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5.

Plan of the Talk.

. humerical irreducible decomposition: compute a sequenceof

\witness sets" to represen the solution set of a polynomial
systems,arranged along dimensions.

Intersect solution sets given two witness sets, compute all
componerts of their intersection using diagonal homotopies .

Intrinsic coordinates for exciency: represert the linear spaces
to cut out the witness setsby generatorsinstead of equations.

. equation-by-equation solving: applying diagonal homotopies

repeatedly, adding one equation after the other.

Examplesillustrate e®ectivenessof the new solver.

Joint work with Andrew Sommese(Univ ersity of Notre Dame) and
Charles Wampler (General Motors Researt Laboratories).
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This talk is about three papers'

A.J. SommeseJ. Versdelde,and C.W. Wampler: Homotopies
for intersecting solution comp onents of polynomial
systems. To appearin

A.J. SommeseJ]. Versdelde,and C.W. Wampler: An intrinsic
homotop y for intersecting algebraic varieties.
To appearin

A.J. Sommese . Verstelde,and C.W. Wampler: Solving
polynomial systems equation by equation . In
preparation.
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Towards a numerical implemen tation of Kronec ker's ideas.

M. Giusti and J. Heintz: La d®termination de la dimension et des
points isol §es d'une vari §t® alg §brigue peuvent s'e®ectuer en
temps polynomial . In

, edited by D. Eisenbud and L.
Robbiano, Symposia Mathematica XXXIV, pages216{256, Cambridge UP,
1993.

M. Giusti and J. Heintz: Kronec ker's smart, little blac k boxes, In
, edited by R.A. DeVore,
A. Iserles and E. Sili, pages69{104, Cambridge UP, 2001.

M. Giusti, G. Lecerf, and B. Salvy: A Grfobner free alternativ e for
polynomial system solving , 17(1): 154{211, 2001.

G. Lecerf: Computing the equidimensional decomp osition of an
algebraic closed set by means of lifting b ers, 19(4).
564{596, 2003.
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‘1. Numerical Irreducible Decomp osition'

3
(Vi X?)(x*+y?+ 22| 1)(xi 05)

2
f= § (zi x°)(x*+y*+ 22§ 1)(yi 05) § =0
(Vi x*)zi x°)(x*+y*+2z?i 1)(zi O5)
The irreducible  decomp osition of Z = fi (0) is

L =12y Z1] Zo= 129l 1211 Z12[ Z13[ Z149[ fZ019

where Z,; is the spherex? + y?+ z?; 1= 0;
Z11 is the line (x = Q:5;z = 0:5%);
Z1, isthe line (x =~ 0:5;y = 0:5);
Z13 is the line (x = P 0:5;y = 0:5);
Z 14 is the twisted cubic (yj x?= 0;z; x3= 0);
Zo1 Is the point (x = 0:5;y = 0:5;z = 0:5).
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Representing Positiv e Dimensional Solutions I

Let f (x) = 0, x 2 C3, de ne a surfaceS, a curve C, and a point P.

Choosingrandom hyperplanes,we cut the solution setof f (x) = O:

cut with 3 line Yo plane Yo space
< — n n
aix =
b ax=h % 0=o0
AxX = bz
# # #
to nd surfaceS curve C point P

ap;ap;by;bp at random =) generic points
avoiding nasty, singular points on solution sets
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\ Withess Sets '

A witness point is a solution of a polynomial systemwhich lies
on a set of generichyperplanes.

2 The number of generic hyp erplanes usedto isolate a point
from a solution componen

equalsthe | dimension | of the solution componernt.

2 The number of withess points on onecomponert cut out by
the sameset of generichyperplanes

equalsthe | degree | of the solution componert.

A witness set for a k-dimensional solution componernt consistsof
k random hyperplanesand the set of isolated solutions
comprising the intersection of the componernt with those
hyperplanes.
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VWA AW OO

‘A Cascade of Polynomial Systems I

f1(X) + Ci1z3 + C1222=0
fo(X)+ Co1Z1 + C2z2 = 0
f3(X)+ C3121 + €322, =0
Li(X)+ 73 =0
Lo(X) +272,=0

Li:auXi by
LotapX | by
Z1.Z» : Sslack variables

cj 2 C;random numbers

VWA AW OO

f1(X) + C1121 + C122

fo(X) + Co1z1 + C22270

f3(X) + C3121 + C322

"W AW QO

Li(X) + 21

#

f1(X)+ Cr1z1 =
fo(X) + Co1z1 =

f3(X) + C3121 =

Z1

Z

o O O O

o O O O O
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A Cascade of Homotopies I

Denote § as an embedding of f (x) = 0 with | random hyperplanes
and | slack variablesz = (z1;25;:::,7).

solution paths de ned by
0 1

1(X; Z) A
Zi

Hi(x;z;t) = tE(x;z) + (1 t)@E|i =0

starting at t = 1 with all solutions with z; 6 O
reach at t = O all isolated solutions of E; 1(X;z) = O.
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Cascade on the lllustrativ e Example I

197 paths to trac k
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‘Joint Work with A.J. Sommese and C.W. Wampler I

Numerical decomp osition of the solution sets of polynomial systems into
irreducible comp onen ts. SIAM J. Numer. Anal. 38(6):2022{2046, 2001.

