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Abstract

We usea technique basedon matroids to construct two nonzeropatterns Z 1 and
Z2 such that the minimum rank of matrices described by Z1 is lessover the complex
numbersthan over the real numbers,and the minimum rank of matricesdescribedby
Z2 is lessover the real numbersthan over the rational numbers. The latter example
providesa counterexample to a conjecture in [AHKLR] about rational realization of
minimum rank of sign patterns. Using Z1 and Z2, we construct symmetric patterns,
equivalent to graphs G1 and G2, with the analogousminimum rank properties. We
also discussissuesof computational complexity related to minimum rank.

Keyw ords: minimum rank, graph, pattern, zero-nonzeropattern, �eld, matroid,
symmetric matrix, matrix, real, rational, complex.
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1 In tro duction

The (real symmetric) minimum rank problem (for a graph) is to determinethe minimum
rank amongreal symmetric matriceswhosezero-nonzeropattern of o�-diagonal entries is
described by a given (simple) graph G. The zero-nonzeropattern described by the graph
has tremendousin
uence on minimum rank. For example, a matrix associated with a
path on n vertices (Pn ) is a symmetric tridiagonal matrix with nonzerosub- and super-
diagonal, and thus has minimum rank n � 1, whereasthe completegraph on n vertices
(K n ) has minimum rank 1. For a discussionof the background of the minimum rank
problem (and an extensive bibliography), see[FH].

Much of the work on the minimum rank problem has focusedon real symmetric ma-
trices, but symmetric matricesover other �elds have alsobeenstudied (see[BHL]). While
examplesof di�erences in minimum rank over di�erent �elds are known, theseexamples
involve �elds of di�erent characteristic or size. We usea technique basedon matroids to
construct two zero-nonzeropatterns CS1 and CS2 such that the minimum rank of matrices
described by CS1 is lessover the complexnumbers than over the real numbers1, and the
minimum rank of matrices described by CS2 is lessover the real numbers than over the
rational numbers. The pattern CS2 immediately provides a counterexample to a conjec-
ture in [AHKLR] about rational realization of minimum rank of sign patterns. We then
useCS1 and CS2 to construct symmetric patterns, equivalent to graphsG1 and G2, with
the analogousminimum rank properties. All graphs discussedin this paper are simple,
meaningno loopsor multiple edges.The order of a graph G, denotedjGj, is the number
of verticesof G.

For a symmetric n � n matrix A over a �eld F , the graph of A, denoted G(A), is
the graph with vertices f 1; : : : ; ng and edgesff i; j gj aij 6= 0 and i 6= j g. Note that the
diagonalof A is ignoredin determining G(A). The set of symmetric matricesof the graph
G over the �eld F is

SF
G = f A 2 F n� n : AT = A and G(A) = Gg:

Sincewe will needto considernon-symmetric matrices, as well as matrices over the
rational and complexnumbers,we adopt the perspective that we are �nding the minimum
of the ranks of the matrices in a given family F of matrices,and de�ne

mr(F ) = minf rank(A) : A 2 F g:

Note that what we aredenotingby mr(SR
G) is commonlydenotedby mr(G) in papersthat

study only the minimum rank of the real symmetric matrices described by a graph, and
mr(SF

G ) is sometimesdenotedby mr(F; G) or mrF (G).
Clearly mr(SQ

G ) � mr(SR
G) � mr(SC

G); but in all previously known examples,including
all graphshaving minimum rank lessthan 3, the minimum rank wasthe samefor all �elds
of characteristic zero [BHL]. Using the notation just introduced, in Section 3 we show

1We thank Chris Godsil and Jim Oxley for providing referencesto relevant papers on matroids. A
good general referenceon matroids is [O].
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that mr(SR
G1

) > mr(SC
G1

) and mr(SQ
G2

) > mr(SR
G2

). However, these examplesare quite
large (the ordersare 75 and 181, respectively). First we show that for very small graphs
(order � 6), all theseminimum ranks are equal.

A cut-vertexof a connectedgraph is a vertex whosedeletion disconnectsG. In [BFH]
it was shown that if G hasa cut-vertex, the problem of computing the minimum rank of
G can be reducedto computing minimum ranks of certain subgraphs.Speci�cally, let v
be a cut-vertex of G. For i = 1; : : : ; h, let Wi be the verticesof the i th component of G� v
and let Gi be the subgraph induced by f vg [ Wi . Then r v(G) = min

nP h
1 r v(Gi ); 2

o
;

wherer v(G) = mr(G) � mr(G � v) is called the rank-spread of G at vertex v. Thus

mr(G) =
hX

1

mr(Gi � v) + min

(
hX

1

r v(Gi ); 2

)

:

Wayne Barrett has observed that the proof remainsvalid over any �eld. Hencewe have
the following.

Observ ation 1.1. If the minimum rank of H is independentof �eld for all H suchthat
jH j < jGj and G has a cut-vertex, then the minimum rank of G is independentof �eld.

Throughout this paper. F denotesa �eld of characteristic 0, and Fn denotesthe set
of n by 1 vectorswith entries in F.

A graph is 2-connected if its order is at least 3 and it has no cut-vertex. A linear
2-tree is a 2-connectedgraph G that can be embeddedin the plane such that the graph
obtained from the dual of G after deleting the vertex corresponding to the in�nite face
is a path. Equivalently, a linear 2-tree is a \path" of cyclesbuilt up one cycle at a time
by identifying an edgeof a new cycle with an edge(that has a vertex of degree2) of
the most recently addedcycle. In [HH] it is establishedthat for a 2-connectedgraph G,
mr(SR

G) = jGj � 2 if and only if G is a linear 2-tree, but the proof is speci�c to the real
numbers. In [JLS], a completecharacterization of graphshaving minimum rank jGj � 2
over in�nite �elds is given, and as a consequenceit is shown that for any in�nite �eld F,
mr(SF

G) = jGj � 2 if and only if G is a linear 2-tree. (Note that in [JLS] what we call a
linear 2-tree is called a linear singly edge-articulated cycle graph or LSEAC graph.)

