
           

KnotTheoryNotes-DetectingLinksWithTheJonesPolynonmial
byLouisH.Kauffman

1SomeElementaryCalculations

TheformulaforthebracketmodeloftheJonespolynomialcanbeindicatedasfollows:
Theletterchi,χ,denotesacrossinginalinkdiagram.Thebarredletterdenotesthe
mirrorimageofthisfirstcrossing.Acrossinginadiagramfortheknotorlinkisexpanded
intotwopossiblestatesbyeithersmoothing(reconnecting)thecrossinghorizontally,³,or
vertically><.Anyclosedloop(withoutcrossings)intheplanehasvalueδ=−A

2
−A−2

.

χ=A³+A−1
><

χ=A−1
³+A><.

Oneusefulconsequenceoftheseformulasisthefollowingswitchingformula

Aχ−A−1
χ=(A

2
−A−2

)³.

NotethatintheseconventionstheA-smoothingofχis³,whiletheA-smoothingofχ
is><.Properlyinterpreted,theswitchingformulaabovesaysthatyoucanswitcha
crossingandsmoothiteitherwayandobtainathreediagramrelation.Thisisusefulsince
somecomputationswillsimplifyquitequicklywiththeproperchoicesofswitchingand
smoothing.Rememberthatitisnecessarytokeeptrackofthediagramsuptoregular
isotopy(theequivalencerelationgeneratedbythesecondandthirdReidemeistermoves).
Hereisanexample.ViewFigure1.
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Figure1–TrefoilandTwoRelatives



      

YouseeinFigure1,atrefoildiagramK,anunknotdiagramUandanotherunknotdiagram
U′.Applyingtheswitchingformula,wehave

A−1
K−AU=(A−2

−A
2
)U′

andU=−A
3

andU′=(−A−3
)
2

=A−6
.Thus

A−1
K−A(−A

3
)=(A−2

−A
2
)A−6

.

Hence

A−1
K=−A

4
+A−8

−A−4
.

Thus

K=−A
5
−A−3

+A−7
.

ThisisthebracketpolynomialofthetrefoildiagramK.Wehaveusedtosamesymbolfor
thediagramandforitspolynomial.

SincethetrefoildiagramKhaswrithew(K)=3,wehavethenormalizedpolynomial

fK(A)=(−A
3
)−3

<K>=−A−9
(−A

5
−A−3

+A−7
)=A−4

+A−12
−A−16

.

TheasymmetryofthispolynomialundertheinterchangeofAandA−1
provesthatthe

trefoilknotisnotambientisotopictoitsmirrorimage.

InFigure2youseetheknotK=N42=942(thelatterbeingitsstandardnamein
theknottables)andaskeintreeforitviaswitchingandsmoothing.InFigure3weshow
simplified(viaregularisotopy)representativesfortheenddiagramsintheskeintree.

2



    

K = N42

K1K2

K21
K22

Figure2–SkeinTreefor942

3



        

K1

K21

K22

Figure3–RegularIsotopyVersionsofBottomofSkeinTreefor942

ItfollowsfromtheswitchingformulathatforK=942,

A−1
K−AK1=(A−2

−A
2
)K2

AK2−A−1
K21=(A

2
−A−2

)K22

andthatK1isaconnectedsumofaright-handedtrefoildiagramandafigureeightknot
diagram,whileK21isaHopflink(simplelinkoflinkingnumberone)withextrawritheof
−2whileK22isanunknotwithwritheof1.Theseformulascombinetogive

<K1>=−A−9
+A−5

−A−1
+A

3
−A

7
+A

11
−A

15
.

SinceKhaswritheone,weget

fK=A−12
−A−8

+A−4
−1+A

4
−A

8
+A

12
.
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Thisshowsthatthenormalizedbracketpolynomialdoesnotdistinguish942fromitsmirror
image.Thisknotis,infactchiral(inequivalenttoitsmirrorimage),afactthatcanbe
verifiedbyothermeans.Theknot942isthefirstchiralknotwhosechiralityisundetected
bytheJonespolynomial.

2UsingaComputerProgram

Inaseparatesetofnotes[Mathematica]wehaverecordedaMathematicaworksheetshow-
inghowtousethecomputertodobracketpolynomialcalculations.Thestrategyfor
thiscomputerprogramistorecordtheprocessoftranslatingthediagramintoitsstate
expansionintosymbolsthatcanbehandledbythecomputerlanguageofMathematica.
Mathematicaisverygoodatsymbolmanipulationandsubstitution,makingthisagood
strategy.InthissectionIwillexplainthemethodinawaythatisindependentofany
particularcomputerlanguage.

