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Abstract

We usea technique basedon matroids to construct two nonzeropatterns Z; and
Z, sudc that the minimum rank of matrices described by Z is lessover the complex
numbersthan over the real numbers,and the minimum rank of matrices described by
Z, is lessover the real numbersthan over the rational numbers. The latter example
provides a counterexample to a conjecturein [AHKLR] about rational realization of
minimum rank of sign patterns. Using Z1 and Z,, we construct symmetric patterns,
equivalent to graphs G1 and G,, with the analogousminimum rank properties. We
also discussissuesof computational complexity related to minimum rank.
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1 Intro duction

The (real symmetric) minimum rank problem (for a graph) is to determinethe minimum
rank amongreal symmetric matriceswhosezero-nonzer@attern of o -diagonal ertries is
descriked by a given (simple) graph G. The zero-nonzergattern descriked by the graph
has tremendousin uence on minimum rank. For example,a matrix asseiated with a
path on n vertices (P,) is a symmetric tridiagonal matrix with nonzerosub- and super-
diagonal, and thus has minimum rank n 1, whereasthe completegraph on n vertices
(Kn) has minimum rank 1. For a discussionof the badkground of the minimum rank
problem (and an extensiwe bibliography), see[FH].

Much of the work on the minimum rank problem has focusedon real symmetric ma-
trices, but symmetric matricesover other elds have alsobeenstudied (see[BHL]). While
examplesof di erences in minimum rank over di erent elds are known, theseexamples
involve elds of di erent characteristic or size. We usea technique basedon matroids to
construct two zero-nonzergatterns Cs, and Cs, sud that the minimum rank of matrices
descriked by Cg, is lessover the complexnumbers than over the real numbers', and the
minimum rank of matrices described by Cs, is lessover the real numbers than over the
rational numbers. The pattern Cs, immediately provides a courterexampleto a conjec-
ture in [AHKLR] about rational realization of minimum rank of sign patterns. We then
useCs, and Cs, to construct symmetric patterns, equivalert to graphsG; and G,, with
the analogousminimum rank properties. All graphsdiscussedn this paper are simple,
meaningno loops or multiple edges.The order of a graph G, denoted|G;j, is the number
of verticesof G.

For a symmetricn n matrix A over a eld F, the graph of A, denoted G(A), is

diagonalof A is ignoredin determining G(A). The setof symmetric matricesof the graph
G overthe eld F is

SE=fA2F" ": AT = A and G(A) = Gg:

Sincewe will needto considernon-symmetric matrices, as well as matrices over the
rational and complexnumbers, we adopt the perspective that we are nding the minimum
of the ranks of the matricesin a given family F of matrices, and de ne

mr(F) = minfrank(A) : A2 Fg:

Note that what we are denoting by mr(Sg) is commonlydenotedby mr(G) in papersthat
study only the minimum rank of the real symmetric matrices described by a graph, and
mr(SE) is sometimesdenotedby mr(F; G) or mrF (G).

Clearly mr(Sg) mr(S8)  mr(S§); but in all previously known examples,including
all graphshaving minimum rank lessthan 3, the minimum rank wasthe samefor all elds
of characteristic zero [BHL]. Using the notation just introduced, in Section 3 we showv

lWe thank Chris Godsil and Jim Oxley for providing referencesto relevant papers on matroids. A
good generalreferenceon matroids is [O].
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that mr(S§,) > mr(Sg§,) and mr(ng) > mr(S§,). Howewer, these examplesare quite
large (the ordersare 75 and 181, respectively). First we show that for very small graphs
(order 6), all theseminimum ranks are equal.

A cut-vertexof a connectedgraph is a vertex whosedeletion disconnectsG. In [BFH]
it was shawvn that if G hasa cut-vertex, the problem of computing the minimum rank of
G can be reducedto computing minimum ranks of certain subgraphs. Speci cally, let v
beacut-vertexof G. Fori = 1;:::;h, let W; bethe verticesofthe ith ¢ nert of G 5v

and let G; be the subgraphinduced by fvg[ Wi. Thenry(G) = min ~ r,(G); 2 ;
wherer,(G) = mr(G) mr(G v) is calledthe rank-spead of G at vertex v. Thus
X ( X )
mr(G) = mr(G; v)+ min rv(Gy); 2
1 1

Wayne Barrett hasobsened that the proof remainsvalid over any eld. Hencewe have
the following.

Observation 1.1. If the minimum rank of H is independentof eld for all H suchthat
jHj < jGj and G hasa cut-vertex, then the minimum rank of G is independentof eld.

Throughout this paper. F denotesa eld of characteristic 0, and F" denotesthe set
of n by 1 vectorswith ertries in F.