Using mono drom y to decomp ose solution sets of polynomial systems
in to irreducible comp onen ts. In Applic ation of Algebraic Geometry to
Coding Theory, Physics and Computation , ed. by C. Cilib erto et al.,
Pro ceedings of a NATO Conference, February 25 - Marc h 1, 2001, Eilat, Israel.
Pages 297{315, Klu wer AP.

Symmetric  functions applied to decomp osing solution sets of polynomial
systems. SIAM J. Numer. Anal. 40(6):2026{2046, 2002.

Numerical irreducible decomp osition using PHCpac k. In Algebra,
Geometry, and Softwar e Systems, edited by M. Joswig and N. Takayama, pages
109{130, Springer-V erlag, 2003.

Bottlenec k:  compute numerical representations of solution sets exciently,

without any assumption on the top dimension.
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‘ Mem bership Test'

Does the point p belongto a component?
Given: a point in spacep 2 CN; a systemf (x) = O;
and a withesssetW, W = (Z;L):
forallw?2Z :f(w)=0andL(w) = 0.

1. Let L, be a set of hyperplanesthrough p, and de ne
8

H(X't)—< flx)=0
T L 0Ot+ LX) t)=0

2. Trace all paths starting at w 2 Z, for t from 0 to 1.

3. The test (p;1) 2 Hi 1(0)? answersthe question above.
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‘I\/Iem bership Test { an example I

L L,

fi1(0)

8
H(x-t)—< Fix)=0
T L oOt+ LX) t)=0
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2. Diagonal Homotopies: Problem Statement'

Input: two irreducible componerns A and B, given by
polynomial systemsf, and fg (possibly identical),
rgndom hyperplanesL and Lg, and8the solutions to

S fA(x)=0 S fg(x)=0
La(x)=0 - Lg(x)=0
#La = dim(A) = a and #Lg = dim(B) = b
f ®;®;::1; ®ega O f 1, 25707 dege O
FIegA ger{lzericpoint? PegB ge?zericpoint?
a witnesssetfor A a witnesssetfor B

Output: witness setsfor all pure dimensionalcomponerts of A\ B.
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‘Why new homotopies are needed'

stacking two (possibly identic al) systems is not suzcient!
For example: nd A\ B,

where A is line x, = 0, solution of f (X1;X2) = X1X2 = 0,

and B isline x1 j X2 = 0, solution of g(X1;X2) = X1(X1i X2) = 0.
Problem: A\ B = (0;0) doesnotgoccur as an irreducible

. S f(X1;X2) = X1X2 = 0
solution componert of
g(X1;X2) = Xa(Xzi x2) = O
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Solving Systems restricted to an Algebraic Set'

Considerf (x;y) = Oover X £ Y, Y = parameter space.

Wanted: Solutionsto f (x;y") = 0O, for somey” 2 Y.

1. Cho ose ageneraly®2 Y (y°6 y").
D=#f xjf(x;y9 = 0gismaximal for all y°2 Y.

2. Construct acurveB %Y connectingy®to y°©.
3. Construct amapc:[0;1]£Ei! B,i=1f°2Cjj°j=1q,
sothat ¢(0;;j) = y® andc(1;j) = y°

4, Choose® 2 i at random and track D solution paths de ned
by the homotopy f (x;c(t; °)) = O, starting att = 1 at the
solutions of f (x;y9% = 0 and ending at t = 0 at the desired
solutions of f (x;y") = 0.
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Abstract Embeddings of Polynomial Systems

X Is reducedpure N -dimensional algebraic set B
(abstr act means: no equations speci e d for X)

f Is system of restrictions of polynomials to X

2 3
f(x)+ Alz . Y = (Ag; A1 Ay);Ag 2 CNEL:

E(f:x;z;Y)= 4
Zi Agi AiX A2 CNEmM-A, 2 CNEN.

Strati cation: Yp Y2Yq Y2 ¢CCY2 Yy, last N j 1 rows of Y; are zero.