Prop osition 1.2. Let G be a connected graph such that jGj � 6 and let F be a �eld of
characteristic 0. Then mr(SF

G) = mr(SR
G): In particular, mr(SQ

G ) = mr(SR
G) = mr(SC

G) for
any graph G suchthat jGj � 6.

Proof. The result is clear if jGj = 1; 2: In general, mr(SF
G) = 1 if and only if G is a

completegraph, and mr(SF
G) = jGj � 1 if and only if G is a path. The latter statement is

a consequenceof Fiedler's Tridiagonal Matrix Theorem(proved over the real numbers in
[F]; the proof in [RS] is valid for any �eld of characteristic 0). This establishesthe result
for jGj = 3; 4. From [BHL], if jGj = 5, mr(SF

G) = 2 if and only if G is not K 5, not Dart,
not n , and G doesnot contain P4 as an induced subgraph(seeFigure 1). For jGj = 5
this is su�cien t to establish the result, sincefor jGj = 5, graphs having minimum rank
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3 over F are precisely those not having minimum rank 1, 2, or 4. In [HH] and [JLS] it
is shown that for graphs G without cut-vertices, mr(SF

G) = jGj � 2 if and only if G is a
linear 2-tree. Togetherwith the fact that the result is true for jGj � 5 and Observation
1.1, this establishesthe result for jGj = 6.

P4 Dart n

Figure 1: Someforbidden induced subgraphsfor mr(SF
G) � 2

Obviously Proposition 1.2 can be applied to concludethat there is no di�erence in
minimum rank over �elds of characteristic zerofor graphshaving each connectedcompo-
nent of order 6 or less,and can be combined with Observation 1.1 to to show that many
additional small graphshave no di�erence in minimum rank over �elds of characteristic
zero.

There is a graph of order 6 for which the minimum rank over Z2 di�ers from the
minimum rank over R.

Example 1.3. Let K 3� K 2 be the graph constructed from two copiesof K 3 joined by a
completematching; K 3� K 2 is shown in Figure 2. Then mr(SR

K 3 � K 2
) = 3 sinceK 3� K 2

hasan inducedP4 but is not a linear 2-tree(in fact, the block matrix
�
J � I I

I (J � I ) � 1

�
,

whereI is the identit y matrix and J is the all onesmatrix, has rank 3).

Figure 2: The graph K 3� K 2

With appropriate ordering of the vertices,any matrix in SZ2 (K 3� K 2) is of the form
2

6
6
6
6
6
6
4

d1 1 1 1 0 0
1 d2 1 0 1 0
1 1 d3 0 0 1
1 0 0 d4 1 1
0 1 0 1 d5 1
0 0 1 1 1 d6

3

7
7
7
7
7
7
5
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and computation using all 64 possible(d1; : : : ; d6) shows the rank is at least 4.

In order to construct our examplesof graphs where the minimum rank di�ers over
R and C or over R and Q, we will �rst needto construct examplesover non-symmetric
nonzeropatterns. A nonzero pattern Z = [zij ] is a matrix whoseentries zij are elements
of f� ; 0g. Given a pattern Z = [zij ], we let M F

Z denote the set of all matrices A = [aij ]
over F such that aij 6= 0 if and only if zij = � . A realization of Z over F is a matrix
in M F

Z . Note that (unlike the set of symmetric matrices described by a graph), here the
diagonal is constrainedby the zero-nonzeropattern.

2 Minim um ranks of patterns over the rational, real
and complex num bers

Let V be an n by k matrix over F. We denotethe nullspaceof V , f w 2 Fk : Vw = 0g, by
NS(V), and the left nullspace of V, f w 2 Fn : wT V = 0g, by LNS(V). Throughout most
of this section,the of rank of V will bek; in this case,dim(LNS(V)) = n� rank V = n� k.
For an m by n matrix A over F, we denotethe row spaceof A (the subspaceof Fn spanned
by the rows of A) by row(A).

A cycle of V is a subset� of f 1; 2; : : : ; ng such that the rows of V indexed by � are
linearly dependent and each proper subcollectionof thesecolumnsis linearly independent.
Let ~� denotethe 1 by n pattern obtained from � by placing a � in position j when j 2 � ,
and a 0 in position j otherwise. A cycle matrix CV of V is a matrix whoserows are the
patterns ~� as � runs over the cyclesof V . Note that we don't prescribe the ordering of
the rows of CV . Thus V hasmany cyclematrices,but they are all obtained from a single
cyclematrix by permutation of rows.

Lemma 2.1. Let V be an n by k matrix of rank k with entries from F, and let CV be a
cycle matrix of V . Also, let � be the set of indicesof a collection of linearly independent
rowsof V. Then there existsa subset� of row indices and a subset
 of column indices
such that � \ 
 = ; and CV [� ; 
 ] is an (n � k) by (n � k) matrix whoserows can be
permuted to the matrix 2

6
6
6
6
6
4

� 0 0 � � � 0
0 � 0 � � � 0

0 0 �
. . . 0

...
...

. . . . . .
...

