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Abstract

In many applications such as data compression, imaging or genomic data
analysis, it is important to approximate a given tensor by a tensor that is
sparsely representable. For matrices, i.e. 2-tensors, such a representation can
be obtained via the singular value decomposition which allows to compute the
best rank k approximations. For t-tensors with ¢ > 2 many generalizations of
the singular value decomposition have been proposed to obtain low tensor rank
decompositions. In this paper we will present a different approach which is
based on best subspace approximations, which present an alternative general-
ization of the singular value decomposition to tensors.
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1 Introduction

In this paper we will consider data sparse approximations of tensors. We will discuss
a generalization of the singular value decomposition from matrices to tensors that
is an alternative to the Tucker decomposition [8, 10]. In order not to overload the
paper with technical we will mainly discuss 3-tensors, but our approach will work
for arbitrary tensors.

Let F be either the field of real numbers R or complex numbers C. Denote
by Fmax..xmd .— EQIFWJ’ the tensor products of F™, ... . F™d. T = [t; ] [
[Frix.-xMd ig called a d-tensor in the given tensor product. Note that the number
of coordinates of T is N =ms...mg. A tensor T is called a sparsely representable
tensor if it can represented with a number of coordinates that is much smaller than
N.

The best known example of a sparsely representable 2-tensor is a low rank ap-
proximation of a matrix A ™ >*™2 A rank k approximation of A is given by
Aappr == f=1 uz-viT , which can be identified with f=1 u; [l To store Aappr we
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need only the 2k vectors uy,...,ur L™ vy, ..., vi CEFI2. The best rank k ap-
proximation of A [FI™*™2 can be computed via the singular value decomposition,
abbreviated here as SVD, [4].

The computation of the SVD requires O(mim3 + m3) operations and at least
O(mymy) storage. Thus, if the dimensions mj and my are very large, then the
computation of the SVD is often infeasible. In this case other type of low rank
approximations are considered, see e.g. [2, 3, 5].

For d-tensors with d > 2, however the situation is rather unsatisfactory. It is
a major theoretical and computational problem to formulate good generalizations
of low rank approximation for tensors and to give efficient algorithms to compute
these approximations, see e.g. [8, 9, 10]. It is the goal of this paper to present and
analyze an alternative generalization of the SVD to tensors.

A tensor T = [t; ;] CH™X™2X™3 g called a rank 1 tensor, and denoted by
T =u lxTw]ift; ;1 = uvjwg, where u = (ug,. .. Uy ) V= (V1 U)W =
(w1, .., Wyy) . A tensor T [CH™XM2XM3 ig gaid to have rank k if T can be
represented as a sum of k rank 1 tensors, and cannot be represented as a sum of
k — 1 rank 1 tensors. Note that if T is a sum of k£ rank 1 tensors, then T can be
represented with at most O(k(¢ + m + n)) storage.

We denote by R(k;m1,mp,m3) the set of tensors in F"1X72X"™3 of rank k at
most. It is easy to show that R(1;my,my,m3) is a closed set, more precisely an
algebraic variety, in F"*™2Xm3_ However, it is well known, see e.g. [1], that for
some values of k = 2, R(k;m1,mp,m3) is not a closed set. (R(k;mi1,mo, m3) is
called a quasi-algebraic variety.)

Let [1[Che a norm on F™*™m2Xm3  Then for k = 2 it is possible that the
minimization problem

min M- X[ (1.1)
XeR(k;my,ma,m3)
does not have a minimal solution. This will happen if T has rank greater than k£ and
T lies in the closure of R(k;m1, m2, m3). Hence, any algorithm which tries to find
a solution to the minimization problem (1.1) will fail for certain tensors T. Since
R(k; m1, m2, m3) is a closed set, for k = 1, i.e. for the best approximation by a rank
1 tensor, (1.1) will always have a minimal solution.

