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Example 1. A Seven-Bar Structure I
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Problem: Find all possibleassenblies of these pieces.
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One possible assembly I

2 Generally, 18 solutions. (This example, 8 real, 10 complex.)

2 Intersection of two four-bar coupler curves.
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Question:

N

N

What if the four-bars have the samecoupler curve
(Roberts cognates)?

Structure has mobility = 0.
The common four-bar coupler curve (degree6) is a solution.
Is the four-bar curve the only solution?

This I1s an overconstrained medcanism.

{ How do we treat it numerically?
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‘Example 2. Spatial Six-P ositions I

Planar Body Guidance (Burmester 1874)
2 5 positions determine 6 circle-point/center-point pairs

2 4 positions give cubic circle-point & certer-point curves

Spatial Body Guidance (Shoen°ies 1886)
2 7 positions determine 20 sphere-int/center-point pairs
2 6 positions give 10th -degreesphere-mint & certer-point
curves

Question: Can we con rm this result using contin uation?
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‘Example 3. Stewart-Gough Platforms I

Special Grizs-Du®y type

2 Baseand endplate are equilateral triangles.

2 Legsconnectverticesto midpoints.
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‘Results of Husty and Karger I

Self-motions of Grizs-Du®y typ e parallel manipulators. In Proc. 2000
IEEE Int. Conf. Robotics and Automation (CDR OM), 2000.

The special Grizs-Du®y platforms move

2 Casel: Plates not equal, legsnot equal.
{ Curve is degree20 in Euler parameters.

{ Curve is degree40 in position.

2 Case?2: Plates congruert, legsall equal.

{ Factorsaredegrees(4+ 4)+ 6+ 2= 16in Euler parameters.

{ Factors are degrees(8 + 8) + 12+ 4 = 32 in position.

Question: Can we con rm theseresults numerically?
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‘2. Numerical Homotop y Contin uation Metho ds.

If we wish to solve f (x) = 0, then we construct a systemg(x) = O
whosesolutions are known. Considerthe homotopy

H(x;t) = (1 t)g(x)+ tf (x) = 0:

By continuation, we trace the paths starting at the known solutions
of g(x) = 0O to the desiredsolutions of f (x) = O, for t from O to 1.

homotop y contin uation methods are symiwlic-numeric:
homotopy methods treat polynomials as algebraic objects,
contin uation methods use polynomials as functions.
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‘Solution sets to polynomial systems'

Polynomial in One Variable

System of Polynomials

one eqguation, one variable
solutions are points
double {(oots

Factorization: (x| &)

n equations, N variables
points, lines, surfaces,: ::
setswith multiplicit y

Irreducible  Decomp osition

Numerical

Represen tation

set of points

set of withess point sets

10
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An lllustrativ e Example I

8
3 (yi x3)(x2+y2+22i 1)(xj 05)= 0
foayiz)= (zi x3)(x2+y2+ 22§ 1)(yi 05)=0

(Vi x*)(zi x*)(x*+y*+ 2% 1)(zi 05)=0
Irreducible decomposition of Z = fi (0) is
L =12y Z1| Zo=1Zng| 1Z11[ Z12[ Z13| Z149[ fZ019
with 1. Z,; is the spherex?+ y2+ z%2{ 1= 0,
Z11 is the line (x = 0:5;z = 0:5%),
Z 1o is the line (x = P 0:5;y = 0:5),
Z 13 is the line (x = j P 0:5;y = 0:5),
Z 14 is the twisted cubic (yj x?>= 0;z; x3= 0),
Zo1 Is the point (x = 0:5;y = 0:5;z = 0:5).

o 0k W
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\Witness Point Sets'

A witness point is a solution of a polynomial systemwhich lies
on a set of generichyperplanes.

2 The number of generichyperplanesusedto isolate a point from

a solution component

equalsthe | dimension

of the solution componert.

2 The number of withess points on one componert cut out by the

sameset of generichyperplanes

equalsthe

degree

of the solution componernt.

A witness point set for a k-dimensional solution componernt
consistsof k random hyperplanesand a set of isolated solutions
of the system cut with those hyperplanes.