A graph is 2-connected if its order is at least 3 and it has no cut-vertex. A linear
2-tree is a 2-connectedgraph G that can be embeddedin the plane sud that the graph
obtained from the dual of G after deleting the vertex correspnding to the in nite face
is a path. Equivalertly, a linear 2-treeis a \path" of cyclesbuilt up one cycle at a time
by idertifying an edgeof a new cycle with an edge(that has a vertex of degree2) of
the most recenly addedcycle. In [HH] it is establishedthat for a 2-connectedgraph G,
mr(S8) = jGj 2 if and only if G is a linear 2-tree, but the proof is speci ¢ to the real
numbers. In [JLS], a complete characterization of graphs having minimum rank jGj 2
over in nite elds is given, and as a consequencé is shavn that for any in nite eld F,
mr(S§) = jGj 2 if and only if G is a linear 2-tree. (Note that in [JLS] what we call a
linear 2-treeis called a linear singly edge-articulatal cycle graph or LSEAC graph)

Prop osition 1.2. Let G be a connected graph suchthat jGj 6 andlet F be a eld of
characteristic 0. Then mr(S§) = mr(Sg): In particular, mr(SQ) = mr(SR) = mr(SS) for
any graph G suchthat jGj 6.

Proof. The result is clear if jGj = 1;2: In general, mr(S§) = 1 if and only if G is a
completegraph, and mr(Sf) = jGj 1if andonly if G is a path. The latter statemert is
a consequencef Fiedler's Tridiagonal Matrix Theorem (proved over the real numbersin
[F]; the proof in [RS]is valid for any eld of characteristic 0). This establisheshe result
for jGj = 3;4. From [BHL], if jGj = 5, mr(S§) = 2 if and only if G is not K5, not Dart,
not N, and G doesnot cortain P, as an induced subgraph (seeFigure 1). For jGj = 5
this is su cient to establishthe result, sincefor jGj = 5, graphs having minimum rank
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3 over F are preciselythose not having minimum rank 1, 2, or 4. In [HH] and [JLS] it
is shavn that for graphs G without cut-vertices, mr(SE) = jGj 2 if and only if G is a
linear 2-tree. Togetherwith the fact that the result is true for jGj 5 and Obsenation

1.1, this establisheghe result for jGj = 6. O
P, Dart n

Figure 1: Someforbidden induced subgraphsfor mr(S§) 2

Obviously Proposition 1.2 can be applied to concludethat there is no di erence in
minimum rank over elds of characteristic zerofor graphshaving ead connectedcompo-
nert of order 6 or less,and can be combined with Obsenation 1.1to to showv that many
additional small graphs have no di erence in minimum rank over elds of characteristic
zero.

There is a graph of order 6 for which the minimum rank over Z, diers from the
minimum rank over R.

Example 1.3. Let K3 K, be the graph constructedfrom two copiesof K 3 joined by a
complete matching; Kz K, is shavn in Figure 2. Then mr(SE3 k,) = 3sinceKs K
hasan inducedP,4 but is not a linear 2-tree (in fact, the block matrix | | (J II) 1
wherel is the identity matrix and J is the all onesmatrix, hasrank 3).

Figure 2: The graphK3; K

With appropriate ordering of the vertices,any matrix in S%2(K3 K,) is of the form
2 3

COoORrRRRLS
ororSr
RroOoO&rk
PR oo
P& RroOor o

PR R OO

o
[}
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In order to construct our examplesof graphs where the minimum rank di ers over
R and C or over R and Q, we will rst needto construct examplesover non-symmetric
nonzeropatterns. A nonzep pattern Z = [z; ] is a matrix whoseertries z; are elemers
of f ;0g. Givena pattern Z = [z; ], we let M 5 denotethe set of all matrices A = [a; ]
over F sud that a; 6 Oif andonly if z; = . A realization of Z over F is a matrix
in M £. Note that (unlike the set of symmetric matrices descrited by a graph), herethe
diagonalis constrainedby the zero-nonzergattern.

2 Minim um ranks of patterns over the rational, real
and complex numbers

Let V beann by k matrix over F. We denotethe nullspaceof V, fw 2 F¥ : Vw = 0g, by
NS(V), and the left nullspace of V, fw 2 F" : w'V = 0g, by LNS(V). Throughout most
of this section,the of rank of V will bek; in this case dim(LNS(V)) = n rankV =n k.
For anm by n matrix A over F, we denotethe row spaceof A (the subspaceof F" spanned
by the rows of A) by row(A).

A cycleof V isasubset offl;2;:::;ng sud that the rows of V indexedby are
linearly dependert and ead proper subcollection of thesecolumnsis linearly independen.
Let ~ denotethe 1 by n pattern obtainedfrom by placinga in positionj whenj 2 ,
and a 0 in position j otherwise. A cycle matrix Cy of V is a matrix whoserows are the
patterns ~ as runs over the cyclesof V. Note that we don't prescribe the ordering of
the rows of Cy. ThusV hasmany cycle matrices, but they are all obtained from a single
cycle matrix by permutation of rows.

