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1. INTRODUCTION 
This paper traces how the Jones polyiloiriial leads naturally to  the notion of ~ U A I I ~ , I I I I I  

group, and how quantum groups give rise to  invarianbs of links v iaso lu t io~~s  t.o t11c Ya11g- 
Baxter equation. Sectioi~ 5 is all origirial treatment of Lhe construction of the universal 
R-matrix. All the other material Ims, or will appear elsewhere in similar form. 

2. KNOT TXIEORY 

Let's begin by recal l i~~g (. l~e Iteitle~i~eister moves: 

I 
/---- ----c 3 

11 3 : c  

These moves can be perrorn~ed 011 a l ink diagrn111. A link Oiagrn~n is n locally 

four-valent plane gral)l~ wit11 exl.ra sl.rucl.~lre a t  llle vcrl.iccs i l l  t11e for111 or c r o s s i i ~ g s  

These crossings are taken to intlicate the projeclioil of arcs elnbed(led i n  a Lllrce-s[)ace, 
and projected t o  the plane. Tile broken arc pair a t  a crossing indicates the arc  that  
passes underneat11 the o t l~e r  arc it1 space. Any l ink  (a link is a collection of circles 
embedded in a three-sphere or Er~clirlca~i three s$n.ce.) llas a point of p ro jcc t io~~  1.0 the 
surface of a two di~nel~sional sphere or to  a ~)Inlle, so t l ~ a t  Lhe projccliol~ (wit11 1111tlcr 
and over-crossing intlicatiol~s) bcco~ites a diagrarl~ Cor t l ~ a t  link. 



L.11. I < ~ I I I ~ I I I ~ I I  

Two links are said to be nlllbielit i so top ic  if there is a contiriuous time-pararrieter 
family of embeddings s t a r t i ~ ~ g  wit11 one linlc and ending wit11 the other one. The  t l~eory 
of knots and links is the t l~eory of link enibeddings under tlie equivalence reiation of 
ambient isotopy. (A k n o t  is a link rvitli one cornpollelit. T h a t  is, a knot is an en~lledding 
of a single circle into tl~ree-space.) 

I t  is assumed that  all tlre einbeddings are represented (up to ambient isotopy) by an 
embedding that  is a diKere~itiable curve(s) in the  three-space. Links that  tlo not admit on a ! 
such a representation are called wild, a n d  rr~ust  be treated separately. 

T h e  lteidemeister moves generate the theory of knots and links in tlrree-dimensional 
space in the sense of t l ~ e  following t l~eorem: 

THEOREM (REIDEMEISTER [la]). Let Ii' a r ~ d  I(' be trvo l ir~ks embeddecl' in three- 
dimensional space (eitlrer the three-tli~rlensional s l~here  or the Euclidean space n3). 
Then, I( a n d  I{' are a ~ ~ ~ h i e r ~ t  isotopic if n11d o111y if diagrams for Ir' and I(' are related 

! 
1 

by a finite sequence of the moves I, 11, 111. 

REMA RI<: 111 Iteiden~eister's day the notiou o f  anhient  isotopy was also combi~~ator ia l .  
Let R denote Iteidelneis(.er. For R ,  ambient isotopy was generated by a s i n g l e  move type 
called an e l e ~ i l e n t n r y  co l i~ l> i l ln to r i i~ l  i so topy  (or elenientnry isotopy for slrort). T l ~ e  
knots and links for R are p iecewise  l i l~en l -  - mealling tlrat they co~isist of intercon- 
nections of s t ra igl~t  liue s e g ~ r ~ e ~ ~ t s  embedded in  E~~c l idean  space. Vertices are regarded i f  it  red 
as the  endpoints of these seg~ncnts ,  and any stxaigl~t seg~nent  can be regartled a s  tile 
connection of two seg~rie~i ts ,  by adtling a vertex at  an interior point. Tlle elelnentary 
colnbinatorial isotopy has two directions: e x p n l l s i o l ~ ,  and col l t rnct io l i .  I n  an expan- 
sion, one takes two vertices on the link, and a new vertex i l l  the comple~nent s~lcll that  
the (two dimensional) tr ia~lgle spanned by tllese vertices intersects the lir~k only a t  one 
of its three edges. Exl~a~lsioll  consists in replacing this edge in tlie link by tlie two 
remaining edges in tlie triangle. Cor~traction is tile opl~osi te  ofexpansio~i  - t l~ ree  points 
on the link span a triangle i ~ ~ t e r s e c t i ~ ~ g  the l i ~ l k  only a l o ~ ~ g  two edges; t l~ese  edges are 
replaced by the third etlge of t l ~ e  triangle. 