12
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‘ Mem bership Test'

Does the point z belongto a component?

Given: a point in spacez 2 CN; a systemf (x) = O;
and a witness point setW, W = (Z;L):
forallw?2Z :f(w)=0andL(w) = 0.

1. Let L, be a set of hyperplanesthrough z, and de ne
8

H(x-t)—< Fix)=0
T L)t L)@ 1) =0

2. Trace all paths starting at w 2 Z, for t from O to 1.

3. The test (z;1) 2 Hi 1(0)? answers the question above.

13

%



Numerical Algebraic Geometry Dictionary I

Algebraic example Numerical
Geometry in 3-space Analysis
variet y collection of points, polynomial system
algebraic curv es, and + union of witness point sets, see below
algebraic surfaces for the de nition of a witness point
irreducible a single point, or polynomial system
variet y a single curv e, or + witness point set

a single surface

+ probabilit y-one membership test

generic point

random point on

point in witness point set; a withess point

on an an algebraic Is a solution of polynomial system on the
irreducible curv e or surface variet y and on a random slice whose
variet y codimension is the dimension of the variety
pure one or more points, or polynomial system
dimensional one or more curv es, or + set of withess point sets of same dimension
variet y one or more surfaces + probabilit y-one membership tests
irreducible several pieces polynomial system
decomp osition of di®erent + array of sets of witness point sets and
of a variety dimensions probabilit y-one membership tests

&
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History of Numerical Irreducible Decomp osition

A.J. Sommese and C.W. Wampler: Numerical algebraic geometry . In The
Mathematics of Numeric al Analysis , ed. by J. Renegar, M. Shub, and
S. Smale, pages 749{763, AMS, 1996.

A.J. Sommese and J. Verschelde: Numerical homotopies to compute generic
poin ts on positiv e dimensional algebraic sets. J. of Complexity
16(3):572{602, 2000.

A.J. Sommese, J. Verschelde, and C.W. Wampler: Numerical decomp osition of
the solution sets of polynomial systems into irreducible comp onen ts.
SIAM J. Numer. Anal. 38(6):2022{2046, 2001.

A.J. Sommese, J. Verschelde, and C.W. Wampler: Using mono drom y to
decomp ose solution sets of polynomial systems into irreducible
comp onen ts. In Applic ation of Algebraic Geometry to Coding The ory,
Physics and Computation , ed. by C. Cilib erto, F. Hirzebruc h, R. Miranda, and
M. Teicher, pages 297{315, Klu wer, 2001.

A.J. Sommese, J. Verschelde, and C.W. Wampler: Symmetric functions  applied
to decomp osing solution sets of polynomial systems. SIAM J. Numer.
Anal. , to appear.
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Numerical Factorization of Multiv ariate Polynomials

E. Kaltofen: Challenges of sym bolic computation: my favorite open
problems. J. Symbolic Computation 29(6): 891{919, 2000.

Y. Huang, W. Wu, H.J. Stetter, and L. Zhi: Pseudofactors of multiv ariate
p olynomials. In Proceedings of ISSA C 2000, ed. by C. Traverso, pages
161{168, ACM 2000.

R.M. Corless, M.W. Giesbrec ht, M. van Hoeij, I.S. Kotsireas and S.M. Watt:

Towards factoring biv ariate appro ximate p olynomials. In Pr oceedings of
ISSA C 2001, ed. by B. Mourrain, pages 85{92, ACM 2001.

A. Galligo and D. Rupprec ht: Semi-n umerical determination of irreducible
branc hes of a reduced space curv e. In Proceedings of ISSA C 2001, ed. by
B. Mourrain, pages 137{142, ACM 2001.

A. Galligo and D. Rupprec ht: lrreducible decomp osition of curv es. J.
Symbolic Computation 33(5):661{677, 2002.

T. Sasaki: Appro ximate multiv ariate polynomial factorization based on
zero-sum relations. In Proceedings of ISSA C 2001, ed. by B. Mourrain,
pages 284{291, ACM 2001.