Lemma 2.1. LetV be an n by k matrix of rank k with entries from F, and let Cy be a
cycle matrix of V. Also, let be the setof indices of a collection of linearly independent
rowsof V. Then there existsa subset of row indicesand a subset of column indices

suchthat \ = ; andCy[ ; ]Jisan (n k) by (n k) matrix whoserows can be
permuted to the matrix 2 3
0 O 0
0 0
00 .0
00 0

Proof. SinceV hasrank k, we may assumewithout lossof generality that isf1;2;:::;kg.
is a cycleof V cortaining j and cortained in f1;2;:::;k;jg. Hence,thereis a row of Cy

with a in columnj, and Osin all positions ™ with ©~ > k and = 6 j. The result now
follows. O
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Lemma 2.2. LetV be an n by k matrix of rank k with entries from the eld F, and let
Cy beacyclematrix of V. Thenmr(M £ )=n k.

Proof. By Lemma2.1, mr(M Ev) n k. For eat row of Cy thereis a realization of
that belongsto LNS(V). Hence,there is a realization A 2 M EV sud that AV = O.
Thus,mr(M ¢, ) rank(A) n rank(V)=n k. O

In his early work on matroids [M], SaundersMacLanegave examplesof matroids that
can be represeted over the complexnumber but not the real numbers and over the real
numbers but not the rational numbers. We use theseideasto construct two matrices,
and from thesematrices, patterns that have di ering minimum ranks. We beginwith the
examplethat distinguishesthe complexnumbersfrom the real numbers. Let

2 3
1 0 0
0 1 0
1 1 0
1!'+1 !
S]_: 0 0 1
1!'+11+1
1 1 I + 1
0 1 1
1 0 !

where! = 1%%'

It is not dicult to verify that the cyclesof S; correspnd to the lines and 4-setsof
points in generalposition of AG(2;3), the ane plane of order 3, as labeledin Figure
3. There are 12 3-cycles(seeFigure 3). Sincethere are 2 4-elemen subsets,and eat
3-cycleexcludes6 of these,there are 126 (6)(12) = 54 4-cyclesand thus a total of 66

cyclesof S;.

Figure 3: Diagram of AG(2; 3) for S;

We shall make useof seweral known results, which are a matrix theoretic restatemen
of MacLane'sresults on matroids.

the electr onic journal of combinatorics 15 (2008), #R25 6



Theorem 2.3. Thereis no real matrix T suchthat C; = Csg,.

Proof. Supposeto the cortrary that there existsa 9 by ~ real matrix W = [w; ] of rank
" whosecycle matrix is Cs,. Sinceewery cycleof S; hasat least 3 elemeits, ead pair of
rows of W are linearly independen. Sinceewery setof 4 rows of S; is linearly depender,
sois ewery set of 4 rows of W. HenceW hasrank at most3and~ 3. Rows 1, 2 and
5 of S; are linearly independen. Thus no cycle of S; (and henceof W) is cortained in
f1,2;5g. Therefore,rows 1;2;5 of W are linearly independen. Therefore, W hasrank 3,
that is, = 3.

Note that post-multiplying W by an invertible (real) matrix, or pre-multiplying W
by an invertible (real) diagonal matrix doesnot changeits cycle matrix. Thus, we may
assumewithout lossof generality that the leftmost nonzeroertry in eat row of W is a
1 and that

WIf1;2,50;:]= la:

Becausd 1; 2; 3g is a cycle,and ead pair of columnsof W is linearly independen, we
have that wz; 6 0, w3, 6 0 and wis = 0. Thus, by scaling columns and then rows, we
may assumewithout lossof generality that

2 3
100
W[f1;2;3;59;:]:§cl) i 82
001

Similarly, usingthat f 2; 5; 8gis a cycleof S;, we concludethat without lossof generality
row 8 of W is
011

Using that f1;5;9g is a cycle, we seethat row 9 of W is
10 a

for somenonzeroreal number a.
Next usethat f 3;5; 7g is a cycleto concludethat row 7 of W is

116b

for somenonzeroreal number b.
Next usethat f 1;6; 8g is a cycleto concludethat row 6 of W hasthe form

1 cc

for somenonzeroreal number c.
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Thus, we have that W hasthe form
2 3

RPORRPROXPEPOLR
ORr R OO RERLRO
Y R,PTORNOOO

for somenonzeroreal numbers, a;b;c and real numbersx; y; z.
Sincef 7; 8;9g is a cycle,

2 3
110D
O=det4 0 1 195=a+1 b
10 a
Sincef 3;6;9g is a cycle,
2 3
110
O=det4 1 ¢ c9=ac+c a
10 a
Sincef 2; 6; 7g is a cycle,
2 3
010
O=det41 ¢c c9=c b:
11b

Theseequationsleadto b= a+ 1,ac+c a= 0,andc= b Thus,c= a+ 1, and
substitution into the secondequationgives: a®+ a+ 1= 0. Therefore,a= —-—2, which
cortradicts the fact that W is a real matrix.