Cascadeof enmbeddings: E (f ) is restricted to Y;,

Ev(f)= E(f) and E(f)=f:
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A Generalized Cascade of Homotopies I

For random °; 2 C, j°ij = 1, the homotopy H;(x;z;t;Y;°)
0 1

i 1(f)(X;Z;Yii 1) A = 0
Zj

=% tE(f)x;z,Y)+ (1 1)@ 5

de nes paths starting at t = 1 at the solutions of E (f ),
ending at t = O at the solutions of §; 1(f).

Theorem:

1. Solutionswith z = (z1;25;:::;2) 6 00ofHij(x;z;1,Y;°) =0
are regular, and stay reqgular for all t > 0.

2. Ast! O, the solutionsof Hi(x;z;t;Y;°;) = 0, contain all
witness setson the (i j 1)-dimensional componerts of f i 1(0).
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‘A Numerical Embedding I

Let X be an N-dimensional solution componert of g(x) = 0,

Randomize g to have as many equations as co-dimensionof X :
G(x) := R(g(x);mi N)=rg(x); =2CcmimMen

where o Is a random matrix. 5 3
G(X) g

E (T)(x:2)

In the cascadeof homotopies, replaceE (f) by 4
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Decomp osing the Diagonal I

Given two irreducible componerts A and B in CK,
considertheir product X := A £ B % CKk*k,

Then A\ B 2 X \ ¢ where¢ is the diagonal of Ck*k de"ned by

2 3
Ui i V1=
Uoj Vo= 0
Hu;v) = _ on X:
Ucj VW = 0

Notice: =+ plays role of f in the abstract embedding.

page 20 of 35



‘Input Data for Diagonal Homotopies I

Let A 2 CX be an irreducible componert of f\ 1(0), dimA = a; and
B 2 CX be an irreducible componert of f & 1(0), dimB = b.

Assuminga, bandB 6pA, then dim(A\ B) - bj 1.
Randomize: Fa(u) := R(fa;kj a) and FB(V% = R(fséki b).

Fa(U
A £ B is a solution componert of F (u;v) := 4 all) 5 0.
Fg (V)
Let f®y;®;;:::; ®yegag satisfy Fa(u) = 0 and La(u) = O; and
f 1, 2,010, degsgsatisfy Fg(v) = 0 and Lg(v) = O,

where LA (u) = O is a systemof a generalhyperplanes;and
Lg (v) = 0 Is a system of b generalhyperplanes.
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‘Diagonal Homotopies, when a+ b< kI

Randomizethe diagonal D (u;Vv) := R(X(u;v);a+ b).

2 3
F(u;v)

B(U;V;z1p) = § R(D(u;v);z1;:::;zy;a+ b) Z=
Z1pj R(l,U,V,b)

2 2 3 3
F(u;v)

. & La(u) | . _
The homotopy f t + (1 t) B(u;v;z1p) 2=0
Ls (V)
Z1:p
starts the cascadeat t = 1, at the degA £ degB solutions,
at the product f (®1; 1); (®1; 2);::1; (®uega; degs )d ¥2 CK.
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‘Diagonal Homotopies, when a+ b, kI

AsA\ B6 ;) dm(A\ B), a+ bj k, the cascadestarts at

2 3
F(u;v)

R(1;u;v;a+ bj k)

Z(a+bi k+1):bi R(l;U;V;ki a)

where Z(a+ bi k+1): b — (Za+ Dj K+1 1+« Zb)T 3
F(u;v)
] La(u) . . _
Lg (V)

Z(a+Dbj k+1): b
as beforeto start the cascadeat t = 1.
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Application: Adding a Leg to a Moving Platform I

A special caseof a Stewart-Gough platform, proposedin

M. Grits and J. Du®y: Metho d and apparatus for controlling geometrically
simple parallel mec hanisms with distinctiv. e connections. US Patent
5,179,525, 1993.

was analyzedin

M.L. Husty and A. Karger: Self-motions of Grixs-Du®y typ e parallel
manipulators. In Proc. 2000 IEEE Int. Conf. Robotics and Automation
(CDR OM), 2000.

Formulation of the kinematic equations using Study coordinates

has one irreducible curve of degree28 (plus irrelevant lines).

Intersecting this motion curve with quadratic hypersurfaceis
equivalent to adding sewenth leg to the platform, reducing the
motion of the platform to a number of xed postures.
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‘Running the Cascade'

2 k = 8: #v ariables = #equations of original system
2 a= 7. dimension of hypersurface,degA = 2

2 b= 1. dimension of motion curve, degB = 28

2 2k+ b= 17: #v ariablesin the cascade

2 degA £ degB = 56: #solution paths

20.3 secondsCPU time to start the cascadetracing 56 paths,
followed by the removal of the hyperplaneto get to the 40
Intersection points (16 of the 56 paths diverged)in 14.4 CPU
seconds,so a total 34.7 CPU seconds.