The object of this paper to introduce a new family of sparsely representable
approximations to tensors, which we call best subspace tensor approximation (BSTA)
of a given tensor T. As for the best rank 1 approximation, we will show that the
BSTA always exists. Due to this fact, we think that in the case that the norm
[CCdn Frxm2xms ig the norm induced by the inner products on the vector spaces
Fm, F™2 F™3, the BSTA is an appropriate generalization of the SVD, see [8]
for other generalizations of the SVD for tensors. Similar approach was suggested
recently by Khoromskij [7]. We will also present a numerical algorithm to compute
the best subspace tensor approximation that is based on the computation of singular
value decompositions for matrices.

Unfortunately this numerical algorithm is extremely expensive. In order to re-
duce the complexity, in the last section we consider a procedure that is based on
the recently suggested fast SVD [3].



2 Notation and preliminary results

We denote by a bold capital letter a finite dimensional vector space U over the field
F. A vector u [ is denoted by a bold face lower case letter. A matrix A CIFT*1*™m2
denoted by a capital letter A, and we let either A = [a”]g]x:qn? or simply A = [a; ;]
A 3-tensor array T [ >*™2x™M3 wi]]l be denoted by a capital calligraphic letter.
So either T = [t”k]ﬁlj;n,i:"f’ or simply T = [t; j]. For a positive integer n we also
use the convenient notation [@l= {1,2,...,n}.

Let Uy, Uy, Uz be three vectors spaces over F with m; := dim Uy, j = 1,2,3
and let uy j,..., Uy, ; be a basis of U; for j =1,2,3. Then U :=U; [ Up [ Uk is
the tensor product of Uy, U, and Us; U is a vector space of dimension mimoma,
and

U1 IjéL,Z Ij‘élg,,:% Z] =1,... y My, J=12,3, (21)

is a basis of U.
A 3-tensor 7 is a vector in U and it has a representation

mi,m2,m3

T = biinyis Wi, 1 [d 2 Ll 3, (2.2)

i1:i2:i3:l

in the basis (2.1). If the basis (2.1) is fixed then 7 is identified with T = [t;, i, 5] [
le XmaXms3 .

Recall that x1 [x2llx3l were x; [U;,i = 1,2, 3, is called a rank 1 tensor.(Usually
one assumes that all x; B 0. Otherwise 0 = x; [xJ [xd is called a rank 0 tensor.)
Then (2.2) is a decomposition of 7 as a sum of at most mimgymsa rank 1 tensors,
as by iy Wi 1 Ll o [l 3 = ()45, W,,1) ), o [l 3. A decomposition of
7 [TO\{0} as a sum of rank 1 tensors is given by

k
r= x [zl x; O,y [Op, z; [Us, i=1,...,k  (2.3)
i=1

The minimal k& for which the above equality holds is called the rank of the tensor
7. This definition is completely analogous to the definition of the rank for a matrix
A = [a;, 4,) CEI™*™2 which can be identified with 2-tensor in ZLl:’ZLil @iy iy 1
u;, » (U, CUOb.

For 5 [{ll,2,3} denote by j°¢ := {p,q} = {1,2,3}\{j}, where 1 < p < ¢ < 3,
and set Uje = Uy, 1 := U, [U}.

A tensor 7 [U; [CUb [CUk induces a linear transformation 7(j) : Uje - U;
as follows. Suppose that uyg,...,u,, 4 is a basis in Uy for £ = 1,2,3. Then any
v [Ujec is of the form

mp,mgq

vV = v’ip7’iq u,-p7p E‘q,q

ip=iq=1
and the application of 7(j) is given by

mj mp,mgq

T(j) v = Liy iz iz Vip,iq Wij,j- (2.4)
=1 ipig=1



Then rank;(7) is the rank of the operator 7(j). Equivalently, let A(j) = [as;] [
R™p™ax™M; - where each integer ¢ [Idb,m,torresponds to a pair (ip,iq), for i, =
1,...,mp, ig =1,...,mg, and 4; CIdh;[J (For example we may arrange the pairs
(ip,iq) in the lexicographical order. Then i, = % [And i, = £ — (i, — 1)my.) Set
ag,i; = iy, in,is- Then rank; (1) = rank A(j).

