by choosing any orthonormal basis in U, an orthonormal
basis in V whose first dim W elements span W, and using Problem 1.

3. Combine Theorems 7?7 and 4.66 to deduce Theorem 4.69.

4. (a) Prove Corollary 4.70

(b) Recall the definition of a norm on a vector space over F = R, C ??. Show
that the function f defined in Corollary 4.70 is a norm. For p = min(m,n)
and wy = ... = wp = 1 this norm is called the ¢ — Schatten norm.

5. Prove Lemma 4.71.

6. Under the assumptions of Theorem 4.72 show the equalities.
k

max Z§R<Tg27fz>U =

{1, B} EFr(k,U) {8181 }EFT(k,V)

k

max Z\ Tg;, )
{fl7"~7fk}€Fr(k’U)7{gl7~~'7gk}€Fr kvv) i=1

7. Under the assumptions of Theorem 4.72 is it true that that for & > 1

k

il Tf||v.
ZG {fl7 afk}GFr(kU)ZH HV

I doubt it.

8. Let U,V be finite dimensional IPS. Assume that P, T € L(U, V). Show that
Rtr(P*T) > me ™) 0i(S)oi(T). Equality holds if and only if S = —P
and T satisfy the conditions of Theorem 4.73.

4.10 Moore-Penrose generalized inverse

Let A € C™*™. Then (4.12) is called the reduced SVD of A. It can be written as

A=U2X VY r=rank A, X, :=diag(o1(A),...,0.(A)) € S, (R),
(4.1)
Uy =[u1,...,w] €C™" Vo = [vi,...,v,] € C*" U*U, = V*V, = I,
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Recall that

AA*ui = O’i(A)ZuZ‘, A*AVZ = O’i(A)ZVi,
1 Afu;,u; = LAV,‘,Z‘ =1,...,7

v; =

Then
AT =V, u lur e cvim (4.2)

is the Moore-Penrose generalized inverse of A. If A € R™*" then we assume that

UeR™" and V € R"™", i.e. U,V are real values matrices over the real numbers
R.

Theorem 4.79 Let A € C™*"™ matriz. Then the Moore-Penrose generalized
inverse AT € C"™™ satisfies the following properties.

1. rank A = rank AT.
2. ATAAT = AT, AATA = A, A*AAT = ATAA* = A*.

3. AYA and AA' are Hermitian nonnegative definite idempotent matrices, i.e.

(ATA)2 = ATA and (AAY)? = AAT, having the same rank as A.

4. The least square solution of Ax = b, i.e. the solution of the system A*Ax =
A*b, has a solution y = A'b. This solution has the minimal norm ||y||, for
all possible solutions of A*Ax = A*b.

5. Ifrank A = n then At = (A*A)~YA*. In particular, if A € C*™™ is invertible
then At = A=1,

To prove the above theorem we need the following proposition.

Proposition 4.80 Let E € C*™ G € C™*". Then
rank EG < min(rank E,rank G). If |l = m and E is invertible then rank EG =
rank G. If m =n and G s invertible then rank EG = rank F.

Proof. Let eq,...,e,, € Cl.gi,...,g, € C™ be the columns of E and G re-
spectively. Then rank F = dimspan(ey,...,€;). Observe that EG = [Egy,..., Eg,] €
C>n™. Clearly Eg; is a linear combination of the columns of E. Hence Eg; €
span(ey,...,e;). Therefore span(Fgy,...,Eg,) C span(ey,...,e;), which implies
that rank EG < rank E. Note that (EG)T = GTET. Hence
rank EG = rank (EG)T < rank GT = rank G. Thus
rank EG < min(rank F,rank G). Suppose E is invertible. Then rank EG <
rank G = rank E~!(EG) < rank EG. Hence rank EG = rank G. Similarly rank EG =
rank F if G is invertible. O

Proof of Theorem 4.79.

1. Proposition 4.80 yields that rank AT = rank V, 37 1U* < rank X 1U7 < rank %! =
r = rank A. Since ¥, = VAU, Proposition 4.80 yields that rank AT >
rank X! = r. Hence rank A = rank Af.
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2. AAY = (U V)V, S1U)) = U, 3,2 1UF = U.U?. Hence
AATA = (UUN U2, V) = U, BV = A,

Hence A*AAT = (V,X,U*)(U,U}) = A*. Similarly ATA = V,V.* and ATAAT =
AT ATAA* = A%

3. Since AAT = U,U* we deduce that (AAY)* = (U.UN* = (U)*Ur = AAT,
i.e. AA! is Hermitian. Next (AA")? = (U.U})? = (UU})(U,U}) = (U, U}) =
AAT ie. AA' is idempotent. Hence AAT is nonnegative definite. As AAT =
U,I.U?, the arguments of part 1 yield that rank AA" = r. Similar arguments
apply to ATA =V, V*.

4. Since A*AAT = A* it follows that A*A(ATb) = A*b, i.e. y = A'b is a least
square solution. It is left to show that if A*Ax = A*b then ||x|| > ||ATb]|| and
equality holds if and only if x = A'b.

We now consider the system A*Ax = A*b. To analyze this system we use the
full form of SVD given in (4.7). It is equivalent to

(VSTU)(USV*)x = VETU*b. Multiplying by V* we obtain the system
YN (V*x) = ST(U*b). Let z = (21,...,2,)T = V*x,

c=(c1,...,cm)T == U*b. Note that z'z = x*VVx = x*x, i.e. ||z]| = |x]|.
After these substitutions the least square system in z1, . .., z, variables is given
in the form o;(A4)?z; = 0;(A)c; for i = 1,...,n. Since 0;(A) = 0 for i > r we

obtain that z; = ﬁq for i = 1,...,r while 2,41, ..., 2z, are free variables.
3

Thus ||z||* = Y1, ﬁz)g + > 1 |2l?. Hence the least square solution with
the minimal length ||z|| is the solution with z; = 0 for i =+ 1,...,n. This
solution corresponds the x = A'b.

5. Since rank A*A = rank A = n it follows that A*A is an invertible matrix.
Hence the least square solution is unique and is given by x = (A*A)~'A*b.
Thus for each b one has (A*A)"'A*b = Afb, hence AT = (A*A)~LA*,

If A is an nxn matrix and is invertible it follows that (A4*A) 1 A* = A=1(A*)~1A* =
A1 d

Problems

1. P € C™" is called a projection if P2 = P. Show that P is a projection if and
only if the following two conditions are satisfied:

e Each eigenvalue of P is either 0 or 1.
e P is a diagonable matrix.
2. P € R™"™ ig called an orthogonal projection if P is a projection and a sym-
metric matrix. Let V C R"™ be the subspace spanned by the columns of P.
Show that for any a € R",b € V ||]a — b|| > ||]a — Pal| and equality holds

if and only if b = Pa. That is, Pa is the orthogonal projection of a on the
column space of P.
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3. Let A € R™*™ and assume that the SVD of A is given by (4.7), where U €
O(m,R),V € O(n,R).

(a) What is the SVD of AT?
(b) Show that (AT)T = (A")T.
(c) Suppose that B € R™*™, Is it true that (BA)T = ATBT? Justify!
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