curve er 

T h e  b idemeis te r  rnoves colile al)out via exanlinatio~l of Llie fornls of planar projec- 
tions of tlie elementary isotopies. For eexa~r~ple, the diagram below sllows how a type I 
Reiderneister move is t l ~ e  s l~adow of an elemcnlary isotopy. ...\ 

Ileiderneister's approncl~ t o  l~is t l ~ e o r e ~ r ~  is a good wily to  get a geo~net~ric fcel for the 



ence reiation of 

t isotopy) by an 
a t  (lo not admit  

tee-dimensional 

edded in t l~ree- 
lean space R3).  
rf I{' are related 

3 combi~~ator iaI .  i i 
s i n g l e  move type 1 
foi s l~or t ) .  ~ l l e  

sist of intercon- 
ces are regarded 
regartled as the  
T l ~ e  elementary 
11. 111 an expan- 
e ~ n e n t  s r ~ c l ~  tha t  
l i ~ ~ k  only a t  one 
l i ~ ~ l c  by t l ~ e  two 
)n  - three points 
t l~ese  edges are 

)f planar projec- 
w s  how a type I 
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situation. For a modern treatment of the  Theorem, using the continr~or~s (or difreren- 
tiable) notion of isotopy, see [5] .  

While Reidemeister's Theorem is an excellent start ing point for a comhinatorial theory 
of knots and links, it does not make life easy. The  easiest way t o  illustra.t,e this is to  
exhibit a demon such as the one shown below. (This demon - shown t o  the author by 
Ken Millet - improves over previous culprits, and is the smallest possible for projections 
on a sphere.) 

This  demon D is unknotted, but  does not a d ~ n i t  any sin~l)lifying Iteide~neister lnoves, 
nor does i t  admit  ally lype bl~ree moves. ( A  Ileide~neister move is said t o  be s i l r~pI i fy ing  
if it reduces the number of c ross i~~gs  in t l ~ e  diagram.) 111 order to  unknot D it is necessary 
to first make the d i a g r a ~ n  nlore co~nplex I~efore it call become s in~pler .  Exa~nples  of t l ~ i s  
sort  show t h a t  l l ~ e  equ iva le~~ce  r e l a l i o ~ ~  generat,ed by the Iteitlemeister nloves is subtle, 
and t h a t  the matter  of constrr~cLing invariants is non-trivial. 

There  are many accounts of the classical c o ~ ~ s t r u c t i o n  of knot and link i ~ ~ v a r i a ~ ~ l s  ( [ I ] ,  
[B], [4], [ l l . ] ,  [23.]). 111 t l ~ e  next section, 1 s l~al l  go tlirectly to a rnotlcl for the J o ~ ~ e s  
polynomial and discuss its pl~ysical i n t e rp re ta t io~~s .  For these purposes it tloes make 
sense t o  make one ren~arlc a b o ~ ~ t  the process o l  abstractioll leading to  rnntl~ernalical 
knots. If we were to  make a knot or link fro111 rope or o t l ~ e r  material, t l ~ e n  the a ~ r ~ o u ~ ~ t  
of twisting on the  rope would ~nalce a dilrerence in the behaviour or t l ~ e  resr~lling k ~ ~ o t t e d  
form. Such twisting has bee11 abstracted when we go to t l ~ e  diagram or I,l~e r ~ ~ a l l ~ e ~ r ~ a t i c a l  
curve embedded in space. We can recover some of this structrrre by consi t ler i~~g f ~ i ~ l r l c t l  
l i nks .  A framed link is a l i ~ ~ k  such t l~ab  eac l~  c o m l ) o ~ ~ e n t  l ~ a s  n c o ~ ~ t i ~ ~ ~ ~ o r r s  r~orrnal vector 
field. Th i s  is equ iva le~~ t  to  t l ~ i ~ ~ l t i ~ ~ g  a l ) o ~ ~ t  embed t l i~~gs  ol' I)nlltls rather ( , I I ~ I I  circles. 
T h u s  the  figure below indicates a f ra~ned trefoil, wit11 stnlltlard framing irll~eritetl f r o ~ n  
i ts  planar embedding. 

If we keep track oT I.l~e fra111i11g t l ~ e n  O I I C  no lollget I~ils i r ~ v a r i a ~ ~ c e  u ~ ~ t l e r  l l ~ e  I,yl)e I 
move: 

For this reason it is useful lo  have t l ~ e  cot~cept  of r e g u l a r  i so toI)y .  'l'wo l ir~ks are 
said t o  be regularly isotopic i f  one can be obtnir~ed from the other by a sequence of type  

etric feel lor t l ~ e  11 and type  111 moves only. Regular isotopy is lhe ec l~~ iv i l l e~~ce  relati011 ge~~era te t l  by the  



type I1 and type 111 Inoves. Note: I 

f 

?&- 

.- = t 
Opposile curls cancel. 'l'l~is r eg~~ la r  isotopy is l l ~ e  knot tl~eoretic versior~ or the Whit- 

s - - - ]ley trick 1241. Act~~al ly ,  rcgrtlar isolopy is a bit subller Illan sirliple f r a ~ ~ ~ i n g .  'The bands 

Th 
add ir 
given 

3; 
EE3 z* 
p = are isotopic, I ~ u t  the corresl)ot~cling string diagrams are 11ot regularly isolopic (tlley l~ave  
z- (limerent Wllitney degree (241.). 