R.M. Corless, A. Galligo, I|.S. Kotsireas, and S.M. Watt: A geometric-n umeric
algorithm  for absolute factorization of multiv ariate polynomials. In
Proceedings of ISSA C 2002, ed. by T. Mora, pages 37{45, ACM 2002.
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Mono dromy to Decomp ose Solution Comp onents I

Given: a systemf (x) = 0; and W = (Z;L):
forallw 2 Z :f(w)=0andL(w) = 0.
Wanted: partition of Z sothat all points in a subsetof Z

lie on the sameirreducible factor.

Example: doesf (X; y)8: Xy i 1= 0 factor?

| S xyj1=0
ConsiderH (x;y; W) = | for u2 [0; 2v1.
- X+ y= 4el
For u= 0, we start with two real solutions. At u= % the real
solutions have turned complex. Back at u= 2% we have again two

real solutions, but their order is permuted ) irreducible.

18
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Connecting Witness Points'

1. For two setsof hyperplanesKk and L, and arandom° 2 C
8

< f(x)=0
H(X;t KL °) =
K(X)Lj )+ L(x)t=0
We start pathsatt= Oandendatt = 1.
2. For ® 2 C, trace the paths de ned by H(x;t; K;L; ® = 0.

For 2 C, trace the paths de ned by H(x;t;L; K; )= 0.

Compare start points of rst path tracking with end points of
secondpath tracking. Points which are permuted belongto the
sameirreducible factor.

3. Repeat the loop with other valuesof ® and .

19
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\ Linear Traces I

Consider f (x; y(x)) (Vi yix)(yi y2)(yi ys(x))

=y t(X)y? + ta(X)y i ta(x)

We are interested in the linear trace: t1(x) = ¢, X + Cp.

Samplethe cubic at X = Xxg and x = x;. The samplesare

f (Xo0;Y00); (Xo; Yo1); (Xo; Yo2)g and f (X1;Y10); (X1;Y11); (X1;Y12)0.

8

< Yoo T Yo1 T Yo2 = C1Xp + Co _ o
Solve to nd cp;Cq:

Yiot+t Y1+ Yi2 = CG1X1 + G

With t; we can predict the sum of the y's for a xed choice of x.
For example, samplesat X = Xz are f (X2; Y20); (X2; Y21); (X2;¥22)0.
Then, t1(X2) = C1X2 + Co = Y20 + Yo1 + Yoo.

20
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Validation of Breakup with Linear Trace'

Do we have enoughwitness points on a factor?

2 \We may not have enoughmonodromy loopsto connectall
witness points on the sameirreducible componert.

2 For a k-dimensional solution component, it suxcesto consider
a curve on the componert cut out by ki 1 random
hyperplanes. The factorization of the curve tells the
decomposition of the solution componert.

2 We have enoughwitness points on the curve if the value at the
linear trace can predict the sum of one coordinate of all points
In the set.

21

%



‘Numerical Irreducible Decomp osition'

In computing a numerical irreducible decomposition of a given

polynomial system, we typically run through the following steps:

1. Em bed (phc -c) add #random hyperplanes = top dimension,
add slack variables to make the system square

2. Solv e (phc -b) solve the system constructed above
3. WitnessGenerate apply a sequenceof homotopies to compute
(phc -c) witness point sets on all solution components
4. WitnessClassify Tter junk from witness point sets
(phc -f) factor components into irreducible components

Especially step 2 is a computational bottleneck.
We recenly discovered and implemented a new algorithm.

22
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‘3. Solving Systems Incremen tally I

Extrinsic and Intrinsic Deformations
extrinsic : de ned by explicit equations

Intrinsic : following the actual geometry

Diagonal Homotopies
I to Intersect pure dimensional solution sets

Intersecting with Hypersurfaces

adding the polynomial equations one after the other we arrive
at an incremental polynomial system solwver.