0 0 � � � 0 �

3

7
7
7
7
7
5

Proof. SinceV hasrank k, wemay assumewithout lossof generality that � is f 1; 2; : : : ; kg.
For each j 2 f k + 1; : : : ; ng, rows 1; 2; : : : ; k; j of V are linearly dependent, and thus there
is a cycleof V containing j and contained in f 1; 2; : : : ; k; j g. Hence,there is a row of CV

with a � in column j , and 0s in all positions ` with ` > k and ` 6= j . The result now
follows.
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Lemma 2.2. Let V be an n by k matrix of rank k with entries from the �eld F, and let
CV be a cyclematrix of V. Then mr(M F

CV
) = n � k.

Proof. By Lemma 2.1, mr(M F
CV

) � n � k. For each row � of CV there is a realization of
� that belongsto LNS(V). Hence,there is a realization A 2 M F

CV
such that AV = O.

Thus, mr(M F
CV

) � rank(A) � n � rank(V) = n � k.

In his early work on matroids [M], SaundersMacLanegave examplesof matroids that
can be represented over the complexnumber but not the real numbers and over the real
numbers but not the rational numbers. We use these ideas to construct two matrices,
and from thesematrices,patterns that have di�ering minimum ranks. We beginwith the
examplethat distinguishesthe complexnumbers from the real numbers. Let

S1 =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0
0 1 0
1 1 0
1 ! + 1 !
0 0 1
1 ! + 1 ! + 1
1 1 ! + 1
0 1 1
1 0 !

3

7
7
7
7
7
7
7
7
7
7
7
7
5

where! = � 1+
p

3i
2 .

It is not di�cult to verify that the cyclesof S1 correspond to the lines and 4-setsof
points in generalposition of AG(2; 3), the a�ne plane of order 3, as labeled in Figure
3. There are 12 3-cycles(seeFigure 3). Sincethere are

� 9
4

�
4-element subsets,and each

3-cycleexcludes6 of these, there are 126� (6)(12) = 54 4-cyclesand thus a total of 66
cyclesof S1.

Figure 3: Diagram of AG(2; 3) for S1

We shall make useof several known results, which are a matrix theoretic restatement
of MacLane'sresults on matroids.
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Theorem 2.3. There is no real matrix T suchthat CT = CS1 .

Proof. Supposeto the contrary that there exists a 9 by ` real matrix W = [wij ] of rank
` whosecycle matrix is CS1 . Sinceevery cycle of S1 has at least 3 elements, each pair of
rows of W are linearly independent. Sinceevery set of 4 rows of S1 is linearly dependent,
so is every set of 4 rows of W. HenceW has rank at most 3 and ` � 3. Rows 1, 2 and
5 of S1 are linearly independent. Thus no cycle of S1 (and henceof W) is contained in
f 1; 2; 5g. Therefore,rows 1; 2; 5 of W are linearly independent. Therefore,W hasrank 3,
that is, ` = 3.

Note that post-multiplying W by an invertible (real) matrix, or pre-multiplying W
by an invertible (real) diagonal matrix doesnot changeits cycle matrix. Thus, we may
assumewithout lossof generality that the leftmost nonzeroentry in each row of W is a
1 and that

W[f 1; 2; 5g; :] = I 3:

Becausef 1; 2; 3g is a cycle,and each pair of columnsof W is linearly independent, we
have that w31 6= 0, w32 6= 0 and w33 = 0. Thus, by scaling columns and then rows, we
may assumewithout lossof generality that

W[f 1; 2; 3; 5g; :] =

2

6
6
4

1 0 0
0 1 0
1 1 0
0 0 1

3

7
7
5 :

Similarly, usingthat f 2; 5; 8g is a cycleof S1, weconcludethat without lossof generality
row 8 of W is �

0 1 1
�

:

Using that f 1; 5; 9g is a cycle,we seethat row 9 of W is
�

1 0 a
�

for somenonzeroreal number a.
Next usethat f 3; 5; 7g is a cycle to concludethat row 7 of W is

�
1 1 b

�

for somenonzeroreal number b.
Next usethat f 1; 6; 8g is a cycle to concludethat row 6 of W has the form

�
1 c c

�

for somenonzeroreal number c.
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Thus, we have that W has the form
2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0
0 1 0
1 1 0
x y z
0 0 1
1 c c
1 1 b
0 1 1
1 0 a

3

7
7
7
7
7
7
7
7
7
7
7
7
5

for somenonzeroreal numbers, a;b;c and real numbers x; y; z.
Sincef 7; 8; 9g is a cycle,

0 = det

2

4
1 1 b
0 1 1
1 0 a

3

5 = a + 1 � b:

Sincef 3; 6; 9g is a cycle,

0 = det

2

4
1 1 0
1 c c
1 0 a

3

5 = ac+ c � a:

Sincef 2; 6; 7g is a cycle,

0 = det

2

4
0 1 0
1 c c
1 1 b

3

5 = c � b:

Theseequationslead to b = a + 1, ac+ c � a = 0, and c = b. Thus, c = a + 1, and
substitution into the secondequationgives: a2 + a+ 1 = 0. Therefore,a = � 1�

p
� 3

2 , which
contradicts the fact that W is a real matrix.

Therefore,there is no real matrix whosecycle matrix is CS1 .

Corollary 2.4. mr(M R
CS1

) = 7 > 6 = mr(M C
CS1

).

Proof. By Lemma 2.2, mr(M C
CS1

) = 6.
Let A be a real realization of CS1 of minimum rank. We claim that rank(A) � 7.