, 
[' 

A useful invariant or rcg~rlar isol.opy is tlie writhe,  i u ( 1 i ) .  The writl~e is the sun1 of 
i: the crossing signs 

in a given diagram. ' l ' l~~rs  

It is easy to see that the writl~e is a regular isot.ol)y it~variat~t Tor diagrarr~s. It is very 
rlseful for riorlnalizing ot l~er  ir~varinllts of regr~lar isolopy. It t r ~ r ~ ~ s  out l l ~ a l  111os1 of the 
invariants we sl~all discuss neecl sucl~ a ~lornlalizalion. 

111. LINK 1NVAn.IANTS AS VACUUM-VACUUM AMPLITUDES 

First, a quick description of t l ~ e  brackel moclel (121 or l l ~ e  Jor~cs poly~~ornial [g]: M'e 
give a metl~od of associalil~g a well-defined polyl~omial ill three variables, ( I i ) (A ,  B, d), 
to an unoriented link I<. 'l'llis polyl~otnial is tlefinetl recursively by the fortl~ulas: 

Thus, 
isotop, 

where 
(If) is 
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! The first forinr~la asserts that the polynomial for a given diagram is obtained as a n  

) r l  of t l ~ e  Whit- 
additive combination of t l ~ e  polynomials for t l ~ e  diagrams obtained by splicing away t l ~ e  

I 
I given crossing in two possible ways. T l ~ u s  the small diagrams indicate larger diagrams 

ing. 'l'lie bands 
that diKer only as i~~tlicated. 7'11e second formula says that t l ~ e  value of a loop (simple 

I closed curve in the p l a ~ ~ e )  is d ,  and l l ~ a t  i f  a loop occurs (isolated) inside a larger dingrarr~, 
then the value of the poly~~otnial accluires a factor of (1 frorn this loop. In particrrlar, 

3 the value of a disjoint union of N sirnple closcd curves is d N .  i Ibgetller, the two forr~lrrlas co~nplelcly tlctermine (A'), a114 (I<) is well-tlefined just 
so long as A ,  B ant1 d co~n~nu le  with olle a ~ ~ a t l ~ e l . .  ' ~ ' I I I I S  t l~is  polynoniial takes values in 
the ring Z [ A ,  B,n] of polyr~or~lials in 1,llree variables will1 integer coefIiciel~ts. 

opic (they have As it stantls, ( K )  is not all i ~ l v a r i a ~ ~ t  of any of the Reiden~cister moves. IIowever, t l ~ e  
following forrnula is a11 easy collsequence of 1. and 2. above. 

1 

As a result we see t l ~ a t  (It-) is invariant untler tile type I1 move i f  we select U = A-' 
and d = - A 2  - A-'. I~rlrll~errnore, it now follows tlireclly that (I<) is i~~vnr i ; \~ i t  r~ntler 
the move 111: 

1 
I 

rnrrls. It is very 
l ~ a t  n~os t  of tlie 

Thus, with B = A - I  and d = --/I2 - we have that (I<) is an invariant of regular 
isotopy. To obtain an invariant of ambient isotopy for oriented links, we form 

LJDES fK (A) = ( - A ~ ) - " ( ~ ) ( K )  I( 0 ) 
where Ii' is oriented, w(Ii) is the writhe of K as defined in the previous section, and 
(Ii) is the bracket evaluated on the unoriented link underlying I i .  The reason for this 
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factor of - A ~  is that  
are ca n <3-> = A( 0 > +A=-'&-> 

- - A(-A'-A')<-> +A?-> 

= CR)<'"). 
One then has the 

TIIEOREM [12]. For ally oriei~led liilh. I ( ,  VIc(t) = jfi(l-'1') ~vllere Vfi dellotcs t l ~ e  
original one-variable Jones j)olynorr~ial. 

l ' l ~ u s ,  the bracket, suilill,ly norrnalizetl, gives a direct ~notlel for t l ~ e  J o r ~ e s  p o l y l ~ o ~ ~ ~ i n l .  