The following proposition is straightforward.

Proposition 2.1 Let 7 [O; [T} [T} be given by (2.2). Fix 5 [{1,2,3} and
set j¢ = {p, q}. Let ,Tij g = [til,iQ,ig]Z)LZ;;lq:l DEranmq,Z'j =1,... , M. Then I‘allkj(T)
is the dimension of subspace of m;, % m, matrices spanned by 71 j,..., T, ;.

Assume that each Uj; is an inner product space, with the inner product []-[
for j =1,2,3. Let uyj,..., U, j, J = 1,2,3 be an orthonormal basis in U; with
respect to []-[ Define an inner product on U, denoted by []-L by assuming that
the basis (2.1) is an orthonormal basis in U. It is straightforward to show that
the above inner product does not depend on the choice of the orthonormal bases in
U1, Uy, Us. The so defined inner product in U is called the induced inner product
and we have identity

X Cyllzhu [vIlwl &= X, ulyTyl, violzl wisl

On Fmixm2xms the standard inner product X, Y Gk given by ;le;n,gm?’ T j ki ks
where X = [2; 1], Y = [¥ijx]. This inner product is induced by the standard inner
products on F™ F™2 F™3. So X[ ( :iljzfﬁ?’ |wi7j,k|2)% is the Hilbert-Schmidt
norm on [Fmixmaxms,

We denote by Gr(p,F") the set of all p-dimensional subspaces of F™. It is well
known that Gr(p,F™) is a closed set, more precisely an algebraic variety, called the
Grassmannian of F” [6].

Definition 2.2 Let p kLY [Ih,LF [Iks[] Denote by Gr(p,F™) [
Gr(q,F™2) CGH(r,F™3) LGk(pgr,Fm *m2xm3) the set of all pgr-dimensional sub-
spaces in F1xm2xms of the form X LY I ZIwhere X [Glr(p,F™),Y [Grr(q,F™2),Z [
Gr(r,F™3).

Clearly, Gr(p,F™) [CGl(q,F™2) CGI(r, ™) is a closed subvariety of
Gr(pgr, Fm>xm2xms) - Define by dist(T ,S, CI) 1= infycg [T1 — X [dhe distance of
T to a set S [IET"*™2X™3 with respect to the norm [T 1Then the best (p,q,r)
subspace approximation of T [FI*™*™ is given by

dist(T , X Y1 [CZ]) [T (2.5)

min
XY RZeGr(p,FM1)®Gr(q,FM2)®Gr(r,FM3)

and we denote the subspace where the minimum is achieved by X* [LYF [Z1 and
the minimal tensor by X* [CXI* [YF [Z1, i.e. we have

dist(T , X* CYF [CZ1, COd= M- X* [ (2.6)

Let ¢; [CThby ¥, [Ty F¥3 [CThb3[Chnd suppose that Uy [CQr(¢y,F™), Uy, [
Gr(ly,F™2), Uz [Gir(¢3,F™3). Choose

ur1,...,up 1 O™ ugo, ..o up, 0 O™ ugs, ... g, 3 I

4



such that uy j,...,uy ; is an orthonormal basis in U; for j = 1,2,3. Then for
7 R Xm2Xxms et

tije=u 1 ady L)zl i=1,...,0[, j=1,...,m, k=1,...,n. (2.7)

So T = [t; ;&) is the representation of 7 in the orthonormal basis. Then

PU,oUpUs(T) =& = tijrus1 dy [Cugs (2.8)
(i,3,k)E€(€1) x (€2),% (€3)

is the orthogonal projection of 7 on the subspace U; [Ub [CUk. Thus

dist(r, Uy [0 [103) = [F-£ 02 ( Itijnl?)? (2.9)
(4,5,k)€{m1) x(m2) x (m3)\(€1) X (€2) X (£3)

is the distance with respect to the Hilbert-Schmidt norm on F™*™2Xm3 = Clearly,
we have

(T2 = [P, oU,eus (T) PH- dist(r, Uy [Ub CUE)2. (2.10)

3 The SVD as best subspace tensor approximation

In this section we will illustrate that the SVD allows to compute the best subspace
tensor approximation for 2-tensors.