Therefore, there is no real matrix whosecycle matrix is Cs,. O

Corollary 2.4. mr(M Esl) =7>6=mr(M 831)-

Proof. By Lemma 2.2, mr(M 831) = 6.

Let A be a real realization of Cs, of minimum rank. We claim that rank(A) 7.
Supposeto the cortrary that rank(A) 6. Let W be a real matrix whosecolumnsform
a basisfor the nullspaceof A. By Lemma 2.1, Cs, cortains a submatrix that is a 6 by
6 permutation matrix. Thus, rank(A) = 6 (and soW has 3 columns). Note that since
dimrow(A) = rank(A) = 6= 9 rank(W), row(A) = LNS(W)

Let be a collection of row indices sud that the set of rows of S; indexedby is
linearly independent. By LemmaZ2.1,6 rank(A[:; ~]). The existenceof a nonzerovector
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v 2 row(A) whosesupport is cortained in  leadsto the cortradiction 6 = rank(A)
1+ rank(A[;;7]) 1+ 6= 7. Thus,the row spaceof A cortains no nonzerovector whose
support is cortained in . Sincerow(A) = LNS(W), the set of rows of W indexed by
is linearly independert. We have showvn: wheneer a collection of rows of S; is linearly
independen, the correspnding collection of rows of W is also linearly independen (or
equivalertly, if a collection of rows of W is linearly dependen, then the correspnding
collection of rows of S; is alsolinearly dependert). In particular, no pair of rows of W is
linearly dependert.

Let be a cycle of W of size 3. Then by the preceding obsenation the rows of
S; indexed by are linearly dependert, and since eah pair of rows of S; is linearly
independent, is acycleof S; of size3.

Let beacycleof S; of size3. Then A cortains a nonzerorow whosesupport is
and hencethe rows of W indexedby are linearly dependen. Sinceead pair of rows of
W is linearly independen, is a cycleof W of size3.

We have showvn that V and W have the samecyclesof size 3. The cyclesof W
(respectively, S;) of size4 are preciselythe 4-setswhich cortain no cycle of size3. Thus,
the cyclesof W and S; of size4 are equal. Sinceboth W and S; have rank 3, it follows
that W and S; have the samecycles. This cortradicts Theorem2.3.

Therefore,mr(M gsl) 7>6=mr(M Ssl).

To seethat mr(M Esl) = 7, considerthe 9 by 2 real matrix X whosejth row is [1;] ].
Clearly, every 2 by 2 submatrix of X is invertible, and hencefor ead 1 by 9 pattern with 3
or more nonzerosthere is a realization that belongsto the left nullspaceof X . Therefore,
there is a realization of M @Sl of rank at most (and henceexactly) 7. O

Note that in the proof of Theorem 2.3, no cycle of S; cortaining 4 is used. It follows
that there is no real matrix whosecyclesare the sameasthoseof S;[f 4g; :]. As the points
of AG(3; 2) are interchangeable there is no real matrix whosecyclesarethe sameasthose
of S;[fj g;:] for eat j. This obsenation and an argumert similar to that of Corollary 2.4
prove the following.

Corollary 2.5. Let S be a pattern obtained from S; by deletinga row. Then
mr(M §.) = 6> 5=mr(M g_):

We now construct an examplethat distinguishesthe rational numbers from the real
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numbers. Let 2 b 3
1 2+ 2 0

1 1, 1

1 3+ 0

1 0 1

0 1, 1
S=81 2+ 1
1 1, 5 =
LS S

1 0 0

0 1 0

0 0 1

It isnot di cult to verify that the 3-cyclesof S, corresppnd to the subsetsof 3 collinear
points in Figure 3 (the details of a computer implemertation are given in an appendix,
available on line at http://www.aimath.org/  skranz/Blurbs/leslie-app.pdf). There are
twenty- v e 3-cycles,one from ead of the v e lines with 3 points and four from ead of
the v e lineswith 4 points. The 4-cyclesare all setsof 4 points that do not cortain a
3-cycle. Eadh line with 3 points excludeseight 4-cycles. Each subsetof three points of
a line with 4 points excludesseen 4-cyclesand the ertire line is also excluded,soa line
of four points excludestweny-nine 4-cycles.Thus there are 330 (8)(5) (29)(5) = 145
4-cycles,and 170cyclesof S,.

Figure 4. Diagram for S,

Theorem 2.6. There is no rational matrix T suchthat C; = Csg,.