THE VACUUM-VACUUM AMPI,I '~UDE.  
In the rest of this sectio~l I s l~al l  stick to the bra.cket., and show how it can I:)(: s t : c~~  as 

a "vacuum-vacuum amplilude" in a combinatorial version of topological q u x n t u ~ r ~  ficld 
theory [25] .  More generally, we can co~lsider an a.mplitude associated to a, given diagrn.111 
by regarding the plane a5 1 + 1 spacetime. By convention, let time run vertically 1 1 1 )  

conFigu 

the page, a.nd space proceed from lelt to right. (This is the convention of the rcadcr of 
English.) Position the link diagram so that  it is transversa.1 to the space levels csccpt, 
a t  critical points correspo~lding to maxima, minima and crossings. 

as a s u ~  

Each minimum can be regartletl as a cr~'atio11 or  ~ W O  1)itl.Li~les fr0111 L I I C  V ; I C I I I I I I I ,  each 
maximum an a n n i l ~ i l ; ~ l i o ~ ~ ,  ant1 each crossillg is an inl.crac1io11 ( t l ~ o l ~ g l ~ l  of as  i~lvolvir~g 
braiding in the  extra  spalial t l i n ~ e n s i o ~ ~  or l l~ogo~lnl  t.o Ll~e page). 'KO eac l~  of these eve~l ts  
we associate a matrix wl~ose intlices go over (say) t l ~ c  spills of t.l~e particles, a ~ ~ t l  tvl~ose 
values are  the amplitr~cles for each of these processes. 

The amplitudes used here arc a generalization of a.mplitudes in quant.um m c c l ~ a ~ ~ i c s ,  
suitably generalized for the purposes of topology (In the process we ta.ke leave or t.lre 
usual interpretations of observation in quantum mechanics. In the topology t , l~e  a.nq)li- 
tude itself is a real property of the system. There is no "collapse of the wave filnct.ionn). 
Therefore the amplitudes will take values in a cornrnutative ring (e.g. in Z [ A ,  A-'I ) ,  
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I 
1 and l l ~ e  spins will run over an arl)itrary finite index set (e.g. {-1,+1)). Arnplitudcs 
i are calculaled accordi~rg lo the p l . i~~c ip l c s  of  c lua l~ tum l ~ ~ e c l l n l ~ i c s  [7]: 
I 

cleliotcs tlie 

n I)(: sc:c~i as 
~ a n t u i i ~  Iicltl 
ven tliagrniii 
rertically 1113 

11e rcadcr of 
evels csct pt, 

(1) If an event occrirs in a way that call be decomposed iiito a set of intlivitlual steps 
(e.g. creations, a~i~iiliilations, interactions), tlieri llie alnplitride of tlie given event 
is the product of tlie ai~iplitudes ol tlie i~~dividual steps. 

(2) I f  an event rnay occrir in several disjoint alkernative ways, tlien tlre aml)lit.ude of 
this event is the slim of tlie amplitudes of t l ~ e  ways. 

Given a diagram I(, and a set of matrices as above, we can calcr~late tlie ainplilude 
for particles to be created from tlie vacuum, il~teract in llie patlerri of l l ~ e  lil~k diagrarr~, 
and return to tlie vactiiim. Tliis a~nplitrlde deco~nposes as a sum of llre arnplit.udcs 
for conf igura t io r~s  of llre clingram. (1 lalie corifiguralioi~ as a iieulral term hcre. For 
an~plitudes one may prcfer tlie terin Iristory. For a 1~11rely spalial interpretation o ~ i c  may 
preler the terrn s t a t e . )  l<ncli co~ifigurat.ioii a is all assiglimerit of spir~s lo llie rlodcs 
of llie diagram. ('Tlie ~iotles are tlie input and oulput nodcs of tlie s~nall  t l i a g r a ~ ~ ~ s  
corresporidirig to tlie matrices). Civc~i a configr~~.at.iol~, eacl~ ~nalr ix  lias a wcll-tlcfiried 
value, and tlie ar~iplilude of this configuralio~i is tlie product of these valucs. Thus 
the vacuum-vacuorri a~iil)lilude, T(I() ,  for a given diagra~n K is llie sum (over the 
configurations) of tlie prodi~ct of the matrix values for eacli corifiguralion. 