Supposeto the contrary that rank(A) � 6. Let W be a real matrix whosecolumnsform
a basis for the nullspaceof A. By Lemma 2.1, CS1 contains a submatrix that is a 6 by
6 permutation matrix. Thus, rank(A) = 6 (and so W has 3 columns). Note that since
dim row(A) = rank(A) = 6 = 9 � rank(W), row(A) = LNS(W)

Let � be a collection of row indices such that the set of rows of S1 indexed by � is
linearly independent. By Lemma2.1,6 � rank(A[:; � ]). The existenceof a nonzerovector
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v 2 row(A) whosesupport is contained in � leadsto the contradiction 6 = rank(A) �
1+ rank(A[:; � ]) � 1+ 6 = 7. Thus, the row spaceof A contains no nonzerovector whose
support is contained in � . Sincerow(A) = LNS(W), the set of rows of W indexed by �
is linearly independent. We have shown: whenever a collection of rows of S1 is linearly
independent, the corresponding collection of rows of W is also linearly independent (or
equivalently, if a collection of rows of W is linearly dependent, then the corresponding
collection of rows of S1 is also linearly dependent). In particular, no pair of rows of W is
linearly dependent.

Let � be a cycle of W of size 3. Then by the preceding observation the rows of
S1 indexed by � are linearly dependent, and since each pair of rows of S1 is linearly
independent, � is a cycle of S1 of size3.

Let � be a cycle of S1 of size3. Then A contains a nonzerorow whosesupport is � ,
and hencethe rows of W indexedby � are linearly dependent. Sinceeach pair of rows of
W is linearly independent, � is a cycleof W of size3.

We have shown that V and W have the same cycles of size 3. The cycles of W
(respectively, S1) of size4 are preciselythe 4-setswhich contain no cycleof size3. Thus,
the cyclesof W and S1 of size4 are equal. Sinceboth W and S1 have rank 3, it follows
that W and S1 have the samecycles.This contradicts Theorem2.3.

Therefore,mr(M R
CS1

) � 7 > 6 = mr(M C
CS1

).
To seethat mr(M R

CS1
) = 7, considerthe 9 by 2 real matrix X whosej th row is [1; j ].

Clearly, every 2 by 2 submatrix of X is invertible, and hencefor each 1 by 9 pattern with 3
or more nonzerosthere is a realization that belongsto the left nullspaceof X . Therefore,
there is a realization of M R

CS1
of rank at most (and henceexactly) 7.

Note that in the proof of Theorem 2.3, no cycle of S1 containing 4 is used. It follows
that there is no real matrix whosecyclesare the sameasthoseof S1[f 4g; :]. As the points
of AG(3; 2) are interchangeable,there is no real matrix whosecyclesare the sameasthose
of S1[f j g; :] for each j . This observation and an argument similar to that of Corollary 2.4
prove the following.

Corollary 2.5. Let S be a pattern obtained from S1 by deletinga row. Then

mr(M R
CS

) = 6 > 5 = mr(M C
CS

):

We now construct an examplethat distinguishesthe rational numbers from the real
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numbers. Let

S2 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 1
2 +

p
5

2 0
1 1 1
1 � 1

2 +
p

5
2 0

1 0 1
0 1 1
1 1

2 +
p

5
2 1

1 1 3
2 �

p
5

2

1 � 1
2 +

p
5

2 � 1
2 +

p
5

2
1 0 0
0 1 0
0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

It is not di�cult to verify that the 3-cyclesof S2 correspond to the subsetsof 3 collinear
points in Figure 3 (the details of a computer implementation are given in an appendix,
available on line at http://www.aimath.org/ � skrantz/Blurbs/leslie-app.pdf). There are
twenty-�v e 3-cycles,one from each of the �v e lines with 3 points and four from each of
the �v e lines with 4 points. The 4-cyclesare all sets of 4 points that do not contain a
3-cycle. Each line with 3 points excludeseight 4-cycles. Each subsetof three points of
a line with 4 points excludesseven 4-cyclesand the entire line is also excluded,so a line
of four points excludestwenty-nine 4-cycles.Thus there are 330� (8)(5) � (29)(5) = 145
4-cycles,and 170cyclesof S2.

Figure 4: Diagram for S2

Theorem 2.6. There is no rational matrix T suchthat CT = CS2 .

Proof. The proof is much like that of Theorem2.3, so we only summarizethe steps.
Supposeto the contrary that W is an 11 by ` matrix of rank ` over Q whosecycles

are thoseof S2. Sinceeach set of 4 rows of S2 is linearly dependent, and W hasthe same
cyclesasS2, each set of 4 rows of W is linearly dependent. Thus ` � 3. Sincef 9; 10; 11g
contains no cycle of S2, rows 9, 10 and 11 of W form a linearly independent set. Hence
` = 3.

By post-multiplying W by an invertible, rational matrix, without loss of generality,
we may assumethat W[f 9; 10; 11g; :] = I 3.

the electr onic journal of combina torics 15 (2008), #R25 10



Sincef 1; 9; 10g, f 4; 9; 11g, f 3; 9; 10g are cyclesof S2, we may assume(after possibly
scalingrows and columns) that row

W[f 1; 3; 4; 9; 10; 11g; :] =

2

6
6
6
6
6
6
4

1 1 0
1 a 0
1 0 1
1 0 0
0 1 0
0 0 1

3

7
7
7
7
7
7
5

:

Sincef 4; 6; 10g and f 1; 6; 11g are cycles,row 6 of W is (without lossof generality)
�

1 1 1
�

:

Sincef 5; 10; 11g is a cycleof S2, row 5 of W has the form
�

0 1 b
�

for somenonzerob. Using the cyclesf 2; 5; 9g and f 2; 4; 10g, we seethat row 2 is
�

1 1=b 1
�

:

Becausef 2; 7; 11g and f 1; 4; 7g are cycles,row 7 of A has the form
�

1 1=b 1 � 1=b
�

:

Since f 3; 5; 7g is a cycle, 0 = detA[f 3; 5; 7g; :] = ab� 1=b, so ab = 1=b. Similarly,
0 = detA[f 3; 5; 6g; :] = 1 + ab� b, and substitution of ab= 1=binto this equation yields
the equation 1 + 1=b� b = 0. Thus, b = 1�

p
5

2 , b is irrational, and we have obtained a
contradiction.

