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G = (V, E) undirected graph with vertices V , edges E
matchingin G: M [E]

no two edges in M share a common endpoint

e = (u,v) M is dimer

V not covered by M is monomer

M called monomer-dimer cover of G

M is perfect matching [_I__&alhonomers

M is K-matching LT M = k

Pk (G) number of K-matchings in G, @o(G) (=1

1 5
P (X) ;== | P(G)X" matching generating polyn.

roots of @ (X) nonpositive [17].

cDGl EGQ(X) — cDGl(X)cDGz (X)

["(d, n) set of d-regular bipartite graphs on 2N vertices




3 K-

A = A(G) {0 — 1}"*".adjacency matrix of
G=(V,E).#V =n.

o(G) = haldA) =
2Ek =1

aZk

(XTAX)K k =<

1=i1<...<Il2k=n aXil---Xizk
. T
X—(Xl,’xn)

G = (V,E) bipartite V =V, [NV}, E [V <V,
B=B(G) [{0—1}""" #V, =m,V, =n.

qf%_QG? = perm B =

o [OR m.B [QH,, PErM Bla, B].
for genleil_Cr: P(G) =
Za (O .3 [k nanp=CPErM Ala, B]
Qkn  ={a={l1,...,Ik}:

=1 <b<...<Ik=n}




4 Upper bounds for matchings

A = [aij]?,jzl LD — 1} represents bipartite

graph G vertices in each class, with degree

, ..., Ninfirst class

perm A = # perfect matchings.

L1

1
Minc-Bregman inequality -73: perm A = ._ (r;!)"i

Cor: If G is a bipartite graph on N vertices in each class,
each vertex in the first class of degree at most d then
Pn(G) =< (d))d If d|n equality holds for

g Kd,d' union of g complete d-bipartite graphs

UMC: under the above conditions

]
Px(G) = (Pk(a Kgaga),k=1,... 41

SUMC: Let G graph on 2N vertices and degree of each
vertex at most d. Then (4.1) holds

Open even for K = nN.

Known for d = 2 Friedland-Krop-Markstrém
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Qn CRT™" set of doubly stochastic matrices

van der Waerden conjecture: for A I%Zln
perm A=permJ, = & [ Prne " =e™ "
(Jn = [%] [QOl,) Friedland-79, Falikman, Egorichev-81.

Cor: Pn(G) = ()" forany G L[ILd, n).
Tverberg conjecture (Friedland-82):
perm x(A) = perm k(Jn) =
ledag
Cor: k(G) = | 7 for any G IZE(d, n).
Reason: %B(G) [ QL.

Voorhoeve-79 (d = 3) Schrijver-98

0n(G) = (S )" or G [Td, n)

Gurvits: A [_Ql,, each call mnﬂ::ﬂs atm d no

. dl —d d—1) g1 e
entries: perm A = d_d g—1 T

d—1 d—1
Cor: pn(G) = d—d Q )((dddl)z )"

for G [LI{d, n)
LMC: ok (G) =

nk

I;“E‘l( Nnd— k)nd k(kd)k

k




6 d=2

G-the degree of each vertex =< 2 is union of cycles, paths
and isolated vertices G bipartite if each cycle in G is even

Ck, Pk cycle and path of length k,
Dc, (X) = Pp (X) + XPp,_,(X)
Friedland-Krop-Markstrom for 2-regular G, Z#2V = n

P, () Dc; (X) —Pc,,; (X) = (—1)'X'O¢,_, (X)
Bc, ()Pe, (X) [T, ., (x) it i even (i < j),
B, ()Pc, (X) CDE, ., (X) ifi odd (i < j)

D (x) [BL,(x)% if 4|n

D (x) LBk, (X)"T P, () if 4n—1
D (X) [CDE,(X)T P (X)if 4n—2
D (x) COL,(X)" 7 P, (x)if 4/n—3

Pa(X) CDE,(X)5if 3|n
P (X) DL, (X) 5 b, (X)if 3n—1

Nn—5

CDG(X) IE::»,(X) 3 cl)(35()()if 3In_2
P (X)) LDE,,ifG LIL2,Nn)




Km complete graph on M vertices

| K1, union of | copies of Km

PROBLEM: Is P (X) D)k, ,(X) = Dk, , (X)'

for any d-regular graph on 1(d + 1) vertices?

