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Abstract:  Our problem is to decomposea positive dimensional solution set of a poly-
nomial system into irreducible components. This solution set is represerted by a wit-
nessset, obtained by intersecting the set with random linear slices of complemertary
dimension. Points on the sameirreducible components are connected by path tracking
techniques applying the idea of monodromy. The computation of a linear trace for each
componernt certi es the decomposition. This decomposition method exhibits a good
practical performance on solution sets of relativ ely high degreesde ned by systems of
low degreepolynomials.

Using the same concepts of monodromy and linear trace, we presert a new mon-
odromy breakup algorithm. On multiple processorswe solve the synchronization issues
which resulted in a performance loss of the straightforw ard parallel version of the orig-
inal algorithm. Our new algorithm performs also better on a single processor: by
exploiting sewral random slicesand choosing pairs of slicesaccording to accumulated
statistics, the tracking of many redundant paths are avoided and new paths connecting

points of the witness set are discovered with a higher probabilit y.
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1 INTR ODUCTION

1.1 Problem Statement

As polynomial equations emergemore and more often in
various elds of scienceand engineering, the question of
simpli cation of polynomials and polynomial systemsbe-
comesof the most importance. How can we simplify? One
way to understand better the solution set of a polynomial
is to factor it; equivalertly, in caseof a polynomial sys-
tem we talk about nding an irr educible decomposition of
its solution set, a certral problem in numerical algebaic
geometry [35, 36]. For symbolic methods to deal with pos-
itiv e dimensional solution sets, seefor example[21] or [40].
We refer to [37], for a description of the algorithms used
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in computer algebra systemsto factor multiv ariate poly-
nomials.

A widely known family of polynomial systemsused for
benchmarking is \cyclic n-roots", which arosein Fourier
analysis[3, 4]. The casen = 4 is our running example:

8
5 X1+ Xp+Xg+Xx4 = O
X1Xp + XoX3+ X3Xa+ XgX;1 = 0 (1)
3 X1X2X3 + X2X3Xg + X3XgX1 + XgX1X2 = 0
) X1X2X3Xs4j 1 = O

which is the so-calledcyclic 4-roots problem, abbreviated
as cyclic4 . This system has a one dimensional solution
componert of degreefour, which becomesobvious by the
substitution x3 = j X1 and x4 = j X». After this substitu-
tion, the rst three equationsvanish and the last equation
simpli'es to x3x3i 1. Sincex3x3j 1= (X1X2i 1)(X1x2+ 1),
the curve of degreefour factors in two irreducible quadrics.

We denote systemsof polynomial equations by f(x) =

for all i. Very often, the coetcients are known with



limited accuracy The solution set V to f(x) = 0 is
naturally organized into pure dimensional solution sets

represeration of a pure dimensional solution set V is a
witness set [30] [36], which consistsof

with generic coezcients describing k generic hyper-
plane slices;

3. alist W of deg(Vx) isolated solutions to the system
f(x)=L(x)=0.

By the generic choice of the coetcients of the L(x) = O,
the k hyperplanesde ned by L cut out exactly as many
isolated regular solutions on Vi as deg(Vk).

Notice how the treatment of positive dimensional solu-
tion setsis reducedto dealing with collections of generic
points. Using sladk variables we reduce overdetermined
polynomial systemsto systemswith as many variables as
unknowns [29]. For a systemlike cyclic 4-roots in (1), we
add one slack variable z to the system:

s X1+ Xo+ X3+ Xa+z=0

% X1X2 + XoX3+ X3Xa + XuX1 + pz=0
X1X2X3 + X2X3Xq + X3XqX1 + XgX1X2 + 3z =0  (2)

E X1XoX3Xsj 1+ wz=0

) Co+ C1X1+ CXo+ C3X3+ CaXa+ 2= 0;
where the coezxcients by, :::, b4, cg, €1, :::, Cs are ran-

domly chosencomplex numbers. Observe that elimination
of z corresponds to adding a random multiple of the last
equation to the rst four equations (a common trick in
commutativ e algebra to deal with overdetermined poly-
nomial systems). The extra linear equation reducesthe
dimension of the solution set by one and we nd generic
points on the curve asregular solutionswith z = 0. For the
cyclic 4-roots system the witness set contains four generic
points, asthe degreeof the curve equalsfour.

The main question now is: given a positive dimensional
solution setV, canwe nd its decomposition into the irre-
ducible componerts? In the language of witness sets this
interprets as: given a witness set (f;L; W) of V, can we
nd adecomposition W = W® t :::t W) such that for
all i the witness set (f;L; W) represens an irreducible
componert of V?