Let us view my X my matrices as 2-tensors. Here x [ylcorresponds to the
matrix xy . A tensor 7 W™ [FT2? can be viewed as a linear transformation
T F™ o ™2 ag follows. First observe that a rank 1 tensor x [ylgives rise
to the linear transformation (x [y)(z) = [zly[X. Now extend this notion to any
7 [FI™ T2, which is a sum of rank 1 tensors.

We claim that the best rank k& approximation of 7 is obtained as the solution to
the minimization problem

. . . *
XEGr(k,Fm{I)l,l\I(leGr(k,sz)dlSt(T’X YD) = dist(r, X* [XT), (3.1)
where X*, Y* are the subspaces spanned by the k left and right singular vectors of
T associated with the largest k singular values.

Indeed, suppose that the minimum in (3.1) is achieved for some tensor o [
X* [LYF, so rank @ < k. Hence the best approximation by a rank k tensor is
not worse than the minimum of (3.1). On the other hand, any rank k tensor is an
element of sum X [Ylfor some X [Qr(k,F™),Y CGr(k,F™). So the minimum
in (3.1) is not bigger than the best rank k approximation. But the best rank k
approximation to a given 2-tensor is obtained by the SVD [4].

We now consider the following approximation problems for 2-tensors, which is
equivalent to the corresponding matrix problem.

Lemma 3.1 Let Y L[FI"™2 he a given ¢; [Ihh;[dimensional subspace. For
i T Cand 7 ™ [CET2 consider the minimization problem of finding X [
Gr(i,F™) such that

i dist(7, X = dist(r, X* . 3.2
XGGr?(lz‘I}:ml) ist(7, X YD) = dist(r, YY) (3.2)



View 7 as a linear mapping from F™ to F™2. If dim(7Y) < 7 then X* is any
subspace that contains 7Y. If dim(7Y) > ¢ then X* is the subspace spanned by the
left singular vectors associated with the ¢ largest singular values of 7|y (which is a
linear map 7: Y - F™),

Proof. Choose the standard orthonormal basis eq,...,e,, [1F"™ and an
orthonormal basis y1,...,ym, " such that Y = span(yi,...,yr¢). Let Y+ =
span(y+1, - -, Ymy). Then F™ [FT2 = F™ [Y] CFT Y} is an orthogonal
decomposition of F™ [F7*2. This means that we can write 7 as

T=¢ 4+, ¢ = Pemigy (), ¥ = Pemy gy (1), T2 [GI2H- GHE]

Since we require X [Y] [CFT! [CY1it follows that the minimization problem (3.2)
is equivalent to the minimization problem

min _ dist(¢, X = dist(r, X* . 3.3

dnin,dist(6,X EY) = dist(r. X" CY) (33)

Observe next that ¢, viewed as a linear transformation ¢ : F™ - Y is equal to

7|Y. The classical result for matrices implies that the best rank ¢ approximation of ¢
is given via the left singular vectors associated to the largest i singular values of ¢. O

In this section we have shown that the best subspace tensor approximation for 2-
tensors is obtained via the singular value decomposition. This immediately suggest
to use it as a generalization of the SVD for higher tensors.