ViewFigure4.Hereweindicateatrefoildiagramwithlabelsoneachoftheedgesof
itsunderlyingshadowgraph.Thecrossingsareindicatedbythenumbers1,2,3andeach
correspondstoastringofsymbolsfromtheedgelabelings.Thetranslationfromcrossingto
symbolstringiseffectedbyreadingthelabelsincounterclockwiseorderaroundthecrossing
suchthatthefirstlabelisonanovercrossingline.
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1:[adbe]
2:[fceb]
3:[cfda]
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v(K)

1:[adbe]
2:[fceb]
3:[cadf]

Trefoil KnotVirtual Knot

[abcd]

classical crossingvirtual crossing

Figure4–CodingaDiagram

InthecaseofthetrefoilknotshowninFigure4,wehavethatthecrossingscorrespondto
thefollowingsequences

1.[adbe]

2.[fceb]

3.[cfda].

Eachsequenceiswell-defineduptoacyclicpermutationbytwosymbols(sinceonecould
havestartedthesequencewiththeotherover-crossinglabel.Thus[adbe]and[bead]repre-
sentthesamecrossingandthesameinformation.Thislistofcrossingsequencescompletely
determinestheknotorlinkdiagram.Notethateachletteroccurstwiceinthelistofse-
quencesandnoletteroccurstwiceatagivencrossingunlessacurlinthediagramisbeing
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encoded.Notealsothataone-placecyclicpermutationhastheeffectofswitchingthe
crossing.Thus[abde]and[bdea]representacrossinganditsmirrorimage.

InFigure4wealsoillustrateacodesetthathasnoplanarrealizationwithoutextraself-
crossings.

1.[adbe]

2.[fceb]

3.[cadf].

Suchextraself-crossingsarecalledvirtualcrossings.Adiagramwithtwovirtualcrossings
andthiscodeisillustratedintheFigureandlabeledv(K).Thereisanentiresubjecthere
ofvirtualknottheorywheretheknotsarespecifiedbysuchcodes,andhaverepresentative
drawingsintheplanesucnastheoneshown.OnecanspeakofReidemeistermoves
forvirtualdiagramsandmuchofknottheorygeneralizesinthisway.Forexample,the
algorithmexplainedbelowforcalculatingthebracketpolynomialfromacodelistworks
perfectlywellforvirtualcodes.Inmakingavirtualcodefromadiagramwithvirtual
crossingsonekeepsthelabelsthesameacrossthevirtualcrossingsjustasthoughthey
werenotthere(andtheyarenottherewithrespecttothecode,justthereforthepurpose
ofdrawingarepresentativeplanediagram).Theexamplev(K)hasunitJonespolynomial
andyetisknottedasavirtualknot.Thisshowshowthevirtualworldhascounterexamples
toproblemsthatareindeedverydifficultintheclassicalworldofordinaryknotsand
diagrams.Tothisdatethereisnoknownexampleofaclassicalknottedknotdiagramthat
hasunitJonespolynomial.Wewillreturntothistopicofvirtualknottheorylaterinthe
course.

IntheMathematicaprogramweusethenotationX[a,b,c,d]for[abcd],andwewritethe
codeitselfasaformalproductasinX[a,d,b,e]X[f,c,e,b]X[c,f,d,a]fortheTrefoildiagram
inFigure4.

Nowhowdowesetupthebracketalgorithm?Weneedasymbolforasegmentwith
twolabelsthataresupposedtobethesame.Forthiswetakeδ[ab].Thenwecanwrite

1.[abcd]−→Aδ[ad]δ[bc]+Bδ[ab]δ[cd]

2.δ[ab]δ[bc]−→δ[ac]

3.δ[aa]−→d

andsuccessiveapplicationsofthesereplacementswillturnthecodelistfromthediagram,
writtenintheformofaproduct(asin[adbe][fceb][cfda])intoanalgebraicproductthat
isexactlythethreevariable(A,B,d)bracketpolynomialoftheoriginalknotorlink.Note
thatinthesequencesfortheδwehaveδ[ab]=δ[ba].FurthersubstitutionofA−1

forBand
−A

2
−A−2

fordgivesthetopologicalbracketpolynomial.

7



   

HereishowitlooksinMathematicawhereIuseJfordanddelforδ.Inrenderingthe
MathematicasyntaxinLaTeXIhaveeliminatedcertainaspectsaboutdummyvariables
thatareindicatedbyanunderscore.Therefore,ifyouwanttoactuallyusethiscode,please
consulttheMatematicafilefortheexactsyntax.Forexample,inrule4,Mathematicadoes
notuseadummyvariablex,butratheranunderscoresymbol.