Symbolically, lhis works out in accord with llie usr~al Eir~stein conveiltion for repeated 
indices: Write down a protlr~ct of all tlie matrices for the give11 diagrarii, in i~idices, witli 
one index for eacli node. The amplitude is t l i e ~ ~  tlie value of tliis expression iirteroretetl 
as a sum over all cases of repet,itioiis of an index i l l  lower and upper posilions. 

a 

V ; K I I I I I ~ ,  each 
I' as i r~volvi~~g 
r lliese eve~tts IIaving defined tlie vacr~u~~r-vacoum aml)liLutle T'(I<), we rn~rsl see wlicli il will I)c an 

:s, ant1 rvliose invariant of regular isotopy, and wlien il \ \ r i l l  motlel llic bracket. 111 order lor T (I<) 
to be an invariant of r cg~~ la r  isotopy, we lieetl l l ~ e  followi~rg restrictions on llie matrices 
[15]: 

a. 

m rnccha.~iics, 
e leave of t.lie 
,gy t,he ampli- 
ve f~inclion"). c 
n z [ A ,  A-'I), 



(In 3. there is a c o r r c s l l o ~ ~ t l i ~ ~ g  Icl 'l-lr;~~~tl lwist,, i \ ~ ~ ( l  i l l  4 .  t.l~cre is irlso tlre snnle 
e q ~ ~ a t i o r ~  for all c ross i~~gs  rcvcrsctl.) E q ~ r a l . i o ~ ~  4 .  is cillletl I.lrc Y ~ ~ i ~ g - l l i ~ s l , c r  IS( l~ra l io~~ [3] 
(here give11 wit,l10111 rn1)itlily ~ ~ a l . a ~ ~ ~ c l . c r ) .  

I ~ E M A R K :  I t  is in(.crcslillg Lo spec~~l i r t c  i ~ l ~ o ~ ~ l .  I,lre ~) l~ysicnl  111ea1li11g or  l l~cse  restric- 
tions. T h e  twisl c o ~ ~ t l i l i o ~ ~  3.  is the 111os1 n~ysl.erio~is s i l~cc  it rclates 12. nl~tl  /I- '  via 
creations ant1 ani~i l~i la t ions .  A silnpler ~)lrysici~l sil,~l:ll.ion 111;ly lei~tl solne irlsigl~t here. 
111 the  simplilietl s cc~~ i l r io ,  \Ire asslrrne t l ~ a l  I .  Iroltls, n~rd  ~.II;IL 1)ilrallel itle111il.y l i ~ ~ e s  are 

t rnatr 

I 
I 

STATISTICS 
'L% and 4. 

This  Iras been interpreletl as a depictio~r or  the eq~ii~lnlerrcc o/spilr n11d stniistics (see 
e.g. [22] and re re re~~ces  lherein) i i ~ l ~ e r e  spill is ~.egartletl as calalogr~cd by llre twist 
of framing (beconie curl o r  d i d g r n ~ ~ ~ )  nlrd statistics co r~ .cspo~~t l s  l o  l l ~ e  braicli~~g or  t l ~ e  
two lines. Tl~is s l~ows t l ~ a l  part  of orlr t l i a g r a ~ n ~ ~ ~ n t i c s  co~ . re s l )o~~d  to o r t l i ~ ~ a r y  1,llysical 
interpretations, and tlrat w l i c rc  t l ~ c  t o p o l o g y  Gcgiiis t l i c  c t l r~ivnlc l rcc  of spi l l  
a n d  s t a t i s t i c s  lctlvcs off. 111 this sense, llre topology is ; I I I  i ~ ~ t l c x  of I.l~e IIOII-star~tlart l  

. . .  .. 



1 MODELLING T I I E  RRACI<E,I'. 

I In order to  model tlre I)rncliet wit11 a v a c ~ ~ u ~ r l - r ~ a c ~ ~ ~ ~ ~ i ~  amplitr~tle we ~ ~ e e d  to  find 
creatiori and  ati~iiliiletio~i tilatrices tlrat illverse to one a ~ i o t l ~ e r ,  ant1 tliat give a loop 

I value of -A2 - A - * .  Ilere is arr answer 1.0 tll;rt pi~zzle: 

Ile snnie 
n1.io11 (31 1 

I 
: reslric- 1 
]I-' via 

Note tha t  the ~ l l ; ~ l . r i . u  A l  Iiiis scltlnre tlie i t le~lt . i l .~,  n ~ ~ t l  (.lint I,lie loop value is t l~erefore 
tlie sum of t l ~ e  scl\rclrcs of l.l~c e r ~ l . ~  ies of A!. (See [13],[14],[15] for nlol.ival.iol~s for this 
constructio!i.) 