Finding polynomial time algorithms for the factoriza-
tion of multivariate polynomials with approximate coez-
cients was posedin [20] as one of the challengesin sym-
bolic computation. This challengereceived a lot of atten-
tion [6, 8, 9, 13, 14, 15, 19, 24, 25, 34]; see[7] for a nice
description of recert methods.

1.2 Numerical Homotopies de ne Loops
around Singularities

In [31], a new numerical algorithm using homotopy con-
tinuation methods was proposedto decompsea positive

dimensional solution set into irreducible factors. Linear
traces were proposedin [32] to certify a numerical irre-
ducible decomposition. The implementation [33] was ad-
justed to the important special caseof factoring one sin-
gle multiv ariate complex polynomial in [34], seealso [8]
and [9].

In this section we outline the idea of exploiting mon-
odromy using homotopiesasin [31] to de ne loopsaround
singularities. Assume two witness sets (f;L1; W;) and
(f; Lo; W2) represert the same positive dimensional irre-
ducible component V. Considerthe systemH-. . ,(X;t):

%
f(x) = 0;

(Li La(x) + °tLa(x) = O: t2[0;1]

®3)

where ° is a genericnonzerocomplex number. Then, due
to the genericchoice of °, for a "xed value of t all isolated
solutions to H-. .. ,(x;t) are all regular. In particular,
theseare W, fort = 0 and W, for t = 1.

Tracking solutionsof H- . ,.. ,(X;t) ast variesfrom Oto 1
de nesal-to-1 mapAo;Ll;L2 Wy ! W,. The composition
of two such maps de nes a permutation of the points of a
witness set. In particular,

(4)

is a permutation of W;. All permutations that arise in
this fashionform a subgroup of the symmetry group acting
on W, and the orbits of this action are witness sets that
represen irreducible componerts.

The idea to exploit monodromy rst appearedin a the-
oretical complexity study [2]. Although our approach does
not needto know the preciselocation of the singularities,
onecould asin [11] compute those for algebraic curves,see
alsothe command algcurves[monodro my] in Maple.

The algorithm in [31] collects points connectedby loops
into the same witness sets which corverge to numerical
represerations of the irreducible componerts. In [32], a
stop criterion for this algorithm was presened, using the
linear trace. We explain this trace test on a system like
cyclic 4-roots. Note that our program works only with
generic points obtained as solutions of (2) and does not
deal with a symbolic polynomial of degreefour. Via a
generic projection we map the points in 4-spacedown to
the plane. If two of the four points belong to the same
irreducible componert, there must exist a quadratic poly-
nomial p(x;y) vanishing at those two points and at any
point of the quadratic irreducible factor. The linear trace
is then de ned by rewriting p(x; y) as p(x; y(x)):

Vaill, = Aoy TA L,

(Vi yiO)(yi ya(x)) )
Y2 i (Ya(X) + y2(x))y + y1(x)y=(x) (6)
y2 i ti(X)y + ta(x); @)

where t;1(x) is the linear trace. If t; was not linear, then
deg(p) > 2. Soti(x) = ax + b, for somea and b to be
determined by interpolation at X = xo and x = X3, with
corresponding y-valuesin (Xo;Yo1), (Xo;Yo2), (X1;¥Y11), and

p(x; y(x))



Algorithm
Input: W_,d, N
Output: P
. initialize P with d singletons;
. generatetwo slicesL % and L ®parallel to the given L;
. track d paths for witness set with L%
. track d paths for witness set with L%
. for k from 1to N do
4.1 generatenew slicesKk and a random @®
4.2 track d paths de ned by He.Lk , see(3);
4.3 generatea random " ;
4.4 track d paths de'ned by H-x.. , see(3);
4.5 compute the permutation and update P;
4.6 if linear trace test certi es P
then leave the loop;
end if;
end for.

A WNPFO

1.1 Monodromy Breakup certi ed by Linear Trace: P = Breakup(W_;d;N)

witness set, degree, max #lo ops
partitione d witness set

done by manager node
broadast data to all nodes
exeuted in parallel by workers
exeuted in parallel by workers

broadast K and ® to all nodes
executed in parallel by workers
broadast ~ to all nodes
exeuted in parallel by workers
done by manager node

(X1;y12)- If for an additional sample,at x = x, with cor-
responding y-values (X2; y21), (X2;Y22), we have t1(xz) =
Vo1 *+ Y22, then we have an irreducible quadratic factor,
otherwise the two points do not lie on the samefactor.
The linear trace test, called zero-sumrelations, was rst
introduced in [28] and further developed in [26, 27]. For
factors of small to moderate degree,the linear trace test
canbe applied in an exhaustive combinatorial enumeration
aswas proposedin [13, 14, 24], [25] and improved in [6].