1.Trefoil=X[a,d,b,e]X[e,b,f,c]X[c,f,d,a]

2.rule1=X[a,b,c,d]:>Adel[ad]del[bc]+Bdel[ab]del[cd]

3.rule2=del[ab]del[bc]:>del[ac]

4.rule3=(del[x])
2

:>J,del[x
2
]:>J

5.RawBracket[t]:=Simplify[(t/.rule1//Expand)//.rule2/.rule3]

6.RawBracket[Trefoil]/J

7.3A
2
B+A

3
J+3AB

2
J+B

3
J

2

Hereisanexample.ViewFigure5.HerewehavethelabeledversionofalinkL
discoveredbyMorewenThistlethwaiteinDecember2000[Morwen].Wediscusssometheory
behindthislinkinthenextsection.Itisalinkthatislinkedbutwhoselinkingisnot
detectablebytheJonespolynomial.Onecanverifysuchpropertiesbyusingacomputer
program,andinfacttheMathematicafileusesthecodingshowninFigure5todothe
computation.
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Figure5–Morwen’sLink

3PresentStatusofLinksNotDetectablebytheJones

Polynomial

Inthissectionwegiveaquickreviewofthestatusofourwork[EKT]producinginfinite
familiesofdistinctlinksallevaluatingasunlinksbytheJonespolynomial.

Atangle(2-tangle)consistsinanembeddingoftwoarcsinathree-ball(andpossibly
somecirclesembeddedintheinteriorofthethree-ball)suchthattheendpointsofthearcs
areontheboundaryofthethreeball.Oneusuallydepictsthearcsascrossingtheboundary
transverselysothatthetangleisseenastheembeddinginthethree-ballaugmentedbyfour
segmentsemanatingfromtheball,eachfromtheintersectionofthearcswiththeboundary.
Thesefoursegmentsaretheexterioredgesofthetangle,andareusedforoperationsthat
formnewtanglesandnewknotsandlinksfromgiventangles.Twotanglesinagiven
three-ballaresaidtobetopologicallyequivalentifthereisanambientisotopyfromoneto
theotherinthegiventhree-ball,fixingtheintersectionsofthetangleswiththeboundary.
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Itiscustomarytoillustratetangleswithadiagramthatconsistsinabox(within
whicharethearcsofthetangle)andwiththeexterioredgesemanatingfromtheboxin
theNorthWest(NW),NorthEast(NE),SouthWest(SW)andSouthEast(SE)directions.
GiventanglesTandS,onedefinesthesum,denotedT+SbyplacingthediagramforS
totherightofthediagramforTandattachingtheNEedgeofTtotheNWedgeofS,
andtheSEedgeofTtotheSWedgeofS.TheresultingtangleT+Shasexterioredges
correpondingtotheNWandSWedgesofTandtheNEandSEedgesofS.Therearetwo
waystocreatelinksassociatedtoatangleT.ThenumeratorT

N
isobtainedbyattaching

the(top)NWandNEedgesofTtogetherandattachingthe(bottom)SWandSEedges
together.ThedenominatorT

D
isobtainedbyattachingthe(leftside)NWandSWedges

togetherandattachingthe(rightside)NEandSEedgestogether.Wedenoteby[0]the
tanglewithonlyunknottedarcs(noembeddedcircles)withonearcconnecting,withinthe
three-ball,the(toppoints)NWintersectionpointwiththeNEintersectionpoint,andthe
otherarcconnnectingthe(bottompoints)SWintersectionpointwiththeSEintersection
point.Aninetydegreeturnofthetangle[0]producesthetangle[∞]withconnections
betweenNWandSWandbetweenNEandSE.Onethencanprovethebasicformulafor
anytangleT

<T>=αT<[0]>+βT<[1]>

whereαTandβTarewell-definedpolynomialinvariants(ofregularisotopy)ofthetangle
T.Fromthisformulaonecandeducethat

<T
N

>=αTd+βT

and
<T

D
>=αT+βTd.

WedefinethebracketvectorofTtobetheorderedpair(αT,βT)anddenoteitbybr(T),
viewingitasacolumnvectorsothatbr(T)

t
=(αT,βT)wherev

t
denotesthetransposeof

thevectorv.Withthisnotationthetwoformulasabovefortheevaluationfornumerator
anddenominatorofatanglebecomethesinglematrixequation

[
<T

N
>

<T
D

>

]
=

[
d1
1d

]
br(T).

Wethenusethisformalismtoexpressthebracketpolynomialforourexamples.The
classofexamplesthatweconsideredareeachdenotedbyH(T,U)whereTandUareeach
tanglesandH(T,U)isasatelliteoftheHopflinkthatconformstothepatternshownin
Figure6,formedbyclaspingtogetherthenumeratorsofthetanglesTandU.Ourmethod
isbasedonatransformationH(T,U)−→H(T,U)

ω
,wherebythetanglesTandUare

cutoutandregluedbycertainspecifichomeomorphismsofthetangleboundaries.This
transformationcanbespecifiedbyamodificationdescribedbyaspecificrationaltangleand
itsmirrorimage.Likemutation,thetransformationωpreservesthebracketpolynomial.
However,itismoreeffectivethanmutationingeneratingexamples,asatriviallinkcan
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betransformedtoaprimelink,andrepeatedapplicationyieldsaninfinitesequenceof
inequivalentlinks.