Witli a given cl~oice for bl~e crent.ior~s ;111tl n ~ i ~ ~ i l ~ i l n t i o ~ ~ s ,  there is one cl~oice for tlre R 
matrix to give t l ~ e  brncliet.: 

I 
i REMARK: In fact it is interesting to  note tha t  if t.he creatio~i and annihilation arc inversc 

matrices, and R is dcfinetl a5 above, then 2. follows easily, while 3. goes as belo~v, 

li11es are 

s - and 4. is proved by Grst cl~ecl<ing 
I 

lislics (see t b & L a  
the twist ul y4wK:!$e=M* 1-be R J , .  i ~ ~ g  of the  t y ~>liysical 
of spill 

/ 
c 

1-stn~~tlartl 

and then perrormirig tlic followirig ~ a r i a t ~ i o ~ i  011 our bracket tlerivntio~i of tlie i~~vciriance 
under the I11 move 

Witli tliis choice, T (Ii) will satisfy t l ~ c  tlefinil~g ecl~~;lt.io~ls of t l ~ e  I)racket, ant1 tliercfore 
(I() = T'(I() (since wc I ~ i ~ v e  c o ~ ~ e c l . l y  ntlj~~s(.ctl ( . l~e  1001) v i~ l t~e) .  



I 
i 
1 Now, 

l?lle upsllot or t l~ is  ~ I ~ S ( . I I S S ~ O ~ I  i s  I.II:II. l)y si1111)ly I I ~ I , ~ I I S I . ~ I I ~  t l lc (:l.c!~ltio~~ I I I I ~  

nrrriilrilntio~r rlir~t.l.ic:cs c:orrc?c:tly, we: n t~ tn~r~r t t ic : r~ l ly  ~)r.otl~tc:c? r l  ~r~ot l ( ! l  o f  tho  
brkcket n ~ l d  n sol~ltiorr t o  t l ~ o  Y1111g-1311xt.ar cclrlr~t.iorl. 'I'llis is 1 . 1 1 ~  sirl~l)lcsl, i ~ ~ s l . ; ~ ~ l c e  
of a solutiorl to tllc Ynllg-llnsl.cr ecl~lnl.io~~ nplwnl.i~~~; I I : I I . I I I . ; I I I ~  ~ I . O I I I  l,11(: k11oI. 1.I1coty. 
Tllis is the well-~IIOIVII [ID] It .--~~~alrix co r r e soo~~ t l i~~g  l,o l.l~c S1,(2) cl11r7111.11111 gro111). J I I  
fact, the structure tllnt we llnve crcnletl so Tar \ \ t i l l  11ow c ~ ~ a l ~ l e  us 1.0 see olie 111ol.ivn1io11 
for the constructior~ or l l ~ c  ( I I I ~ ~ I I ~ I I I ~ I  g1.0111). 

Note that we call wriI.e 

can the1 

Itere T c 
At A : 

the ident 

correspo 

Thus 
diagram: 

I t  is t 
for the 
group an 
is to con: 

L 
t 
t with ass( 

I to the ec 

E=IO -I. 0 . i f 

The matrix E is sigllificnllt i l l  lillenr i~lgcl>ra I)cci~rrse it. expresses Llle t l c I .c r~~~i r~n~l t  or 
a 2 x 2 matrix. 1'l1i11 is, lel I' Lc n 2 x 2 ~ l l n l . l . i s  ~ \ ~ i l . l l  C O I I I I I ~ I I ~ . ~ I I ~  ~'111.rics. ' I ' I I (?I I  

J ' E ~ J " '  = llel (I7)&. 

(T denbles transpose.) 



Now SL(2) (over R co~n~nrl lnl ive  r i l~g)  is Llle se l  or nlnlriccs or d e l c r l ~ l i l ~ n ~ ~ l ,  ollc, and 
I can tilerelore be cl~ornclerizctl n s  1 . 1 1 ~  sc:t or 111nI.l.iccs l c n v i ~ ~ g  I l ~ c  cl,silor~ il1vnrinllI.: 
: 

IIere T denotes mat,rix transpose. 
At A = 1 the bracket docs not discriminate bet.ween undcr ant1 ovcrcrossi~~gs, and 

the identity 

11 gro\ l~ l .  111 i 

: 111ol~ivatio11 1 Thus a t  A = 1 (and also a t  A = -1) the diagrams become interprctc:d as (.cllsor 
I diagrams for SL(2) invariant expressions. i 
1 

I t  is t h e n  n a t u r a l  t o  a s k  wllctl lcr t h e r e  is  a generalization of  t h i s  sylllnlctl.y 
w 

fo r  t h e  topo logy  a n d  Iink d i a g r a m s .  Specifically, we ask whether E has n S ~ I I I I I I C ~ ~ ~  
g 
I group arialogous to SL(2). Some experimentation shows that the way to ask t.11is quesl.ion 

is to 

with 

consider 

associative, possibly non-commu tative entries, and ask for the invariances: 

t I t  is then an exercise in elementary algebra to see that thcse conditions are cclrlivalc~lt~ 
to  the equations: (q = a) : 

ca = qac db = qbd 

ba = qab dc = qcd 

bc = cb 

ad - da = (g-' - q)bc 

a d - q - ' b ~ =  1 

These are the defining relat>ions for the algebra U* = SL(2)q ([GI, [17]) , so11let.imcs 
called the SL(2) qr~alitum group. I t  is not a group, but rather a IIopf algebra. ?'lie 
co-algebra structure is given by the map 