Proof. The proof is much like that of Theorem 2.3, sowe only summarizethe steps.

Supposeto the cortrary that W is an 11 by ~ matrix of rank ~ over Q whosecycles
arethoseof S,. Sinceead setof 4 rows of S, is linearly dependen, and W hasthe same
cyclesasS,, ead setof 4 rows of W is linearly dependent. Thus™ 3. Sincef9; 10, 11g
cortains no cycle of S,, rows 9, 10 and 11 of W form a linearly independen set. Hence
=3

By post-multiplying W by an invertible, rational matrix, without loss of generality,
we may assumethat W([f9; 10, 11g;:] = I3.
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Sincefl;9;10g, f4;9; 119, f3;9; 10g are cyclesof S,, we may assume(after possibly
scalingrows and columns) that row
2 3

WIf1;3;4,9 10 11g;:] =

OO R RRPRE
OPrPLP OO0 -
OO kFr OO

Sincef 4;6;10g and f 1; 6; 11g are cycles,row 6 of W is (without lossof generality)
111
Sincef5;10; 11g is a cycleof S,, row 5 of W hasthe form
016b
for somenonzerob. Using the cyclesf 2;5;9g and f 2; 4; 10g, we seethat row 2 is
1 1=b 1
Becausef 2; 7; 11g and f 1; 4; 7g are cycles,row 7 of A hasthe form
1 1=b 1 1=b

Sincef3;5;7g is a cycle, 0 = detA[f3;5;7g;:] = ab 1=k soab = 1=h Similarly,
0= detA[f3;5;6g;:]= 1+ ab b, and substiptgtion of ab= 1=binto this equation yields
the equation1+ 1=b b= 0. Thus, b= 12, bis irrational, and we have obtained a

cortradiction. O

The proof of the next corollary is virtually idertical to that of Corollary 2.4, and is
left to the reader.

Corollary 2.7. mr(M 852) =9>8=mr(M§g,).

Corollary 2.7 provides a courterexample to the certral conjecturein [AHKLR, pp.
112-113].

In this paper we raise the following basic conjecture. For any m n

sign pattern matrix A with mr(A) = Kk, there exists a rational matrix

(equivalertly, an integer matrix) B 2 Q(A) sud that rank B = k.
With our notation, this would be:

For any m n sign pattern matrix Z with mr(M ) = k, there existsa

rational matrix (equivalertly, an integer matrix) B in the sign pattern

classof Z sud that rank B = k.

The sign-pattern classrestricts the signs of the ertries, a stronger restriction than re-
stricting the zero-nonzergoattern. Thus we have
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Counterexample 2.8. Let A be a realization of C§ of rank 8, and let Zcs, bethe sign
pattern of A. By Corollary 2.7 there is no rational matrix with sign pattern Z of rank 8.
Hencethe minimum rank amongthe rational matriceswith sign pattern Z is larger than
the minimum rank amongthe real matriceswith sign pattern Z¢,, . An explicit example
of sud Z¢,, and details of its construction are given in an appendix, available on line
at http://www.aimath.org/  skranz/Blurbs/leslie-app.pdf. (After the submissionof this
paper, the authors becameaware of another sign pattern A, for which mrQ(A) > mrR(A),
that was presened in [KR].)

Note that in the proof of Theorem 2.6, row 8 of S, was not used. We concludethat
there is no rational matrix whosecycle matrix is Sy[f 8g;:]. As there is an automorphism
of Figure 1 that takes 8 to any oneof f1;2;:::;10g, we can replace8 by any one of
f1,2;:::;109. Just like Corollary 2.5, we have the following result, whoseproof is left to
the reader.

Then
mr(CQ) = 8> 7= mr(C%):

3 Graphs and minim um rank

We now return to the questionof variation over F = C;R; or Q of mr(Sf), the minimum
rank of a graph over F. Recallthat the matricesin S§ are symmetric and the diagonalis
unrestricted.

Let Cs, be a cyclematrix of S;, and let G, be the bipartite graph whosebi-adjacency
matrix is Cs,. Thus, G; has9 vertices,say 1,2,..., 9, correspnding to the columns of
Cs, and 66 vertices corresmpnding to the rows of Cg,, for a total of 75 vertices.

Note that if M is a minimal rank realization of M 851, respectively, M Esl, then

O|MT
M| O
is a complex(respectively real) matrix of rank 6+ 6 = 12 (respectively, 7+ 7 = 14) whose

graphis G;. Hence,mr(Sgl) 12 and mr(Sél) 14. We claim that equality holds in
both of theseinequalities.

Theorem 3.1. mr(S§)) = 14> 12= mr(Sg,).