4 Best subspace tensor approximations for 3-tensors

I n this section we study the best subspace tensor approximation for 3-tensors. Let
T ™ >m2xms gnd assume that p [CThhy L& CThhy L+ [CThh3Chnd consider the
minimization problem
min dist(7, X [LY] [Z] 4.1
XRYRZeGr(p,FM)®Gr(q,FM2)®Gr(r,FM3) ( ( )
and suppose that is minimum is achieved for the subspace X* [YIF [Z1 with the
tensor &, i.e.

dist(r, X* YT CZA) = F- ¢ ¥ [X* Y CZ.

In view of (2.10) this minimization problem is equivalent to the maximization prob-
lem
ma. Ii—lz * * * E’ 4.2

XY SZEGH(p,F™ )BOT(,F2)SGr(r,F™s) Prevez(T) B-ey-az:(7) (42)
To simplify our exposition we state our results for F = R, C, but we give the proofs
only for F = R.

To solve the minimization problem, we study the critical points (i.e. the points
of vanishing gradient) of [Pkgvygz(7)Zon Gr(p, F™) [Gl(q,F™2) CGH(r,F™3).
To do that we need the following lemma which follows from the Courant-Fischer

theorem, see e.g. [4]. In the following, we use Fr(i,F™!) to denote the manifold of
all sets of i orthonormal vectors {x1,...,x;} CTFT?.



Lemma 4.1 Let B ™ *™ he a Hermitian matrix. Let a linear functional
gp : Fr(i,R™) - R be given by gp(x1,...,x;) = §=1 xlTBxl. Then the critical
points of gp are all sets {x1,...,x;} such that span(xy,...,x;) contains i linearly
independent eigenvectors of B.

Proof. We prove the lemma by induction on i. For i = 1 we have gp(z) =

x' Bx (note that [XI'= 1). Then by the Courant-Fischer Min-Max characterization,
see e.g. [4], x B 0 is a critical point if and only if x is an eigenvector of B.

If x1,...,x; are eigenvectors of B it is straightforward to see that {z1,...,x;} is

a critical point of gp. Indeed, consider a variation z,(t) = xy+tuy+tv,+ O(tz), {=

1,...,i, where w; Cspan(xy,...,%;), v; [span(xy,...,x;)*. Then the contribution

involving ug, ..., u; is quadratic in ¢. Since Vle =0, £=1,...,7 it follows that
the contribution in vi,...,v; is also quadratic in ¢. It remains to show that if
{x1,...,x;}is a critical point of gp then span(x, ..., X;) is spanned by i eigenvectors
of B.

Suppose that the assertion holds for i = kK — 1 and assume that i = k < mq. If
k = m1 then the assertion is clear because the whole space is spanned by eigenvectors
of B. So let k < m. Note that if {y1,...,y;} CF(;,R™) and span(ys,...,yi) =
span(xi,...,%;) then gp(x1,...,%;) = gp(y1,.-.,¥i). So we may assume w.l.o.g.
that the matrix
C= [XIBXt];t:l

is diagonal. Furthermore, we may assume that x; = e;,s = 1,...,4. The induction
hypothesis states that for any k& [L{d+1,...,m1} the symmetric matrix By, obtained
by erasing k rows and columns of B is a direct sum of C' and the corresponding other
block. Hence B = C' [LC1 and the assertion follows. O

We immediately have the following corollary.

Corollary 4.2 Let o« [CTF™ [FT2 and suppose that 7 is an integer in the in-
terval [1,m1]. Then U [Gr(i,F™ ) is a critical point of the linear functional
[Porm: () 21: Gr(i,F™) - [0,00) if and only if U is spanned by some i left
singular vectors of the induced dual operator & : F™2 - F™ ., (Here some singular
vectors may correspond to the singular value 0.)

Proof. Represent & by A [CIR"™*™2 and let B = AAT. Let X [Qr(i,R™)
and suppose that {x1,...,x;} [F(i,R™) is a basis of X. Then [Bxgrm: (o)1=
gB(X1,...,%;), and the result follows from Lemma 4.1. O

We will now construct projections of 3-tensors to 2-tensors, which we can use to
compute best subspace approximations.
Let 7 CF™ [CEFT2 CFET3 and X CQr(p,F™), Y CQr(q,F™2),Z CQr(r,F™s).