Comparedto the direct approadr. 108.5seconds(1.8 minutes)
CPU time, for 124 of the 164 solution paths diverged.

doneon a 2.4 Ghz Linux madine
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\3. Intrinsic Coordinates .

de nes a hypersurfacein C"

8
< f(x)=20 n equationsin n unknowns x

L(x)=0 to get deg(f ) genericpoints

L(x(,) =0, x(,)=b+ _ v; b;v2C"
now reducedto f (x(,)) = 0, one equation in one unknown |

in general: samplek-dimensional algebraic setin C"

using n j Kk intrinsic coordinates
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Embedding in Intrinsic Coordinates I

2 3
F(u;v) w=(uv)T;u;v2CkK
E(u;v;z) = Aw + BY;z = 0; Y4 projects to C'
zi % (Cw + d) z2 C":h = top dim

A = [A i A]2 C(a+b)£2k;B 2 C(a+b)£k;C 2 Ck£2k;d 2 Ck£l

Eliminate z (¥4 = %): L(w) = Aw + B%(Cw + d) = 0.

Lw(y)) =0, w(y)=b+Vy:! E(y)=F(b+Vy)=0

nonsolutionif z= %(Cw + d) 6 0O

avoids doubling of variables
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\Cascade In Intrinsic Coordinates I

Homotopy betweenE and §; 1:

2 3
F(u;v
Hi(u;v;¢e) =4 (V) 5= 0;
Aw + B (¢¥%+ (1) ¢)%; 1) (Cw + d)
_ {
for ¢ f 1t0 0. D ; = . ¢ 2 C random.
or ¢ from 1to e ne ¢, TR

Let Y = Aw + B%4Cw =0, Lj(w) = Aw + B¥%(Cw + d) = 0.

Y; and Y ;; 1 sharea commonnull spaceof dimension2k | aj b+ 1:

NullY;, 1= [E F] and NullY; = [E G]:

With b a particular solution commonto L;(w) = 0 and
Li. 1(w) = 0, the homotopy in intrinsic coordinates is

Hi(y;t)=F(b+[EtF +°(1; t)G]y) = 0; fort from Oto 1.
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Numerical Exp eriment I

adding again a leg to a moving Grizs-Du®y platform

extrinsic coordinates: 34.7 CPU seconds

Intrinsic coordinates: 15.8 CPU seconds

Avoiding the doubling of variables saves here about 50%
computational time.

Save more If intersecting higher dimensional sets.

Save less if intersecting lower dimensional sets.
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4. An Equation-b y-Equation Solver'

repeatedly apply diagonal homotopies to interse ct with
hypersurfac es

2 3
(Vi X?)(x*+y?+ 22| 1)(xi 05)

= § (zi X°)(x*+y*+2z%j 1)(yi 05) § = O
(Vi x*)(zi x°)(x*+y?+ z*j 1)(zi 05)

Previous approach: 197 paths to nd all candidate withess points.
With the new approad we will just have to trace 13 paths.
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13 paths to trac k
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Adjacen t Minors of a General 2-by-8 Matrix I

from algebraic statistics (Diaconis, Eisenbud, Sturmfels, 1998):

X11 X112 X133 X114 X15 X1 X17 X18 X19

X21 X22 X23 X24 X25 X26 X27 X28 X29

8 quadrics in 18 unknowns: 10-dimensionalsurface of degree256

stage #paths user cpu time

1 4 = 2£ 2 0.11s = 110ms
2 8 = 4 £ 2 0.41s = 410ms
3 16 = 8E 2 1.61s = 1s 610ms
4 32 = 16 £ 2 3.75s = 3s 750ms
5 64 = 32£ 2 12.41s = 125 410ms
6 128 = 64 £ 2 34.89s = 34s 890ms
7 256 = 128 £ 2 | 104.22s = 1m 44s 220ms

total user cpu time 157.56s = 2m 37s560ms

8m 22s for direct (extrinsic) homotopy Apple PowerBook G4 1GHz
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A General 6-by-6 Eigenvalue Problem I

f(x;.)=_.xij Ax=10; A2 C%6 A israndom matrix

6 equationsin 7 unknowns: curve of degree7 < 64= 2°

stagein solver 1 2 3 4 5| total
#converget paths |3 4 5 6 7| 25
1 2 3 4 5] 15
#paths tracked 4 6 8 10 12| 40

#div ergert paths

15is much lessthan 64 6= 58divergern paths with direct
homotopy, using the plain theorem of B§zout
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\ Conclusions '

Accomplishmerts:
+ °exible solver
+ promising performance
Future Work:
{ singularities becomemore common

{ needto exploit structure
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