1.3 Parallel Algorithms

Homotopy cortinuation methods are very well suited for
parallel processingas after distributing the path tracking
jobs amongthe computersin the network, no further com-

munications are needed,see[1, 5, 17] for granularity issues.

For computational algebraic geometry, this implies that
homotopy methods can solve much larger polynomial sys-
tems than methods in computer algebra which are harder
to adapt to parallel computers [22]. One recert exam-
ple is the solution of the cyclic 13-roots problems with
PHoM [10, 16] for which 2,704,156paths were tracked.
Modern homotopiesin numerical algebraic geometry of-
ten appear in a sequencelike the Pieri homotopies [39]
where the start solutions of one homotopy lie at the end
of paths de ned by another homotopy. The homotopiesto
factor positive dimensional solution setsraise job schedul-
ing issuesasthe decisionto certain track paths dependson
the outcome of other paths. This paper can be regarded
as a solution to the job scheduling problemsraisedin [23].
The parallel algorithm proposed in [23] (described in
pseudocode by Algorithm 1.1) exhibited a good speedup
in the path tracking jobs, but the certi cation with lin-
ear traces executedonly by the managernode before the
scheduling of new path tracking jobs diminished the over-
all performance as all nodes were idling waiting for the
assignmen of new path tracking jobs. At the end of [23]
we outlined a probabilistic complexity study simulated in

Maple, suggestingvarious job scieduling techniques. In
this paper we report on its parallel implementation con-
“rming the exciency of the approad.

2 USING MONODR OMY MORE EFFICIENTL Y

The monodromy breakup algorithm of [31, 32] is
sketched by Algorithm 1.1. On input is a witness set W
and on output a partition of W, corresponding to the
irreducible decomposition.

Our rst parallel implementation of this algorithm [23],
described in the right column of Algorithm 1.1, usesa
straightforward manager/worker model in which the man-
agernodedistributes the paths amongthe available proces-
sorsin the network. According to our experimental results,
a sizeablespeedupis achieved by distributing the routine
path-tracking jobs to di®erent nodes. However, a proba-
bilistic study in [23] suggestedthat we can save somework
by taking a smaller one-path-one-pint tracking job asan
atomic task.

Following the previous discussion,we take two generic
slicesL; and L, (in this casethese are hyperplanes)and
look at the witness points W; and W,. Consider the bi-
partite graph with vertices W; on one sideand W, on the
other.

One atomic step of the monodromy breakup algorithm
consistsof creating a map like A-. .. ,. We can visualize
such a map by connecting the points of W; and W5 that
map into ead other with an edge,as shown in Figure 1.

As one may seein our example, in order to create one
permutation we needto construct 8 edgesin the graph.
If oneis lucky then it may take the algorithm only one
permutation to decomposecyclic4 , asshown in Figure 2.

The connectedcomponerts of the graph in Figure 2 cor-
respond to the two witness sets that, in turn, represen
two irreducible componerts of the solution set of cyclic4 :
two quadric curves.
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Figure 1: The bipartite graph W1 $ W, for cyclic4

=
= -
]

-V

EA><E _E mapA°;L1?|—2
2 I—':\/ -

E;><E ﬁ map Ao L,
P i

W1 W,

Figure 2: Permutation (12)(34) for cyclic4

In fact 2 out of 8 edgesin Figure 2 can be removed keep-
ing the connectedcomponerts still connected,seeFigure 3.
Sinceead edgecan be created by tracking only one point
of a witness set, we may avoid doing extra work by trying
to create as few edgesas possible.
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Figure 3: A 6-edgegraph for cyclic4

3 A NEW ALGORITHM

In this sectionwe rst describe the sequettial version of
our new monodromy breakup algorithm before addressing
its parallel execution.

3.1 Serial Version

The °ow chart of our new algorithm is shawn in Figure 4.
As in Algorithm 1.1, we also have the initialization of the
\trace grid", which are the two witness setson two parallel
slicesneededto certify the irreducible decomposition using
linear traces. While Algorithm 1.1 rst completesall the
loops for all points in a witness set before proceedingto
the next level, our new approad initializes s new witness
setswhich are available for generating loops.