The proof of the next corollary is virtually identical to that of Corollary 2.4, and is
left to the reader.

Corollary 2.7. mr(M Q
CS2

) = 9 > 8 = mr(M R
CS2

).

Corollary 2.7 provides a counterexample to the central conjecture in [AHKLR, pp.
112-113].

In this paper we raise the following basic conjecture. For any m � n
sign pattern matrix A with mr(A) = k, there exists a rational matrix
(equivalently, an integer matrix) B 2 Q(A) such that rank B = k.

With our notation, this would be:

For any m � n sign pattern matrix Z with mr(M R
Z ) = k, there exists a

rational matrix (equivalently, an integer matrix) B in the sign pattern
classof Z such that rank B = k.

The sign-pattern classrestricts the signs of the entries, a stronger restriction than re-
stricting the zero-nonzeropattern. Thus we have

the electr onic journal of combina torics 15 (2008), #R25 11



Coun terexample 2.8. Let A be a realization of CR
S2

of rank 8, and let ZCS2
be the sign

pattern of A. By Corollary 2.7 there is no rational matrix with sign pattern Z of rank 8.
Hencethe minimum rank amongthe rational matriceswith sign pattern Z is larger than
the minimum rank amongthe real matrices with sign pattern ZCS2

. An explicit example
of such ZCS2

and details of its construction are given in an appendix, available on line
at http://www.aimath.org/ � skrantz/Blurbs/leslie-app.pdf. (After the submissionof this
paper, the authors becameaware of another sign pattern A, for which mrQ(A) > mrR(A),
that was presented in [KR].)

Note that in the proof of Theorem 2.6, row 8 of S2 was not used. We concludethat
there is no rational matrix whosecyclematrix is S2[f 8g; :]. As there is an automorphism
of Figure 1 that takes 8 to any one of f 1; 2; : : : ; 10g, we can replace 8 by any one of
f 1; 2; : : : ; 10g. Just like Corollary 2.5, we have the following result, whoseproof is left to
the reader.

Corollary 2.9. Let S be a pattern obtained from S2 be deletingany oneof rows1; : : : ; 10.
Then

mr(CQ
S ) = 8 > 7 = mr(CR

S ):

3 Graphs and minim um rank

We now return to the questionof variation over F = C; R; or Q of mr(SF
G), the minimum

rank of a graph over F. Recall that the matrices in SF
G are symmetric and the diagonal is

unrestricted.
Let CS1 be a cyclematrix of S1, and let G1 be the bipartite graph whosebi-adjacency

matrix is CS1 . Thus, G1 has 9 vertices, say 1,2,.. . , 9, corresponding to the columns of
CS1 and 66 verticescorresponding to the rows of CS1 , for a total of 75 vertices.

Note that if M is a minimal rank realization of M C
CS1

, respectively, M R
CS1

, then

�
O M T

M O

�

is a complex(respectively real) matrix of rank 6+ 6 = 12 (respectively, 7+ 7 = 14) whose
graph is G1. Hence,mr(SC

G1
) � 12 and mr(SR

G1
) � 14. We claim that equality holds in

both of theseinequalities.

Theorem 3.1. mr(SR
G1

) = 14 > 12 = mr(SC
G1

).

Proof. Let A be a matrix whosegraph is G1. Thus, A has the form
�

D B T

B E

�
; (1)

where D and E are diagonal matrices, and B has pattern CS1 . We claim that if A is
complex(respectively real), then rank(A) � 12 (respectively, rank(A) � 14)
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If each diagonalentry of E is 0 and A is complex(respectively, real), then by Corollary
2.4, rank(A) � rank(B) + rank(B T ) � 6 + 6 = 12 (respectively, rank(A) � rank(B) +
rank(B T ) � 7 + 7 = 14).

If A is complex (respectively, real) and E has 12 (respectively 14) or more nonzero
entries, then rank(A) � rank(E) � 12 (respectively, rank(A) � rank(E) � 14). Oth-
erwise,A is complex (respectively, real) and E has k nonzeroentries with 1 � k � 11
(respectively, 1 � k � 13).

Observe that rows 1, 2 and 4 of S1 are linearly independent. Therefore, for each
j 2 f 1; 2; : : : ; 9g n f 1; 2; 4g there is a unique cycle of S1 that contains j and is contained
in f 1; 2; 4; j g. It can be veri�ed that thesecyclesare

f 1; 2; 3g; f 1; 2; 4; 5g; f 1; 2; 4; 6g; f 1; 4; 7g; f 1; 2; 4; 8g; f 2; 4; 9g:

Let � 1 be the indicesof the rows of B corresponding to the thesecycles.Similarly, let � 2

the indicesof the rows corresponding to the cycles

f 6; 8; 1g; f 5; 8; 2g; f 5; 6; 8; 3g; f 5; 6; 4g; f 5; 6; 8; 7g; f 5; 6; 8; 9g;

determinedby linearly independent rows 5; 6; 8 (the order in which the entries in a cycle
are listed is irrelevant, and we have listed all the entries of the cycle that are in 5; 6; 8
�rst). Let � 3 the indicesof the rows corresponding to

f 3; 7; 9; 1g; f 3; 7; 9; 2g; f 3; 7; 9; 4g; f 3; 7; 5g; f 3; 9; 6g; f 7; 9; 8g;

determinedby the linearly independent rows3; 7; 9. Note that the � ` aremutually disjoint.
By construction (cf. Lemma 2.1), each CS1 [� ` ; :] has a 6 by 6 permutation matrix as a
submatrix.