23
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Extrinsic Homotop y Deformations I

f (x) = 0 has k-dimensional solution componerts. We cut with k
hyperplanesto nd isolated solutions = witness points sets:

X
aio + ajX; =0 1=12:::;k; @& 2 Crandom
j=1
8
+ °7 = =
Sample 3 f(x))@ z=0 z = slack
2 ajo(t) + aj (t)x; =0 moving
; -
X
#witness points = degC)
Cufit)
dim(C) = k

24



Embedding with Slack Variables I

8 8
%xl + Xo + X3 + X4 + °%z = 0
% X1 X2 + XoX3 + X3Xa + XuXq + °,z = 0
E X1X2X3 + XoX3Xa+ X3XaX1+ XaX1Xo + °3z = O
% X1X2X3Xsa | 1 + °4z = O
Qo+ a1X1+ AxXp+ agXz+ ayxs+z=0
Original system: 4 equationsin X1, X», X3, and Xy4.
Cut with random hyperplaneto nd isolated points.
Slak variable z with random °;, 1 = 1, 2; 3;4 . squaresystem.

Solve enbeddedsystemto nd 4 = 2+2 witness points asisolated
solutions with z = 0.
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‘Intrinsic Homotop y Deformations I

f (x) = 0 hask-dimensional solution componerts. We cut with a
random atne (nj k)-plane to nd witness points :
nq K
x(,)=b+ ,jvi2C"
i=1
The vectorsb and v; are choosenat random.
A !
nq K
Sample f x(,; t) = b(t)+ Livi) =0
i=1
Points on the moving (nj k)-plane are determined by nj k
Independert variables i, 1= 1;2;:::;nj k.

26

%



‘#indep endent variables = co-dimension I

f(x) = 0isasystemwith x 2 C", x lieson an atne (nj k)-plane:

Nk
x(,)=b+ ,jv;2C"
i=1

where, = (,1;,2;:::;, n; k) contains all independen variables.
Correct with Newton on f (x(, )) = 0, a systemin | .
@ @ _YX“@ @,

Solve @ ° =i f(x(,) with @—j— ~ @l@—J

Overdetermined case moveal from glokal to local level!

no slack variables needed...

27
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Intersecting Hyp ersurfaces Extrinsicially I

8 8
S fi(x)=0 x2Cn S fyy)=0 y2C"
I—l(X) =0 ni 1 hyperplanes : |—2(y) =0 ni 1 hyperplanes
diagonal homotop y extrinsic version
08 1 08 1
% fi(x)=0 % fi(x)=0
f =0 f =0
2(Y) - 2(Y) (1i )= 0
L]_(X) =0 Xijiy= 0
Lo(y) =10 - M(y)=0

At t= 1: deqf,) £ deg(f,) solutions (x;y) 2 C"En,

At t = 0: witnesspoints (x =y 2 C") onfi *(0)\ f} *(0) cut out
by nj 2 hyperplanesM .

28
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‘Intersecting Hyp ersurfaces Intrinsically I

Considera generalatne line x(,)=b+ v 2 C".

fax(,)=b+,v) fa(y(*)=b+1v)

deg(f1) values for | deg(f,) values for 1!
0 102 31 2 3
diagonal @ fq A @4 X (1) 5A - 4 0 5 Intr insic
homotop y fs y (1) 0 version
B S N T S R A V)
y (t) b 0 us \ P

At t= 1: deqf,) £ deg(f,) solutions (x;y) 2 C"&"n,

At t = 0: withesspointsonx = b+  u; + 1 uy, a general 2-plane
de ned by a random point b and 2 random vectorsu; and us.

29
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‘Intersecting with Hyp ersurfaces'

Let f (x) = 0 have k-dimensional solution componerts described
by witness points on a general(n j k)-dimensional atne plane,

~

l.e.: A !
nq K
f x(,)=Db+ Livi =0
i=1
Let g(x) = O be a hypersurfacewith witness points on a general
axne line, i.e.:

gx(*)=b+*w)=0:

Assuming g(x) = 0 properly cuts one degreeof freedom from
fi1(0), wewant to nd witness points on all
(k i 1)-dimensional componerts of f i 1(0)\ g' 1(0).