Suppose that e1,...,ep,, f1,...,f,,, 81,...,8m; are orthonormal bases in F™, F"2 ™3

respectively, such that eq,...,ey,, f1,....f,, g1,...,g, are bases of X,Y,Z, respec-
tively. Then we can express T as 7 = 7;1]7:”,3;'13 tijxe; [E1 gl and consider the
following linear operators.

1. The first operator 7(Y,Z) : F™ - Y [Zlis constructed as follows. View



Pemigyez(T) as a tensor in F™ Y1 [Z]i.e.

mi,q,T

Pemigyez(T) = tijrei LEIL gl
and then define for x [FT" the operator via

mi,q,T

7(Y,Z)(x) = t; x4, e; [1f; Lgi,

where as before [-]-[1]denotes the inner product in F™!.

2. Analogously we proceed for 7(X,Z) : F™2 o X [Z1 We view Pxgrmzgz(T)
as a tensor in X T2 [Z]i. e.,

p,ma,r
Pxgrmagz(T) = tijkei LH1 gl
i=j=k=1
and then for any y [FT*2 we define the operator via

p,m2,r

(X, Z)(y) = ti ;3 £ 2le; gl

i=j=k=1
3. Finally 7(X,Y) : F* - X [Ylis given as follows. View Pxgvygrms(T) as a
tensor in X [Y1 LEFT3, i. e.,

p,q,m3

Pxgyerms (1) = tijxei LEIL g

Then for any z [FT*, we define the operator via

p,q,m3

7(X,Y)(z) = tijrlzl grlale; ;]

We have the following theorem.

Theorem 4.3 Let 0 E + [H™ [FT? [FT3. Let p LIk Ly [ Thho L [
31 Then U [Qr(p,F™ ),V [Qr(q,F™2), W [Qr(r,F™3) is a critical point of
[(Pxeovez(T)Zlon Gr(p, F™) [Gl(q, R™2) CGH(k,F™3) if and only if the following
conditions hold

1. U is spanned by some p left singular vectors of 7(V, W).
2. 'V is spanned by some ¢ left singular vectors of 7(U, W).

3. W is spanned by some r left singular vectors of (U, V).



Proof. Since the critical points are the zeros of the first derivative, it is enough
to prove the necessary conditions for the function [Pxgvew (T) [2] Considering this
as function on Gr(p, R™!), Condition 1. then follows immediately by Corollary 4.2.
The other conditions follow analogously. O

In the following we will describe an iterative procedure to compute the best
subspace tensor approximation. In order to find good starting values for U =
X0,V =Yy, W = Zy we make use of the SVD. As explained in 82 we can unfold
T as a matrix Aj, say my X (mang), by considering 7(1) as defined in (2.4). Then
we perform the SVD and use as approximation the corresponding p-dimensional
Xo CGr(p, F™ ) spanned the left singular vectors of A; associated with the p largest
singular values. In a similar way we determine Yo [CGr(q,F"2),Zo CQr(r, F™3).

To find the maximum in (4.2) we then apply a relaxation method.

Algorithm 4.4 Let 7 CIH™ [FT2 CETs, p (LY [+ CHsChnd
starting values Xo CGr(p,F™), Yo CQGr(q, CFT"2),Z¢ CGr(r,F™3) be given.
Suppose that (X;,Y;,Z;) have been computed. Then

1. X;+1 is obtained as the p-dimensional subspace corresponding to left singular
vectors of 7(Y;,Z;) associated with the p largest singular values.

2. Y,+1 is obtained as the g-dimensional subspace corresponding to the left sin-
gular vectors of 7(X;+1, Z;) associated with the ¢ largest singular values.