Let � = f j : ej j 6= 0g. By the PigeonholePrinciple, there is a j such that j� j \ � j �
bk=3c. Thus, A[� j [ � ] is permutation similar to a matrix of the form

2

4
B[� j n � ; :]T

B[� j n � ; :] O O
O E[� ]

3

5 ;

and thus hasrank at least k + 2(6� bk=3c) � 12+ 1
3k > 12. Hence,if A is complex,then

rank(A) � 12, and it follows that mr(SC
G1

) = 12.
Otherwise,A is real and

rank(A) � 12+ k � 2bk=3c: (2)

Hence,rank(A) � 14, except in possibly the casesthat k = 1 or k = 3. Note that even
in thesecases,we have already proved that rank(A) � 13 and thus that mr(SR

G1
) � 13 >

12 = mr(SC
G1

).
First considerthe casethat k = 1. Without lossof generality, e11 = 1. Let � be the

cycleof S1 corresponding to row 1 of B , and let j 2 � . Let � = f ` : b̀ ;j = 0g, and observe
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the B[� ; f j g] is a realization of the cyclematrix obtained from S1 by deleting the j th row.
Thus, by Corollary 2.5, B [� ; f j g] has rank at least 6. Since j appears in a cycle other
than � , it follows that M hasa submatrix of the form

2

6
6
6
6
6
6
6
6
6
4

B[� ; f j g]T

b 0� � � 0
1 0 0� � � 0

b 0 0 0� � � 0

B [� ; f j g]
0
...
0

0
...
0

0
...
0

O

3

7
7
7
7
7
7
7
7
7
5

;

with b6= 0, and we concludethat A has rank at least 6 + 3 + 6 = 15 > 14.
Next considerthe casek = 3. Assumeto the contrary that M hasrank 13. Inequality

(2) impliesthat j� j \ � j = 1 for j = 1; 2; 3; otherwiserank A � rank A[� j [ � ] � 12+ k = 15
for somej . The a�ne plane AG(2; 3) has 4 sets of parallel lines. Since j� j = 3, there
exist two non-parallel lines of AG(2; 3) neither of which correspondsto a row of B whose
index is in � . Without lossof generality, we may assumethat theselines are f 1; 2; 3g and
f 2; 4; 9g.

Now let

� 0
1 = ff 1; 2; 3g; f 2; 9; 4g; f 1; 9; 5g; f 1; 2; 9; 6g; f 1; 2; 9; 7g; f 1; 2; 9; 8gg;

� 0
2 = ff 3; 4; 5; 1g; f 3; 4; 5; 2g; f 4; 5; 6g; f 3; 5; 7g; f 3; 4; 8g; f 3; 4; 5; 9gg;

� 0
3 = ff 6; 8; 1g; f 6; 7; 2g; f 6; 7; 8; 3g; f 6; 7; 8; 4g; f 6; 7; 8; 5g; f 7; 8; 9gg:

It is easyto verify that the � 0
j are mutually disjoint setsof cyclesof S1. Hence,arguing

as before, j� 0
j \ � j = 1 for each � 0

j . Note that � 0
1 and � 2 and � 3 are mutually disjoint,

and � 1 \ � 0
1 = ff 1; 2; 3g; f 2; 4; 9gg. Hence,� contains an index that correspondsto either

f 1; 2; 3g or f 2; 4; 9g, which is a contradiction. Hence,A hasrank at least14,asdesired.

Let CS2 be a cyclematrix of S2, and let G2 be the bipartite graph whosebi-adjacency
matrix is M . Thus, G2 has 11 vertices, say 1,2,.. . , 11, corresponding to the columns
of CS2 and 170 additional vertices corresponding to the rows of CS2 (and henceto the
cyclesof S2), for a total of 181 vertices. As with the real vs. complexcase,one can see
immediately that mr(SR

CS2
) � 16 and mr(SQ

CS2
) � 18. We claim that equality holds in

both of theseinequalities.

Theorem 3.2. mr(SQ
G2

) = 18 > 16 = mr(SR
G2

).

Proof. The proof proceedsas that of Theorem 3.1. Let A be a matrix whosegraph is
G2. Thus, A has the form (1) whereD and E are diagonal matrices, and B has pattern
CS2 . We claim that if A is real (respectively rational), then rank A � 16 (respectively,
rank A � 18)
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As before,the casesE has0 or at least 16 (or 18 in the rational case)nonzeroentries
is easilyhandled. Otherwise,A is real (respectively, rational) and E hask nonzeroentries
with 1 � k � 16 (respectively, 1 � k � 18).

Now choose�v e disjoint 3-setsof independent rows of S2 (non-cycle3-sets)insuch a
way as to produce�v e pairwisedisjoint setsof eight cycles.Speci�cally, for the indepen-
dent setswe can usef 1; 2; 6g; f 2; 3; 7g; f 3; 4; 8g; f 4; 5; 9g; f 1; 5; 10g; yielding the following
�v e setsof eight cycles:

� 1 =
�

f 1; 2; 6; 3g; f 2; 6; 4g; f 1; 2; 6; 5g; f 1; 2; 6; 7g; f 1; 2; 6; 8g; f 1; 2; 6; 9g; f 2; 6; 10g; f 1; 6; 11g
	

� 2 =
�

f 2; 3; 7; 1g; f 2; 3; 7; 4g; f 3; 7; 5g; f 3; 7; 6g; f 2; 3; 7; 8g; f 2; 3; 7; 9g; f 2; 3; 7; 10g; f 2; 7; 11g
	

� 3 =
�

f 4; 8; 1g; f 3; 4; 8; 2g; f 3; 4; 8; 5g; f 3; 4; 8; 6g; f 4; 8; 7g; f 3; 4; 8; 9g; f 3; 4; 8; 10g; f 3; 8; 11g
	

� 4 =
�

f 4; 5; 9; 1g; f 5; 2; 9g; f 4; 5; 3; 9g; f 4; 5; 9; 10g; f 4; 5; 9; 6g; f 4; 5; 9; 7g; f 5; 9; 8g; f 4; 9; 11g
	

� 5 =
�

f 1; 5; 10; 2g; f 1; 10; 3g; f 1; 5; 10; 4g; f 1; 5; 10; 6g; f 1; 5; 10; 7g; f 1; 5; 10; 8g; f 1; 10; 9g;

f 5; 10; 11g
	

Thesecomprisedisjoint setsof 8 cyclesof S2 and henceB[� j ; :] contains a 8 by 8 permu-
tation matrix for each j .