True for d = 2 (FKM)




D, = 1+ 15X+ 75%2 +145x3 + 95x4 + 13x°
Pg, = 1+ 15X + 75x? + 145x> + 96Xx* + 12>




Q3 graph of 3-dimensional cube

Upper Matching Conjecture for G [LI_{3, n)

e Forn =0 (Mmod 3), g [ ®h, ;. equality
holding only if G = K3 3.

e Forn =1 (mod 3), g mg4K3,3 o3’
equality holding only if G = "2 K3 3 [k

e Forn =|:|2 (mod 3), (k) [ [

MaxX @n-—-s
3

fork =1,...,nN.

Kas (Mo (K)s @nos i 1y (K)

3

10
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Gnh =(nh,En) LI1d,NnN),n=1,2,...
sequence of d-regular bipartite graphs with Z##V, — ©o.

Let kn []Q, #;/”], Nn=1,2,...sequence of integers
2kn

with [1Mp _, oo 5~ = P L(0, 1]. upper and lower

(P)-asymptotic growth:

hua(p) : limsup,, _ ., ‘29%entn)

hlg(p) : liminf, _ o 129%9Snkn) o
Gn .= szl,n x ... X szd,n and

Iimn_,oomi,n :OOfOI’i :1,...,d,

hug(p) = hlg(p) = hg(p) is p-dimer density

Hammersley-66

UMC, LMC yield AUMC, ALMC:

hua(p) = hiegn(P),  gha(p) = hla(p)
gha(p) := 3 plogd —plogp— —
21 —p)log(l —p)+(d—p)log 1—E&

I d_ d 2k. 2kt
PK(d) (t) — 0og Zk—Oz(dk) e ’ t

p(t) = PE(d)(t)’ t(p) = (PE(d))_l(p),

N (@)(P) = Pk (ay(t(p)) — t(p)p -Legendre trns
K (d) countable union of Kg g

11
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Figure 1: Monomer-dimer tiling of the 2-dimensional grid:
entropy as a function of dimer density. FT is the Friedland-
Tverberg lower bound, h2 is the true monomer-dimer entropy.
B are Baxter's computed values. ALMC is the Asymptotic
Lower Matching Conjecture. AUMC is the entropy of a count-
able union of K4 4, conjectured to be an upper bound by the

Asymptotic Upper Matching Conjecture.

12
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Figure 2: Monomer-dimer tiling of the 3-dimensional grid:

entropy as a function of dimer density. FT is the Friedland-
Tverberg lower bound, h3Low and h3High are the known
bounds for the monomer-dimer entropy. ALMC is the Asymp-
totic Lower Matching Conjecture. AUMC is the entropy of a

countable union of Kg g, conjectured to be an upper bound




12 The sharpness of the ALMC

Standard probabilistic model on " (d, N):
o [Shq permutation on Nd elements.

€1, ..., eng-Nd edges from {1, ..., n} w0 {1, ..., n}.
@; connects vertex I%:II__td I__Gg') [(fdri = 1,...,nd. The
probability of G is

(nd)! d)'
Vv (d, N) the induced probability measure on I (d, n)

v (d, N) invariant under the action of S on V1 and V>

d?Kk!(dn—k)!

Ev@.n(Px(G)) = @ (dn)!
109 Evd,nm) (Pm (G)) = ghq(p).

2Nm

Mo L eo

where liMpm _ oo £ = p [0, 1]

Same results holds for another probability on I (d, n).
identify G with A(G) [z ™"

n: M@, n - rd,n),

(P1,...,Pg) & P11+ ...+ Py

KL(d, N) is the push forward of uniform probability Ng n on
r(1, )9 pu(d, N)(G) = Na,n(m*(G)) FKM

15



13 Lower asymptotic bounds

Using results on positive hyperbolic polynomials

Friedland-Gurvits showed:

Thmr=3,s=1,B, LO,n=1,2,...
column of B, has at most r-nonzero entries.

ko LIO,N]N"nN,n=1,2,.

p (0, 1] then

P I B
liminfy, o —2 P kn=n []

3 (—plogp —2(1 —p) log(1 — p)) +

1

s(r+s—1)log(1 —
1 1—
5(s —1+p)log(l— I")
Cor: d-ALMC holds for pg =

rs) T

s=0,1,...

d+s !