Proof. Let A be a matrix whosegraphis G;. Thus, A hasthe form

.
%’BT ? )

where D and E are diagonal matrices, and B has pattern Cg,. We claim that if A is
complex(respectively real), then rank(A) 12 (respectively, rank(A) 14)
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If ead diagonalerntry of E is 0 and A is complex(respectively, real), then by Corollary
2.4, rank(A) rank(B) + rank(BT) 6+ 6 = 12 (respectively, rank(A)  rank(B) +
rank(BT) 7+ 7= 14).

If A is complex (respectively, real) and E has 12 (respectively 14) or more nonzero
ertries, then rank(A) rank(E) 12 (respectively, rank(A) rank(E) 14). Oth-
erwise, A is complex (respectively, real) and E has k nonzeroentries with 1k 11
(respectively, 1 k 13).

Obsene that rows 1, 2 and 4 of S; are linearly independert. Therefore, for eah
j 2 f1;2;:::;99nf1;2;4g there is a unique cycle of S; that cortains j and is corntained
inf1;2;4;jg. It canbe veri ed that thesecyclesare

f1,2;39;f1;2;,4;50;f1;2,4,6q;f1;4;,79;f 1, 2; 4, 8g; f 2; 4; 9g:

Let ; bethe indicesof the rows of B correspnding to the thesecycles. Similarly, let
the indices of the rows correspnding to the cycles

f6,8;19;f5;8;29;f5;6;8;39;f5;6;49;f5;6; 8; 79; f 5; 6; 8; 90;

determinedby linearly independen rows 5; 6; 8 (the order in which the ertries in a cycle
are listed is irrelevant, and we have listed all the ertries of the cycle that are in 5;6;8
rst). Let 3 the indicesof the rows correspnding to

£3,7,9,10,13,7,9,29;13,;7;,9; 49,1 3; 7,50, f 3, 9; 69; f 7; 9; 8g;

determinedby the linearly independen rows3; 7; 9. Note that the - aremutually disjoint.
By construction (cf. Lemma2.1), eah Cs,[ -;:] hasa 6 by 6 permutation matrix asa
submatrix.

Let = fj :¢g; 6 0g. By the PigeonholePrinciple, thereis aj sud that j ;\ j
bk=3c. Thus,A[ ;[ ]is permutation similar to a matrix of the form

2 3
B[;n ;T
4B[n ;] O O 9;
o El ]

and thus hasrank at leastk + 2(6 bk=3c) 12+ %k > 12. Hence,if A is complex,then
rank(A) 12,and it follows that mr(S§,) = 12.
Otherwise, A is real and

rank(A) 12+ k 2bk=3c: (2)

Hence,rank(A) 14, exceptin possibly the casesthat k = 1 or k = 3. Note that ewven
in thesecaseswe have already proved that rank(A) 13 and thus that mr(Sgl) 13>
12= mr(Sg§,).

First considerthe casethat k = 1. Without lossof generality, e;; = 1. Let bethe
cycleof S; correspndingto row 1 of B, andletj 2 . Let =1f :b; = O0g, and obsene
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the B[ ;fjg] is a realization of the cyclematrix obtainedfrom S; by deletingthe j th row.
Thus, by Corollary 2.5, B[ ;fjg] hasrank at least 6. Sincej appearsin a cycle other
than , it followsthat M hasa submatrix of the form

2 3
B[ :fjg]"
b| 0 0
1/ 0] 0 O
b[o|[O0| 0 0 %
000
B[ ;fjgl| : : : O
0olo|o0

with b6 0, and we concludethat A hasrank at least6+ 3+ 6= 15> 14.

Next considerthe casek = 3. Assumeto the cortrary that M hasrank 13. Inequality
(2) impliesthat j ;\ j= 1forj = 1;2;3;otherwiserank A rankA[ ;[ ] 12+k= 15
for somej. The ane plane AG(2;3) has 4 setsof parallel lines. Sincej j = 3, there
exist two non-parallellines of AG(2; 3) neither of which correspndsto a row of B whose
indexisin . Without lossof generality, we may assumethat theselinesaref 1;2; 3g and
f2;4;9g.

Now let

= ff 1,2,39,f2,9;49;f1,9;50;f 1,2, 9;6g; f 1, 2;9; 7g; f 1; 2; 9; 89g;

9= ff 3,4;5,19;3;4;5; 29;f 4,5, 60; f 3; 5, 7g; f 3; 4; 8g; f 3; 4; 5; 9gg;

9= 1ff 6,8,10;16;7;29;16;7;8;3g;16,7;8;4g; 6, 7; 8, 5g; f 7; 8; 990
It is easyto verify that the JO are mutually disjoint setsof cyclesof S;. Hence,arguing
asbefore,j 7\ j= 1foreah . Notethat ?and ,and ; are mutually disjoint,

and |\ 2= ff 1;2;3g;f2;4;,999. Hence, cortains anindex that correspndsto either
f1;2; 3gorf2;4,9g, which is acortradiction. Hence,A hasrank at least14,asdesired. [

Let Cs, be a cyclematrix of S,, and let G, be the bipartite graph whosebi-adjacency
matrix is M. Thus, G, has 11 vertices, say 1,2,..., 11, correspnding to the columns
of Cs, and 170 additional vertices corresmpnding to the rows of Cs, (and henceto the
cyclesof S,), for a total of 181 vertices. As with the real vs. complex case,one can see
immediately that mr(S(F:*SZ) 16 and mr(Sgsz) 18. We claim that equality holds in
both of theseinequalities.