Arguing as in the proof of Theorem3.1, we seethat there is a j such that j� j \ � j �
bk=5c. Thus, A[� j [ � ] is a matrix of the form

2

4
B[� n � ; :]T

B[� n � ; :] O O
O E[� ]

3

5 ;

and has rank at least k + 2(8 � bk=5c) � 16 + 3k=5 > 16. Hence, if A is real, then
rank(A) � 16, and it follows that mr(SR

G2
) = 16.

Otherwise,A is rational and

rank(A) � 16+ k � 2bk=5c:

Hence,rank(A) � 18, exceptpossibly in the casethat k = 1. This caseis handled just as
in the proof of Theorem3.1. Hence,A has rank at least 18, asdesired.

4 Minim um rank and extension �elds

Returning now to a not-necessarilysymmetric pattern Z with the diagonal restricted by
the pattern, it is natural to ask for the relationship betweenmr(M E

Z ) and mr(M F
Z ), in

the casethat E is an extension�eld of F . It is clear that mr(M E
Z ) � mr(M F

Z ). If E is an
extension�eld of F , then there existsan F -vector spaceC such that E is the direct sum
of the F -vector spacesF and C. Thus, each e 2 E canbe uniquely expressedase = f + c
wheref 2 F and c 2 C. We call f the F -component of e.

Theorem 4.1. Let E and F be �elds with jE : F j = d < 1 and let Z be an m by n
pattern with jF j > n. Then mr(M F

Z ) � d � mr(M E
Z ).
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Proof. Let A be realization of Z over E. We claim that there existsa diagonalmatrix D
over E such that the �rst F -component of each nonzeroentry of AD is nonzero. This is
clear if jE j = 1 . Otherwise, for each nonzeroelement x of E there are at most jF jd� 1

elements e of E such that the �rst F -component of ex is 0. Thus, for each column of A
there are at most njF jd� 1 elements e of E such that scalingthat column by e results in a
columnwith at leastonenonzeroentry whose�rst F -component is 0. SincenjF jd� 1 < jE j,
there exists an invertible diagonal matrix D such that each nonzeroentry of AD has a
nonzero�rst component.

Without lossof generality, we may take D = I . Let 1 = � 1; � 2; : : : ; � d be a basisof E
viewed as an F -vector space.Let B1; : : : ; Bd be the unique matrices over F such that

A = B1 + � 2B2 + � � � � dBd:

SinceD = I , B1 is a realization of Z over F .
Let V bethe columnspaceof A. Let v1; v2; : : : ; vk bea basisof V viewedasan E-vector

space.Note that V may alsobe viewed asa F vector space.Moreover V asan F vector
spacehasspanningset � j v` (1 � j � d;1 � ` � k). Hence,the dimF (V ) � d � dimE (V ).

Note that f B1x+ � 2B2x+ � � �+ � dBdx : x 2 F ng is a subspacecontained in the F -vector
spaceV, and clearly has dimension at least rank(B1). Hence,rank(B1) � d � rank(A),
and the result follows.

Thus,
mr(M R

Z )

mr(M C
Z )

� 2 for all patterns M and
mr(M R

CS
)

mr(M C
CS

)
� 6

5 whereCS is the pattern

in Corollary 2.5. Two questionsarise:

1. What is the supremum of
mr(M R

Z )

mr(M C
Z )

?

2. Is there an upper bound on
mr(M Q

Z )

mr(M R
Z )

?

5 Computation of minim um rank

The questionof the decidability of the minimum rank of a graph over a �eld F wasraised
at the 2006American Institute of Mathematicsworkshop,\Spectra of Familiesof Matrices
described by Graphs,Digraphs, and Sign Patterns," and in this sectionwe brie
y discuss
theoretical algorithms for the computation of minimum rank, their complexity, and some
implications in the casesthat F is the real or complex�eld.

A conversionof the problem of computing the minimal rank of a graph G with vertices
1; 2; : : : ; n and edge-setE over F to verifying the validit y or invalidit y of statements over
F is given by the following well-known equivalent statements:

(a) mrF (G) � k.
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(b) There exist x(1) ; : : : ; x(k) ; y(1) ; : : : ; y(k) 2 F n such that

n̂

i =1

^

j >i

[(bij � bj i = 0) ^ (bij 6= 0 if ij 2 E; and bij = 0 if ij 2 �)]

wherebij =
� P k

t=1 x(t ) (y(t ))T
�

ij
.

(c) There exist bii 2 F; i = 1; : : : ; n; and bij 2 F for i < j; ij 2 E such that
^

ij 2 E

bij 6= 0
^ ^

�;� �h ni ; j � j= j� j= k+1

det B [� ; � ] = 0

wherebij = 0 for ij 2 � ; ; bj i = bij and B = [bij ].