Con: under Thm assumptions

liminfp_ co 293P M aBn qjh (p) — Blogr

For ps = r+s’ s=20,1,..., conjecture holds

There is a finite version of above Thm

Above Thm gives a better lower bound for h3

16
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ForG = (V, E), 1 [Mlindependentif I anticlique
1 (G)-numb independent sets of cardinality K

Ic(X) == o W(G)xK
IGl @(X) — IGl(X)IGz(X)

Con: Ig(X) [LLhk,4(X)for G [LI1d, md) (Any
d-regular G on 2md vertices?)

THM [15] I (X) = Imky 4 (X) for
G [LI1d, md),x=1

Line Graph G-:= (V 5 EY of G = (V, E) given
V "= E, (e1, e5) [HEHffeq, e> have common vertex
lgo= P(X)

v [Vlinduces clique of order deg V in G*Hence
degv = 3,v then G has triangle, not bipartite. If

degv = 2, I ILC G then G 5ame type GH LG G
2-regular

Con. holds for 2-regular graphs

FKM imply lower bounds for Lg (K) 2-regular
Lower bounds for lg(K), G [I1{d, n)?

17
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PROBLEM: Is

Ie(X) [Tk, ,(x) =1+ @+ 1)x)

for any d-regular graph on I(d + 1) vertices?

True for d = 2 (FKM)

18



. polynomial
p=pX) =pXi,...,Xn) :R" - Ris
positive hyperbolic (php) if:
e P homogeneous polynomial of degree m = 0.
e p(X) = Oforallx = 0.
e o(t) ;= p(x +tu),t
has M-real t-roots for all U = 0 and X [IRI.

. For
p:R" _)]R{,Ogculﬂljl,...,un)'%@

et Pu = Pu(X) := =1 Uiaa—fi(x)-

3. deg; p the degree of p(X) with respect to variable X;j
4. €5 = (5i11---,6in)%1 1=1,...,Nn
5.1:=(1,...,1) IR

19



17 Properties positive hyperbolic pol.

P

1.

: R™ - Ris php of degree m:

Foru 2 0, X fixed @(t) = p(X + tu). If
p(u) = 0 then @(t) has M real t roots
and py (X) is php of degree m — 1.
y=x=0 Lpi) =p(x)=0.

.Uz 0,x 2z 0andp(u) =0.

either @(t) = 01 3E= 0

or p(X) = O and @(t) = 0.

If p(X) = 0and @(t) & Const then all roots of
@ (t) real and negative.

if pu & O then Py is a php of degree m — 1.

IFg((Xe, ..., Xpn=1)) =

P((X1,X2,...,Xn-1,0)) &0

then g is php of degree m in R™M 1,

In particular, r((X1, ..., Xn—1)) :=
:Ti((xl, ...y Xn—1, 0)) is either O or php in
N — 1 variables of degree M — 1.

. The coefficient of each monomial in php is nonnegative.

20
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1. A = (a.,) __]—1 (R "™ (A = 0) and each

row of A is nonzero

— L

Pr,A(X) = 1<i;<...<ik=m j=1(AX)ij
is php of degree K L_1l, m]:

Pk,A —

o Dol -~
ayf._aym_k LA+ Y

. Aq, n CCI"™™ hermitian, nonnegative
definite and ﬁ? . + Am is positive definite
AX) == -1 XiAj
e p(X) = det A(X) is php

* Pk (X)-the sum of all K > K principle minors of
A(X)is php
P(X) = & 2rdet (A(X) + tim)(x, 0)

21
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Capacity for php p(X) : R" - R:

Cap P .= infx>0,x1...xn=1 p(X) —
infy—g —PX =0

(X1...Xp) N

1. Cap (p) = Oforp = X7 '* ... XM
0 (Mmg,...,mp) EK1

2. A = [aj5] LRI} ™" doubly stochastic:

each row has sum 1 each column has sum F'

i —

(a) Ff:;ﬁ I;I_l( j=1 aljxj) =
aij __

i=1  j=1%i = (X1. . Xp)r [
Cap (pm A) =1
pmA(l) =1 [LCab (Ppm,a) =1

(b) lT_,: Pk.A = ﬁmz (X1...Xn)n [
Cap (Pk.A) =

3. A [CRI™" irreducible A := D,1BD>, B doubly

H—

stochastic matrix and D4, D> diagonal pos. def.
Sinkhorn.