30
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‘Intrinsic Hyp ersurface Intersection I

The diagonal homotop y for (f;g) on (x;y) 2 C"E" starts at
2 3

2 3 3 2 2 3
g K -
4X(1)5:4b5+ ,i4VI5+1405
y(1) b i=1 0 W
and ends at
2 2 3 2 3 2 3
g K -
4X(O)5:4b5+ bi4vl5+14w5:
y (0) b i=1 Vi W
The diagonal homotopy
0 102 3 2 3 2 3 1 2
@' r@ *Ws_aXBD 5 2 X0 5. pa_a0
g y (1) y(1) y(0)
hasni k+ 1independert variables(, 1;,2;:::;,n; k;1)

3
5
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Computing Nonsingular Solutions Incremen taIIyI

whosesolution set is pure dimensional of multiplicit y one for all
k=1,2;:::;N - n,ie.. we nd only nonsingular roots if we
slice the solution setof f (x) = 0 with a genericlinear spaceof
dimensionnj K.

Main loop In the solver :
fork=2;3;:::;Nj 1do
usea diagonal homotopy to intersect

to nd witnesspoints onall (nj ki 1)-dimensional
solution componerts.

32
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‘Outcomes of Hyp ersurface Intersections I

Let V bean (nj k)-dimensionalirreducible componern of
(f1; i) 1(O) and g 1(0) be an irreducible hypersurface.

Three casesfor V \ gi 1(0):
1.V ug *0)
All witness points of V satisfy g(x) = O.
2. dim(V\ g %0)) = ki 1

The diagonal homotopy giveswitness points on all
(k i 1)-dimensional components of the intersection.

3. V\ g 0) =;
All paths in the diagonal homotopy diverge.

33
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‘4. Test Polynomial Systems'

Example 1 a 7-bar medanism in the plane
Example 2 a spatial Burmester problem
Example 3 the Grizs-Du®y platform

A.J. Sommese, J. Verschelde, and C.W. Wampler: Adv ances in polynomial
con tin uation for solving problems in kinematics. In Proc. ASME Design
Engine ering Technic al Conf. (CDR OM), 2002.

A.J. Sommese, J. Verschelde, and C.W. Wampler: Numerical irreducible
decomp osition wusing PHCpac k. In Algebra, Geometry, and Softwar e
Systems ed. by M. Joswig and N. Takayama. Springer-V erlag, to app ear.
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Ex 1. A Seven-Bar Structure: Solution

Roberts cognate 7-bar moveson a degree-6curve (coupler curve)
AND :::

36
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AND ::: hassix isolated solutions
2 two at ead double point of coupler curve

2 here,only 1 of 3 double points is real

37
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‘Ex 2. Six Spatial Positions: Solution I

curve X

0

Sphere-int/center-point curvesare irreducible, degreelO.
An illustration of Numerical Elimination.

38

%



Withess Points

for the Spatial Burmester Problem

The input polynomial system consistsof v e quadricsin six
unknowns (X;Vy).

The new incremertal solver computes 20 witness points In
7s181mson Pentium |11 1Ghz Windows 2000 PC.

Projection onto x or y reducesthe degreefrom 20 to 10.

39
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Ex 3. Grizs-Du®y Platforms: Solution I

Solution componerts by degree
Husty & Karger SVW

Euler ‘ Position | Study ‘ Position

General Case

20 | 40 | 28 | 40
Legs equal, Plates equal

6 8
4 6 8
4 8 6 8
6 12 6 12
2 4 4 4
16 32 28 40
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‘Griis-Du@y Platforms: Factorization I

CaseA: Oneirreducible componert of degree28 (general case).

CaseB: Five irreducible componers of degreesb, 6, 6, 6, and 4.

user cpu on 800Mhz

CaseA

CaseB

witness points

1m 12s480ms

monodromy breakup

Newton interpolation

335430ms
1h 19m 13s110ms

27s630ms
2m 34s 50ms

32 decimal placesusedto interpolate polynomial of degree28

linear trace

4s 750ms

4s 320ms

Linear traces replace Newton interpolation:

) time to factor indep endent of geometry!

41
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Grizs-Du®y Platforms: an Animation I

42
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\ Conclusions .

2 Feasiblein practice to decomposethe solution set of a
polynomial system by standard machine arithmetic.

multi-precision arithmetic is needed for singular components...

2 The incremenal solving method with diagonal homotopies
promisesto unify solvers for isolated and solvers for
componerts of solutions.

exploitation of structure in progress...
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