T

U

Figure6–HopfLinkSatelliteH(T,U)
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TT

TT ww

w
==

w
=

=

Figure7–TheOmegaOperations
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H(T,U)H(Tww U) ,
Figure8–ApplyingOmegaOperationstoanUnlink

Specifically,thetransformationH(T,U)
ω

isgivenbytheformula

H(T,U)
ω

=H(T
ω
,U

ω̄
)

wherethetangleoperationsT
ω

andU
ω̄
)areasshowninFigure7.Bydirectcalculation,

thereisamatrixMsuchthat

<H(T,U)>=br(T)
t
Mbr(U)

andthereisamatrixΩsuchthat

br(T
ω
)=Ωbr(T)

and
br(T

ω̄
)=Ω−1

br(T).

Oneverifiestheidentity
Ω
t
MΩ−1

=M

fromwhichitfollowsthat<H(T,U)>
ω
=<H(T,U)>.Thiscompletesthesketchof

ourmethodforobtaininglinksthatwhoselinkingcannotbeseenbytheJonespolynomial.
NotethatthelinkconstructedasH(T

ω
,U

ω̄
)inFigure8hasthesameJonespolynomialas

anunlinkoftwocomponents.ThisshowshowthefirstexamplefoundbyThistlethwaite
fitsintoourconstruction.
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3.1SwitchingaCrossing

IfinFigure8,westartwithTreplacedbyFlip(T),switchingthecrossing,theresulting
linkL=H(Flip(T)

ω
,U

ω̄
)willstillhaveJonespolynomialthesameastheunlink,butthe

linkLwillbedistinctfromthelinkH(T
ω
,U

ω̄
)ofFigure8.Weillustratethisprocessin

Figure9.

H(Flip(T), U)ww U) , H(Flip(T)

w
=

A

L =

Figure9–ApplyingOmegaOperationstoanUnlinkwithFlippedCrossing

ThelinkLhastheremarkablepropertythatbothitandthelinkobtainedfromit
byflippingthecrossinglabeledAinFigure9haveJonespolynomialequaltotheJones
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polynomialoftheunlinkoftwocomponents.(WethankAlexanderStoimenowforpointing
outthepossibilityofthissortofconstruction.)

NowletsthinkaboutalinkLwiththepropertythatithasthesameJonespolynomial
asalinkL′obtainedfromLbyswitchingasinglecrossing.Wecanisolatetherestof
thelinkthatisnotthiscrossingintoatangleSsothat(withoutanylossofgenerality)
L=N(S+[1])andL′=N(S+[−1]).LetsassumethatorientationassignmenttoLand
L′isasshowninFigure10.

S

N(S + [1])
Figure10–N(S+[1])

SincewearetoldthatLandL′havethesameJonespolynomial,itfollowsthat<L>=
−A−3

κand<L′>=−A
3
κforsomenon-zeroLaurentpolynomialκ.Nowsupposethat

<S>=α<[0]>+β<[∞]>.Then

<L>=α(−A
3
)+β(−A−3

)

and
<L′>=α(−A−3

)+β(−A
3
).

Fromthisitfollowsthat
κ=αA

6
+β

and
κ=αA−6

+β.

Thus
α=0
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and
β=κ.

Wehaveshownthat
<S>=κ<[∞]>.

Thismeansthatwewillcan,byusingtheexampledescribedabove,produceatangleS
thatisnotsplittableandyethastheabovepropertyofhavingoneofitsbracketcoefficients
equaltozero.TheexampleisshowninFigure11.

N(S + [1]) and N(S+[-1]) both have Jones poly
same as the unlink of two components.

S

N(S + [1])

Figure11–TheTangleS

FinallyinFigure12weshowLandthelinkv(L)obtainedbyvirtualizingthecrossing
correspondingto[1]inthedecompositionL=N(S+[1]).Thevirtualizedlinkv(L)hasthe
propertythatitalsohasJonespolynonialthesameasanunlinkoftwocomponents.We
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wishtoprovethatv(L)isnotisotopictoaclassicallink.Theexamplehasbeendesignedso
thatsurfacebrackettechniqueswillbedifficulttoapply.(Wewilldiscusssuchtechniques
laterinthesenotes.)

L

v(L)

Figure12–TheVirtualLinkv(L)
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