The main loop of the new algorithm shown in Figure 4
leaves much freedom to complete loops between any two
slices. For ewvery slice, the algorithm keepstrack of the
number of loops that did not yield a permutation, stored
in Ngis. Basedon these statistics, the algorithm can dis-
criminate against sliceswhich were not productive in the
past and selectthose sliceswhich led to more new permu-
tations.

As explainedin the previous section, the algorithm typi-
cally returns with a certi ed decomposition beforeall loops
are completed. This is the main reasonwhy on single pro-
cessorspur new algorithm outperforms Algorithm 1.1. At
the sametime, the new algorithm is more suitable for par-
allel execution, as we will explain next.

3.2 Parallel Version

The parallel version of our new algorithm runs in a man-
ager/worker model and is presenied in Algorithm 3.1.

The initialization phaseis very similar to the initial-
ization of the parallel version of Algorithm 1.1, with the
managerdistributing path tracking jobs evenly among all
nodes. After the initialization, the manager node keeps
looking for available path tracking nodesto assign paths
and the other nodesare either busy tracking paths or ready
to start new path tracking jobs.

Comparedto our previous parallel algorithm described
in [23], the computation of the linear trace by the manager
node is now interleaved by path tracking jobs performed
on the other nodes.

4 EXPERIMENT AL RESUL TS

Our algorithms are implemented using the path tracking
routines in PHCpack [38], extended in [33] with facilities
for a numerical irreducible decomposition. As in [39], we
apply MPI for messaggassing. Our main program is writ-
ten in C and links with the interface of PHCpack.

Our equipmert consistsof two personalcluster machines
purchased from Rocketcalc (www.rocketcalc.co n) for a
total of 12 2.4Ghz CPUs, served by a Dell workstation
with two dual 2.4Ghz processors.So in total we have 14
processorsat our disposal.



P:=ffagjl- a- d; fagisnot anirreducible componertg;
Q:=fffgjl- f - d; ffgisanirreducible componertg;
construct s witness setsusing s random slices;
construct the trace grid, for 2 parallel slices;

Niot == SE£d+ 2£ d; Ngis = O;

= return (Q, Niot, Ngis).

choosethe smallestp 2 P;
choosea label a 2 p; mergep and g
choosetwo slicesL 1 and L ; ~— P:=P]J[ fp[ qg;
P := P nfp;qg;

b

b:= track(a;L1;L2); Niot := Niot + 1;
nd g2 P that contains the label b;

is p[ qirreducible?

16 p yes
no P := Pnfp[ qg;
Ngis := Ngis + 1; Q=0 fp[ ag

b

Figure 4: The °ow chart of our new Monodromy Breakup Algorithm




Algorithm 3.1 Parallel Monodromy Breakup certi ed by Linear Trace:
[Q; Nt ; Ngis ] = Parallel_Breakup(W, ;s)

manager worker
input:
W_ awitnessset;
S #new slices.
output;

Q partition of f1;:::;d= jW_jg, f 2 Q is an irreducible componert;
Nt total #paths tracked;
Ngis #paths discarded(produced no new information).

broadcastW, ; store W__;
broadcast 2 parallel slices(for linear trace test); store 2 parallel slices;
broadcast s random slices(for monodromy); store s random slices;
for s+ 2 newly created slicesdo

scatter d start points receiwve start points;

of solution paths; track solution paths;

gather d end points; (these provide labelsto the witness points on new slices) sendend points of paths;

end for;

P:=ffagjl- a- d; fagisnot anirreducible componertg;
Q:=fffgjl- f - d; ffgisanirreducible componertg;
Niot == SE d+ 2£ d;Nygs = 0;
while # P 6 0 do
if a worker is idle then
[a;L1;L2] ;= Cho ose(P);
send(a;Ly;L2) to worker; receive (a;L1;L2);
end if; b:= Track(a;Lq;L>);
if a worker is done then
receive b from worker; sendbto manager;
Up date (a; b;P; Q; Niot ; Nais );
end if;
end while;
return (Q; Nyt ; Ngis )-

Subroutines (seealso the °ow chart in Figure 4):

2 [a;Lq;L>2] :== Cho ose(P) picks a label a and two slicesfrom the setof s+ 1 slicesusedfor computing monodromy.
Label a hasto bein a subsetp 2 P of the smallestsizeand suc that the number of workersemployed on tracking
points with labelsin p is minimal. The manager storesthis number for every p 2 P. The pair of slicesL,L; is
chosento maximize the probability of discovering new information. This is done accordingto statistics collected
and stored by the manager{ we record the number of discarded paths amongstthe "xed number of recert paths
tracked betweenthe pair.