Thus 

In this case the 1lol)f nlgc1,)l.a l~ns  i1.11 nl~lipode ; I I I ~  111is is tlireclly rel;rtctl to llte fact 
that the rnatrix P 11as ~ I I  il~vei.se y(1"): 

Recall tllat the aulil,oclc is n Illap y : /I' - I / *  s11cl1 ( . l l n l  l,lle rollowi~ig tlii~graln 
commu tes 

where E and rl are t l ~ c  co-1111it a11c1 r l l ~ i t ,  rcsl)ccl.ivcly ;111tl 111 tle~~ol.cs 1.l1e ~null,il~lic:~tion 
in the algebra. Here 

& ( I ? )  = 6; and v(6j)  = 6j .  

7 ~ 1 1 ~ s  tlie condit io~~ I.lt;rt y I)e all al~I.ipotle is j~ l s l  (.l~aI. 

And this is the same as saying that P and y ( P )  are inverse matrices. 
We could now discuss a number of things about the relationship of this quantutn 

group to solutions to the Yang-Baxter equation, and to its dual form as a deformation 
of the Lie Algebra for SL(2)  (see [6], [19]). But here there is not space for this. The 
purpose of this section has been to show how the quantum group arises naturally from 
a combination of the topology and a desire to extend the algebraic symmetry inllerent 
in a significant special case of the vacuum-vacuum expectation model. 

In o 
invaria 
constrt 
rise, th 

We t 
followi~ 

Diagr 

satisfies t 



V. AND BACK 

In order to indicate how the trail looks going back from quantum groups to link 
invariants I sllall make a leap to the formalism behind the so-called quantum double 
construction of Drinfeld [GI. We shall then see how a TIopf algebra structure can give 
rise, through its matrix representations, to invariants of links. 

We begin with an algebra with generators eo,el, ..., en and eD,e l ,  en ,  ..., en and Ihe 

g 
following relations describing m~lltiplication in the algebra 

( A )  e, el = 7 1 i l t  ei 

(13) eS e' = 111' ei 

where i t  is u~ltlerslootl I I I ~ I I  I.l~c Imses cli,~lolr I I I ( :  ~)l.otl~tct espn~~siorl coclliciel~Ls, altd 
hcnce tile I)oxcs c o ~ t t ~ ~ r ~ r l c  \ v i l . l ~  Ll~e e-~~otlcs ( I , t  ) i ~ r ~ t l  \ v i l . l ~  each oI,l~el.. \\'e fu~t,lrer 

p assume llle follo!ving rcl ;~l io~rslr i~~ I~c(.wcclr 11111lli01yi11g III)I)( :I .  i111~l I O I V C T  CIS: F 
Ilg tliagrnln 

f (C) 

D 

satisfies the  algebraic I'orm of Ll~e l'i~rrg-lli~stcr ol~rit{iorl: 

[/)I? = e, @ e" 1, 1 ~ 1 3  = 1 e, @ 1 &, e" ...I 
lis quantum J J *  

deformation 
D r  this. The 
.turally from 
:try inherent 

PROOF: (See [15]). 



In  a matrix rcprcce~lt.aLiorl tile e - ~ ~ o d c s  s p r o ~ l t  i~ltliccs, alitl all a1gcl)rnic sollllio~i to  
tlie Yang-Baxter Eq~liiLio~l Lecol~lcs all I;llot t.l~eoiisL's 111at.rix soll~t.io~l vin all atldctl 
permutation. Tllus i f  

denotes tlie algebraic so l r~ t io l~ ,  I.llcli 

denotes t l ~ e  correspolltling Ii110l~ l.l~corc:(.ic Il-~ilal.ris i l l  sollle rel)reserlt;~.t.iorl (I.lle i~ltlices 
of this representntio~l corrcs l )o~~t l  1.0 1 . 1 1 ~  I I C ~  l i l~es).  