3. Z;+1 is obtained as the r-dimensional subspace corresponding to the left sin-
gular vectors of 7(X;+1, Y;+1) associated with the r largest singular values.

We have the following convergence result.

Corollary 4.5 The subspaces X,;,Y;,Z;,i = 0,1,... defined in Algorithm 4.4
converge to subspaces U, V, W which give a critical point of [(Bxgyz(7) 2] More-
over, this critical point is a maximal point, with respect to any one variable, when
the other variables are fixed. Furthermore the following conditions hold.

1. U is spanned by the left singular vectors of 7(V, W) associated with the p
largest values.

2. 'V is spanned by the left singular vectors of 7(U, W) associated with the ¢
largest values.

3. W is spanned by the left singular vectors of 7(U,V) associated with the r
largest singular values.

In this section we have shown that the best subspace tensor approximation for
3-tensors is a a generalization of the singular value decomposition. It is obvious how
this procedure can be extended to arbitrary k tensors.

Unfortunately the described procedure is extremely expensive, since in every
step a singular value decomposition of a very large full matrix has to be performed.
In order to reduce the complexity, in the next section we consider a procedure that
is based on the recently suggested fast SVD [3].



5 Fast low rank 3-tensors approximations

In this section we generalize the algorithm outlined in [3] to the fast low rank tensor
approximation, abbreviated as FLRTA, to 3-tensors. Let A = [a;, ;] CRI*2X0s
be a 3-tensor, where the dimensions l1, 12,3, are large. For each j = 1,2,3 we read
subtensors of A denoted by C; = [Cg,)j’iz,j’ig,j] (R x2ixs5 We assume that C;
has the same number of coordinates as A in j-th direction, and a small number
of coordinates in the other two directions. That is, [;; = [; and the other two
indices l5;, s [1,2,3}\{j} are of order O(k), for j = 1,2,3. So C; corresponds
to the j-section of the tensor A. The small dimensions of C; are (I j,1;;,;) Where
{s5,t;} ={1,2,3\{y} for j = 1,2,3. Let m; 1=l jly; j for j =1,2,3.
To determine an approximation, we then look for a 6-tensor

_ 2,1 x13,1x11,2X13,2X11,3Xl2,3
V' = [Vg1,q2,43,04,05,a6) m

and approximate the given tensor A by a tensor
B = [bi, ip,is) = V - C1 - Cp - Cg [RITX02X45,

where we contract the 6 indices in V and the corresponding two indices {1, 2, 3}\{j}
in C; for j = 1,2, 3, i.e., our approximation has the entries

Lo €31 f12 {32 f13 {23
L (€D) @) 3
bix iz, is = Ug1,42,03,91,05,96 Cir 1,02 Cas i1 Casogonis- (01
q1=1g2=1¢3=1q1=1g5=1g6=1

This approximation is equivalent to a so-called Tucker approximation [10]. Indeed,
if we represent each tensor C; by a matrix C; [IR"™ *li that has the same number
of columns as the range of the j-th index of the tensor A and as number of rows

the product of the ranges of the remaining two small indices of C;, i.e. C; =

[ng),];nzjjijl Then cf,ji)j is equal to the corresponding entry cg )2-2 i3> Where the value

of r corresponds to the double index (is,;) for {s,t} = {1,2,31\{j}.
Now with U = [uj, j, j,] CIRI™*™2X™3 " the equivalent Tucker representation of
B = [bi, is.i5] 1S given by the entries

mi1 m2 ms3
o @ 6 S
bi17i27i3 = uj17j27j30j1,i1cjz,igcjg,ig7 (11722713) I:mlg( mlj( %5(52)
1=152=153=1

This formula is expressed commonly as
B =U %1 (1 x5 C %3 C3. (5.3)
We now choose three subsets of the rows, columns and heights of A
[CAO#I =p, JOBO# =g K CBO#K =r.  (5.4)
Let
Co= Ak = laijp] CROVOT G CIRLY COk CH,
Co = Ap ey i = [aiju) LRI i [1j CIBLE CH,  (5.5)

Ca = Aq (e = aig] CRP*®, i CT1j Ok IR
S = (A% Jx K) LA > Bk K) L x J x (73]
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We define Uy, and Ugpt as in [3].