2 b:= Track(a;L1;L>) is the main atomic routine executed by workers which track a continuation path from a
witness point labelled with a in W, to produce a witness point in W, labelled with b.

2 Up date( a;b;P; Q; Nt ; Ngis ) incremerts Ny . If a and b are in the samep 2 P, then Ngs is incremerted.
Otherwise, if it nds g2 P that corntains b, then p and g are mergedin the partition P, and the linear trace test
will tell if p[ qis irreducible. If the linear trace test is successful,then p[ g is moved from P into the set of
irreducible componerts Q.




4.1 Plain Parallel Path Tracking

In Table 1 we shaw with three runs the main defect of our
“rst parallel implementation preseried in [23]. While we
have no real cortrol over the number of loopsit takesto
complete the factorization, we obsene from the data in
Table 1 that as the total number of loops increases,the
work done by the managernode increases.

#lo ops 4 6 9
manager 18| 38| 7.6
min track 8.0 | 10.9| 185
max track || 10.8 | 15.7 | 21.8
total 12.6| 19.5| 29.4

Table 1: Three runs with the rst parallel monodromy
breakup algorithm, executingrespectively 4, 6, and 9 loops
to factor a curve of degreel44de ned by the cyclic 8-roots

problem on 14 processors.Times are reported in seconds:

the time spernt by the manager certifying the decomposi-
tion and sdceduling the jobs; the minimal and maximal
time the nodesspernt tracking paths.

Although the cyclic 8-roots systemis a problem of mod-
est size, we already obsene in Table 1 that for 9 loops,
more than 25% of the time is spent by the managernode,
while all the other nodes are idling. For larger problems
and more processors,the poor performance of this rst
implementation will becomeeven more apparert.

4.2 Performance of the new Algorithm

Table 2 reports on "v e runs done on 14 processorsto de-
composethe curve of degree144 de ned by the cyclic 8-
roots system. For three of the "ve runs we used three
new slices. In the last two runs we seethat the total time
decreasesf we useonly two new slices.

time at the expenseof a slightly higher running time in
the main loop.

Compared to the timings in Table 1 we do not notice
such a wide °uctuation in the total executiontime between
di®erent numbers of loops. The total executiontime of the
most favorable situation reported in Table 1 is only slightly
lower than the best total time in Table 2.

Finally, we report on a calculation of a larger example,
the ideal of adjacert 2-by-2 minors of a general2-by-9 ma-
trix of 18 unknowns, see[12] and [18]. This system in
18 variablesde nes a 10-dimensionalsurfaceof degree256
which factors in 34 irreducible componerts. The total exe-
cution time of our new monodromy breakup algorithm on
14 processorsis 97.1 seconds,of which 62.7 are spent on
the initialization, 33.8secondsbhy the managernode in the
main loop while the time path tracking on the other nodes
°uctuated between32.9 and 35.6 seconds.

The performanceof our rst parallel algorithm on this
systemis even more erratic. The very best complete run
of 3 monodromy loops took 122.9 secondson 14 proces-
sors, where the path tracking time ranged between 75.9
and 104.4 seconds. Even on this very best run, our new
algorithm still takesonly 80% of the time spert by the rst
parallel monodromy breakup algorithm of [23].

5 CONCLUSIONS

In this paper we report on the dewvelopmert and per-
formance of a new monodromy breakup algorithm. Ex-
perimental results show a more predictable and regular
performancethan our rst parallel implementation of [23].

Due to its ner granularity and the absenceof need for
syndironization beyond the initialization stage the new
algorithm exhibits much more even load distribution be-
tweenthe worker nodes. This together with avoiding track-
ing many redundant paths results in a performance supe-
rior to that of the previously used approad.

3 newslices 2 new slices
#runs 1 2 3 4 5 Acknowledgmen ts. The authors thank the refereesfor
initial 873190118891 6524 6.98 their helpful and constructive commers.
manager || 6.06 | 6.22 | 6.18 | 6.67 | 7.10
min track || 5.96 | 6.16 | 6.07 || 6.60 | 7.02
max track || 6.06 | 6.24 | 6.23 || 6.11| 7.15 REFERENCES
total 149| 154 | 15.3 || 13.4| 14.2

Table 2: Five runs with our new parallel monodromy
breakup algorithm, three times with 3 new slicesand two
times with 2 new slices,to factor the samecurve of degree
144 de ned by the cyclic 8-roots problem. We report the
time usedfor initialization, the time spent by the manager
node, the minimal and maximal time for the nodes spent
tracking paths, and the total time. All reported times are
expressedin seconds.
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