As \ve know rro~ll Lllc 1)reviorls sccl.io~l, (.lie I;r~ol, Illcory t l c n ~ ; ~ ~ i t l s  n rclnl.iollsl~ip be- 
tween the c r e a t i o ~ ~  : I I I ~  : L I I I I ~ I I ~ I : I L ~ ~ I I  111i11.riccs t111tI I.11e li,...i~~:~l.rix. 'I ' l~is "L~vist. rcIaLi011" 
is given diagran~nlalically as rollo\vs: 

We conclude l l ~ a l  Lllcrc sllo111tl I)e a11 ;~ i i l . o l l lo r l ) l~ i s~~~  

3: -A 7 ( .t! ) 

or  the abstract  algel~ril t . I i i ~ t .  corresoontls 1.0 1.llc I I I ~ I O  i l l  t . 1 1 ~  r ~ ~ ) r e s ~ ~ i t . i ~ I . i o ~ i  

and we lie, 
and upper 
a IIopl alg 
tion for 111 
inverse req 
cond i t io~~s  
the  quaiitu 

Iiere we 
Recall tllat 
find 

We are sr~lrl 
Drinfeld do1 
is give11 Ly t 
in denotes I- 

Here we t: 
that; if y is 
e, @ e J  are 
the vacuum- 
construction 
abstract qua 
gives a unive 
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- - 

- - and we ~ ~ e e d  l l ~ a l  y(e,) @ e ' i s  l l ~ e  inverse of e, 8 e"(wit.11 s r~ in~na l ion  O I I  repealed lower 
ulion t o  - - 

- - - and upper indices). I t  is 1lle11 11o1 I1:1rtI LO see t l~at ,  if  \lrc were to  ~llalrc t l ~ e  algebra illto 
11 atldctl - 

?c a IIopf algel)ra s r ~ c l ~  l l ~ a l  t.11e co-~nr~l l i l ) l icnl io~~ for ( I I C  lolvcr index e's is l l ~ e  ~l~r~l l i l ) l ica-  
Lion for the upper ~ I I ( ~ L ' S  e's a l ~ d  vice versa (I.l~is is I.l~e tlot~l)le c o ~ ~ s l r ~ ~ c I . i o n ) ,  1l1e11 t l ~ i s  - 

- - 
= inverse r e q u i r e n ~ e ~ ~ t  is eqr~ivalent 1.0 y being all a111il)odc (Sce t . 1 1 ~  appendix.) 'l 'l~e twist 
- conditions of the k l ~ o t  tl~eol-y are i ~ ~ t i ~ n a l e l y  Liecl \vitl~ I.lle IIopC algcl>rn s t r l~ct . r~re  for - 

the quantum group. 'I'l~is con~l)leles t l ~ e  jor1111cy I,acl(, a l l~ei t  i l l  all absl.rnct illode. 

A P P E N D I X  

IIere we verify tha t  7, as tlelir~etl ill section 6 ,  is all a ~ ~ t i l ~ o t l e  i l l  the Ilopf algebra. 
Recall tha t  we d e n ~ a ~ ~ d e t l  l l ~ a t  y(e,) @ eJ be illverse to e, @ eS ,  h~lri l l iplyi~~g t l~ i s  ou t ,  we 

h find 

c 

11s11ip be- 
r c l a l i o ~ ~ "  

= 
L 
.g We are s r ~ n ~ m i ~ ~ g  or1 rcl)ealetl illtliccs, ant1 ill 1 . 1 1 ~  Iilst. slcp t~setl t.lle S:icl. (.hat ill the 
B 
g Drinfeld dorll)le c o ~ ~ s l . r r ~ c t , i o ~ ~ ,  I.l~e tliagor~al i l l  I Ile ;~lgc:I)~.a of 1 . 1 1 ~  e's will1 lowel. s l~bscr ip ls  
g is given by the mulli l) l icatio~~ cocllicic:~ll,s il l  IIlc al&cl)ra of 1.lle 1ll)l)er e's. Nolc also I.llal 
c - in denotes ~ ~ l ~ ~ l t i ] ) l i c a ~ . i o ~ ~ ,  aild (Ile f o r r n ~ ~ l a  Sor y to  I>e a11 anlipotle is 
E - 
- - 

Here we take eo t o  be 1, the identity elemenl in the IIopf algebra. Thus we Ilave shown 
that if y is an antipode for the  Drinfeld double construction, then y (e,) @ eJ and 
e, @ e ' a r e  inverses. This,  in turn ,  shows that  the diagrammatic twist condition for 
the vacuum-vacuum expectation corresponds, through representation of the Drinfeld 
construction, t o  the existence of an antipode in the IIopf algebra. I n  l l ~ i s  sensc, the 
abstract quantum group defined by t l ~ e  formalism of the Drinfeld double construction 
gives a universal link invariant. 

. ... 

A c k n o w l c d g e ~ n c ~ i t s .  'I.'l~e arl l l~or is ~)le:~sctl 1.0 I.)e ;lble 1.0 I.l~a.~il< t l ~ e  orgill~izcrs of l l ~ e  I 

October 1989 Mor~lreal Co~~fe rence  ~ I I  I1nmilt.011ia.11 Sysl.e;'i~s, 'I'larisfor~~lnt.ion Groups 
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