Theorem 3.2. mr(Sg,) = 18> 16= mr(Sg)).

Proof. The proof proceedsas that of Theorem 3.1. Let A be a matrix whosegraph is
G,. Thus, A hasthe form (1) whereD and E are diagonal matrices, and B has pattern
Cs,. We claim that if A is real (respectively rational), then rank A 16 (respectively,
rank A 18)
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As before,the casesE hasO or at least 16 (or 18in the rational case)nonzeroertries
is easilyhandled. Otherwise, A is real (respectively, rational) and E hask nonzeroertries
with 1  k 16 (respectively, 1 k 18).

Now choose v e disjoint 3-setsof independen rows of S, (non-cycle 3-sets)insud a
way asto produce v e pairwise disjoint setsof eight cycles. Speci cally, for the indepen-
dert setswe canusefl;2;6q;f2;3;7g;f3;4;8q;f4,5;9g;f1,;5; 10g; yielding the following
Vv e setsof eight cycles:

1= f1,26;39,2,6,4g9;11;2,6;59;f1; 2,6, 79;f 1,2;6;8g;f 1; 2,6, 99; f 2,6, 10g; f 1, 6; 119

2= 123,719,123, 7,49,13, 7,59, 3;7,60;f2; 3, 7,89, T 2, 3; 7, 99; £ 2, 3; 7, 10g; f 2; 7; 11g

3= f14,8/1g9;f3,4,8,29;f3;4,8;59;f3;4,8, 69,4, 8,79, f 3; 4, 8,99, f 3; 4,8, 10g; f 3; 8; 119

4= 14591g,f5/2,99;f4,5;3;99;f4,5;9,109;f4;5;9;69; f4,5;9;79; 5, 9; 8g; f 4, 9; 119

5= f1;5;10,20;f1;10;3g;f1;5;10; 4g;f 1;5; 10; 6g; f 1; 5; 10; 79;f 1, 5; 10; 8g; f 1; 10; 9g;
f5:10; 11g

Thesecomprisedisjoint setsof 8 cyclesof S, and henceB][ ;;:] cortains a 8 by 8 permu-
tation matrix for ead j.

Arguing asin the proof of Theorem3.1, we seethat thereisaj sudthat j ;\ ]
bk=5c. Thus, A[ j[ ]isamatrix of the form

2 3
B[ n ;i
4B[ n ;] O O 9;
o El ]

and hasrank at leastk + 2(8 bk=5c) 16+ 3k=5 > 16. Hence,if A is real, then
rank(A) 16, and it follows that mr(S§,) = 16.
Otherwise, A is rational and

rank(A) 16+ k 2bk=5c:

Hence,rank(A) 18, exceptpossiblyin the casethat k = 1. This caseis handledjust as
in the proof of Theorem3.1. Hence,A hasrank at least 18, asdesired. O

4 Minim um rank and extension elds

Returning now to a not-necessarilysymmetric pattern Z with the diagonalrestricted by
the pattern, it is natural to ask for the relationship betweenmr(M ) and mr(M %), in
the casethat E is an extension eld of F. It isclearthat mr(M £) mr(M %). If E isan
extension eld of F, then there exists an F -vector spaceC sud that E is the direct sum
of the F -vector spaced and C. Thus, eat e 2 E canbe uniquely expressedase= f + ¢
wheref 2 F andc2 C. Wecall f the F-component of e.

Theorem 4.1. LetE and F be elds with JE:Fj=d< 1 andletZ beanm byn
pattern with jFj > n. Thenmr(M £) d mr(M E).
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Proof. Let A berealization of Z over E. We claim that there existsa diagonalmatrix D
over E sud that the rst F-componert of ead nonzeroertry of AD is nonzero. This is
clearif jEj = 1 . Otherwise, for ead nonzeroelemen x of E there are at most jFj¢ *
elemetts e of E sud that the rst F-componen of ex is 0. Thus, for ead column of A
there are at most njFj¢ * elemetts e of E sud that scalingthat column by e resultsin a
columnwith at leastonenonzeroertry whoserst F-componert is 0. SincenjFj¢ ! < jEj,
there exists an invertible diagonal matrix D sud that ead nonzeroertry of AD hasa
nonzero rst componen.