Cap pr.a = (det D;Dy)n

22
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(A1, ...,An) LH{, . doubly stochastic tuple:

trAi=%,i:1,...,n,and i:]_Aizlm-

ifBj = diag(bl.,... bmi), 1 =1, ...,
= (bji)j = [R "isds.
Ford.s. tuple (A1, ...,AnR)
[
Cap (pk) = k

If each Aj = 0 equality holds iff
Ai=Zlm,i=1,...,n

Prf:

U "G)ACQU (X) = diag(A1(X), - - -, An(X)),
A(X),...,A\n(X) = 0.

Ci = Ulﬁ'u o (Cjki)??k:lfori =1,...,Nn
Then (C4,...,C S. tuyple. (ij,l,---,ij,n)
prob. vec. Aj (>I<_)I:I i1 XiCjj,i. arithmetic-geometric
in. A\j(X) = m}(”'f]-l , M

det A(X) = _ 1XtrA' = (X1. .Xn)rn? Hence
Cap (p) = 1.

23
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Gurvits: Letlﬁljjl ..., Un), (V1,...,vh) =0,
() = (Uit +v;), K(f) INf¢=o f(t)

Then F{0) = K for k = 1 and
fX0) = (DK Kok = 2.

. e V1 — — Vk
For K = 2 equality holds iff TS

F-G:p:R" - Rphddegp = m [1
[1,n],deg;p=r; LA mM],i=1,...,Nn

Rearrange I'1, ...,Frpto 1 < I‘R ri—<«< .

2
, N] is the smallest integer == M — k

o p(O,..., —

1I=sihh<<...<Im=n aXil ...aXim

—k+1)!
M (n (T<+1;” )k+1 > (FG)

1, ri+n—m—1,, 4 m—1
( Jr|——|-|.n m ) . Cap p
Gurvits: A [CRI} ™" d.s. each column contains at most
r L[, Nn] nonzero entries:
—1)(n—r
oerm A = n b bd-nyon—n _

r'|:I Qr I;l @—1)n

rl’ J—

Improvement of Schrijver for perfect matchings in I (I, N)

24
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(FG) yields the Tverberg conjecture with Pk a (X)

(FG) does not yield ALMC

)I:x|1+...+xn g—m

N

Reason: (FG) proven using P(X

FG:p:R" - Rphpdegp=m [1
[1,n),deg;p=r; LA, M],i=1,...,n
Rearrange 1, ...,rptol < FR rz'l L= r‘:'
f(iﬁN]letk L[, n] firstinteger -+ s > n — k:

o ©,...,0) =

1<iy<...<im=n 3x;,..0%i, P
(sn)! (n—k—+1)!
Qn—m(n—m)'((s Dn+m)! (N—k+1)n—k+1

K r;

1 ry+s—1,,4
j=1( ri+s )r o 1Capp

Prf: apply (FG) to PPr—m, 2 A for A(G),G LI1s,n)
and average on ' (S, N)

Cordeg;p=r LA, mM],i=1,...,n,s [
—nNnN—r—s+1=1
am
1=s11<...<Im=n axil---axim p(o; LR
(sn)! (r+s)!
M (Nn—mM)!I((s—1)n+m)! (r+s)r+s

+s— 1)(r+s D(n— r—s)Capp

r+s

25
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G = (V, E) non bipartite graph B = B(G)

number of M-matchings: haCdB = 2™

o, 3 Z&I,Zn},#a=#[3=m,am[3=lﬂerm B[G, B]
2—m o°m T BX)m

1=si1<...<i>m=2n OXjq ---OXism (X

for 0 B B CSh(R+) X" BxXphpiff A2(B) <0

Thm: B LS (R4 ) irreducible, Ao (B) = 0. Let
K := Cap T%j)' Then form [, N]

n K™M(2m)!
hamBZ 2m 2mM@2n)! -

Lem: 0 & B LSKH(R4) irreducible.

0 < K := min x" BX, subject
X=(X1,....Xn)" =0,X1...Xn = 1, achieved
at unique

d:=(dq,...,dn) =>0,d7...dp =1,n > 2
D = diag(di,...,dpn). Then %DBD d.s.

Thm G = (V, E) connected, X" A(G)X php iff G is

complete K-partite

26
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