Vo= argu Rmrflxhnlngmg (@ijp — (U =1 C1 %2 Cp X3 03)2'7]',]9)2’ (5.6)
€ " (3. R)E () x (12) X (1)
Uopt = arg min (i — (U %1 C1 %5 Cp %3 C3), ; B2 (5.7)
UERM1 XMg xmg o
(i,4,k)ES

Instead of computing Ugpt we do the following approximations, as suggested in
3] for the case ¢ = p,r = p?. Unfold the tensor A = [a; ;] in the direction 3 to
obtain the matrix £ = [e; ] [RK£2)xts - Qg €sk = a4 ) for the corresponding pair
of indices (7,7) [ Tk [Z3[1Then the set of indices (i,7) 1% J corresponds to
the set of indices L [IA - /[ Iwhere #L = pq. Denote by Ef, i the submatrix of
FE which has row indices in L and column indices in K. Let Ez K CRr=®?) be the
Moore-Penrose inverse of Ey, k. As in [3] we approximate the tensor A by

A<51>7<52>7KE2,KA1,J7(53>' (5.8)
For each k consider the matrix

— _ 01,62 x40
Fk T A<£1>7<£2>7k - I:alvjvk:ll,‘]:l DR]Zl 2'

Next we approximate Fj by G := (Fk)<é1>7J(Fk)}’J(Fk)I’<Z2>. As in [3] we try

several random choices of I, J, K with the cardinalities p, ¢, r respectively, with the

best preset conditions numbers for the matrices Ey, i and (Fy)r s for k CH.
Equivalently, we have that

A<Zl>vJ7kA},J,kAI,<42>,k7 (59)

is an approximation of A, «,) k- Replacing Ay, ), appearing in (5.8) with the
expression that appears in (5.9), we obtain the approximation B of the form (5.3).

References

[1] S. Friedland, On the generic rank of 3-tensors, arXiv: 0805.3777v1.

[2] S. Friedland, M. Kaveh, A. Niknejad and H. Zare, Fast Monte-Carlo low
rank approximations for matrices, Proc. IEEE Conference SoSE, Los An-
geles, 2006, 218-223.

[3] S. Friedland, V. Mehrmann, A. Miedlar and M. Nkengla, Fast
low rank approximations of matrices and tensors, submitted,
www.matheon.de/preprints/4903.

[4] G.H. Golub and C.F. Van Loan, Matrix Computation, John Hopkins Univ.
Press, 3rd Ed., 1996.

[5] S.A. Goreinov and E.E. Tyrtyshnikov, The maximum-volume concept in ap-
proximation by low-rank matrices, Contemporary Mathematics 280 (2001),
47-51.

[6] J. Harris, Algebraic Geometry, A First Course, 1992, Springer, New York.

11



[7]

B.N. Khoromskij, Methods of Tensor Approximation for Multidimensional
Operators and Functions with Applications, Lecture at the workschop,
Schnelle Loser fir partielle Differentialgleichungen, Oberwolfach, 18.-23.05,
2008.

L. de Lathauwer, B. de Moor and J. Vandewalle, A Multilinear singular
value decomposition, SIAM J. Matrix Anal. Appl. 21 (2000), 1253-1278.

V. de Silva and L.-H. Lim, ”Tensor rank and the ill-posedness of the best
low-rank approximation problem,” to appear in SIAM Journal on Matrix
Analysis and Applications.

L.R. Tucker. Some mathematical notes on three-mode factor analysis, Psy-
chometrika 31 (1966), 279 — 311.

12