Without lossof generality, we may takeD = |. Let 1= 4; ,;:::; 4 beabasisof E

A=B;+ B>+ aBy:
SinceD = |, B; is arealization of Z over F.

space.Note that V may alsobe viewed asa F vector space.Moreover V asan F vector
spacehasspanningset ;v (1 j d;1 k). Hencethe dim" (V) d dim®(V).
Notethat fBix+ ,Bx+ + 4Bgx:x 2 F"gisasubspaceonained in the F-vector
spaceV, and clearly has dimensionat least rank(B;). Hence,rank(B;) d rank(A),
and the result follows. O
mr(M %) mr(M &)
Thus,— 2for all patternsM and ——— g whereCs is the pattern
mr(M §) mr(M §,)
in Corollary 2.5. Two questionsarise:

mr(M 5)

1. What is the suprenum of :
mr(M 2)

mr(M 3) _

2. Is there an upper bound on :
mr(M %)

5 Computation of minim um rank

The questionof the decidability of the minimum rank of a graph over a eld F wasraised
at the 2006American Institute of Mathematics workshop,\Spectra of Families of Matrices
described by Graphs, Digraphs, and Sign Patterns," and in this sectionwe brie y discuss
theoretical algorithms for the computation of minimum rank, their complexity, and some
implications in the caseghat F is the real or complex eld.

A corversionof the problem of computing the minimal rank of a graph G with vertices
1;2;:::;n and edge-sett over F to verifying the validity or invalidity of statemers over
F is given by the following well-known equivalernt statemerts:

(@) mF(G) k.
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[(y Bi=0)" (b 60ifij 2E; andb; = 0if ij 2 )]

i=1 j>i

P
whereb; = X, x®(y®)T .

N N N
by 6 0 detB[ ; ]=0
ij 2E ©ohnisj j=j j=k+1

whereb; = Oforij 2 ;;b;=Dhb; andB = [b].

N N N
by 6 0 detB[ ; ]1=0
ij 2E hni;jj k+l

whereb; = Oforij 2 , By =h andB = [b].

Here denotesthe set of ordered pairs (i; j) of integerswith i 6 j, 1  1i;] n,
and ij Z E. Note that an inequation, f (z;:::;z) 6 0, can be madeinto an equation
yf (z1;X2;:::;2) = 1 by introducing a newvariabley. Also, note in the casethat F = R,
the statemert

(e) Thereexist x®;:::;x® 2 F": ::::0 2 F sudh that
m AN

[(y Bi=0)" (b 60ifij 2E; andb; = 0if ij 2 )]

i=1 j>i

whereb; = i ooxOmT
ij
is equivalert to ead of the statemerts (a)-(d).

Quarti er elimination (whenavailable) allowsoneto verify the validity of statemernts of
the form that appearin (a)-(e). Over the complexnumbers, the insolvability of a system
of polynomial equationsand inequationsis determined by Hilbert's Nullstellensatz. It
says that a systemof polynomialsis unsohable if and only if a certain ideal cortains the
constart function 1. Sothe problem is reducedto nding a good basisfor a given ideal.
This can be done e ciently by nding a Grebner basis, and this provides a theoretical
algorithm for determining mr©(G) for any graph G.

Tarski [T] was the rst to obsene that quarti er-elimination can also be done over
ewery real closed eld; in fact, Tarski produced an algorithm that doesit. Algorithms
have beenimproved over the years and software for verifying the validity of seriences
(that are not too long) over the real or complexnumbersis available.
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An algorithm by Renegar[R] provides improved complexity bounds over the real
numbers, and needsat most (M d)°MN steps,whereM is the number of equationsand
inequations,N is the number of variables,and d is the maximum degreeof the polynomials
involved. We refer the readersto the recernt paper [BR] on applications of the Renegar
algorithm. Improved complexity bounds for the Renegaralgorithm are available when
executedon parallel processors.

Somecomputer algebra systems,sud as Mathematia, have implemerted quarti er
elimination, and JasonGrout [G] hasdeweloped a Mathematia notebook to computethe
minimum rank of very small graphsover R or C by verifying the validity of statemeris
in (b)-(e).

Table 1 lists the valuesof the correspnding parametersM ;d and N for the charac-
terizations of minimum rank k given by conditions (b)-(e):

Table 1: Valuesof parametersM ; d; N

M d N
(b n(n 1) 2 2nk

©| iEig n " [k+1[jEj+n
(d) [iEj+ ‘e 7 | N | JEj+n

r

(e nn 1) 3 [(n+ 1)k

Tarski's decidability theorem does not apply to decisionsover the eld of rationals.
We note that the decidability problem of the minimum rank of a graph over the rationals
is still open.
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