(d) There exist bii 2 F; i = 1; : : : ; n; and bij 2 F for i < j; ij 2 E such that
^

ij 2 E

bij 6= 0
^ ^

� �h ni ; j � j� k+1

detB [� ; � ] = 0

wherebij = 0 for ij 2 �, bj i = bij and B = [bij ].

Here � denotesthe set of ordered pairs (i; j ) of integerswith i 6= j , 1 � i; j � n,
and ij =2 E. Note that an inequation, f (z1; : : : ; z` ) 6= 0, can be made into an equation
yf (z1; x2; : : : ; z` ) = 1 by introducing a new variable y. Also, note in the casethat F = R,
the statement

(e) There exist x(1) ; : : : ; x(k) 2 F n ; � 1; : : : ; � k 2 F such that

n̂

i =1

^

j >i

[(bij � bj i = 0) ^ (bij 6= 0 if ij 2 E; and bij = 0 if ij 2 �)]

wherebij =
� P k

t=1 � tx(t )(x(t ) )T
�

ij
.

is equivalent to each of the statements (a)-(d).
Quanti�er elimination (whenavailable) allowsoneto verify the validit y of statements of

the form that appear in (a)-(e). Over the complexnumbers, the insolvabilit y of a system
of polynomial equationsand inequations is determined by Hilbert's Nullstellensatz. It
says that a systemof polynomials is unsolvable if and only if a certain ideal contains the
constant function 1. So the problem is reducedto �nding a good basisfor a given ideal.
This can be done e�cien tly by �nding a Gr•obner basis,and this provides a theoretical
algorithm for determining mrC(G) for any graph G.

Tarski [T] was the �rst to observe that quanti�er-elimination can also be done over
every real closed�eld; in fact, Tarski produced an algorithm that does it. Algorithms
have been improved over the years and software for verifying the validit y of sentences
(that are not too long) over the real or complexnumbers is available.
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An algorithm by Renegar [R] provides improved complexity bounds over the real
numbers, and needsat most (M d)O(1)N steps,whereM is the number of equationsand
inequations,N is the number of variables,andd is the maximum degreeof the polynomials
involved. We refer the readersto the recent paper [BR] on applications of the Renegar
algorithm. Improved complexity bounds for the Renegaralgorithm are available when
executedon parallel processors.

Somecomputer algebra systems,such as Mathematica, have implemented quanti�er
elimination, and JasonGrout [G] hasdeveloped a Mathematica notebook to computethe
minimum rank of very small graphs over R or C by verifying the validit y of statements
in (b)-(e).

Table 1 lists the valuesof the corresponding parametersM ; d and N for the charac-
terizations of minimum rank k given by conditions (b)-(e):

Table 1: Valuesof parametersM ; d;N

M d N
(b) n(n � 1) 2 2nk

(c) jE j +
� n

k+1

� 2
k + 1 jE j + n

(d) jE j +
P n

r = k+1

� n
r

�
n jE j + n

(e) n(n � 1) 3 (n + 1)k

Tarski's decidability theorem does not apply to decisionsover the �eld of rationals.
We note that the decidability problem of the minimum rank of a graph over the rationals
is still open.

the electr onic journal of combina torics 15 (2008), #R25 18



References

[AHKLR] M. Arav, F. Hall, S. Koyucu, Z. Li and B. Rao. On Rational Realizations
of the Minimums Rank of a Sign Pattern Matrix. Linear Alg. Appls., 2005,
409:11{125.

[BFH] F. Barioli, S.M. Fallat, and L. Hogben.Computation of minimal rank and path
cover number for graphs.Linear Alg. Appls., 2004,392:289{303.

[BHL] W. Barrett, H. van der Holst and R. Loewy. Graphs whoseminimal rank is
two. Electronic Journal of Linear Algebra, 2004,11:258{280.

[BR] A. Berman and U. Rothblum. A note on the computation of the CP-rank,
Linear Algebra Appl. 2006,419:1-7.

[FH] S.M. Fallat and L. Hogben. The Minimum Rank of Symmetric Matrices De-
scribed by a Graph: A Survey. Linear Alg. Appls., 2007,426:558{582.

[F] M. Fiedler. A characterizationof tridiagonal matrices.Linear Alg. Appls., 1969
2:191{197.

[G] J. Grout. Minimum rank calculation using Mathematica. Software available
from the author (grout@iastate.edu).

[HH] L. Hogben and H. van der Holst. Forbidden minors for the classof graphs G
with � (G) � 2. Linear Alg. Appls., 2007,423: 42{52. .

[JLS] C. R. Johnson, R. Loewy and P. A. Smith. The graphs for which maximum
multiplicit y of an Eigenvalue is Two. Preprint. Available at
http://arxiv.org/p df/math.CO/0701562.

[KR] Swastik Kopparty, K. P. S. Bhaskara Rao.The Minimum Rank Problem: a
counterexample.Presentation at the 14th International Linear Algebra Society
Conference,Shanghai,China, July 16, 2007.

[M] SaundersMacLane, SomeInterpretations of Abstract Linear Dependencein
terms of Projective Geometry, Amer. J. of Mathematics, 1936,58:236{240.

[O] J. G. Oxley, Matroid Theory, Oxford University Press,Oxford, 1992.

[R] J. Renegar,On the computation complexity and geometry of the �rst-order
theory of the reals,parts I,I I,I I I, J. Symbolic Logic, 1992,13:255{352.

[RS] W.C. Rheinboldt and R.A. Shepherd.On a characterization of tridiagonal ma-
trices by M. Fiedler. Linear Alg. Appls., 1974,8:87{90.

[T] A. Tarski, A Decision Method for Elementary Algebra and Geometry, 2nd ed.
rev., University of California Press,Berkeley, 1951.

the electr onic journal of combina torics 15 (2008), #R25 19


