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Plan of the Talk

1. numerical irreducible decomposition: compute a sequenceof
\witness sets" to represent the solution set of a polynomial
systems,arranged along dimensions.

2. intersect solution sets: given two witness sets,compute all
components of their intersection using diagonal homotopies .

3. intrinsic coordinates for e±ciency: represent the linear spaces
to cut out the witness setsby generatorsinstead of equations.

4. equation-by-equation solving: applying diagonal homotopies
repeatedly, adding one equation after the other.

5. Examples illustrate e®ectivenessof the new solver.

Joint work with Andrew Sommese(University of Notre Dame) and
Charles Wampler (General Motors Research Laboratories).
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This talk is about three pap ers

A.J. Sommese,J. Verschelde, and C.W. Wampler: Homotopies
for in tersecting solution comp onents of polynomial
systems. To appear in SIAM J. Numer. A nal.

A.J. Sommese,J. Verschelde, and C.W. Wampler: An in trinsic
homotop y for in tersecting algebraic varieties.
To appear in J. Complexity .

A.J. Sommese,J. Verschelde, and C.W. Wampler: Solving
polynomial systems equation by equation . In
preparation.
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Towards a numerical implemen tation of Kronec ker's ideas

M. Giusti and J. Heintz: La d¶etermination de la dimension et des
p oin ts isol ¶ees d'une vari ¶et ¶e alg ¶ebrique p euv ent s'e®ectuer en
temps p olynomial . In Computational A lgebraic Geometry and
Commutative A lgebra, Cortona 1991 , edited by D. Eisenbud and L.
Robbiano, Symposia Mathematica XXXIV, pages 216{256, Cambridge UP,
1993.

M. Giusti and J. Heintz: Kronec ker's smart, little blac k b oxes , In
Foundations of Computational Mathematics , edited by R.A. DeVore,
A. Iserles and E. SÄuli, pages 69{104, Cambridge UP, 2001.

M. Giusti, G. Lecerf, and B. Salvy: A GrÄobner free alternativ e for
p olynomial system solving , J. Complexity 17(1): 154{211, 2001.

G. Lecerf: Computing the equidimensional decomp osition of an
algebraic closed set by means of lifting ¯b ers , J. Complexity 19(4):
564{596, 2003.
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1. Numerical Irreducible Decomp osition

f =

2

6
6
4

(y ¡ x2)(x2 + y2 + z2 ¡ 1)(x ¡ 0:5)

(z ¡ x3)(x2 + y2 + z2 ¡ 1)(y ¡ 0:5)

(y ¡ x2)(z ¡ x3)(x2 + y2 + z2 ¡ 1)(z ¡ 0:5)

3

7
7
5 = 0:

The irreducible decomp osition of Z = f ¡ 1(0) is

Z = Z2 [ Z1 [ Z0 = f Z21g [ f Z11 [ Z12 [ Z13 [ Z14g [ f Z01g

where Z21 is the spherex2 + y2 + z2 ¡ 1 = 0;

Z11 is the line (x = 0:5; z = 0:53);
Z12 is the line (x =

p
0:5; y = 0:5);

Z13 is the line (x = ¡
p

0:5; y = 0:5);
Z14 is the twisted cubic (y ¡ x2 = 0; z ¡ x3 = 0);
Z01 is the point (x = 0:5; y = 0:5; z = 0:5).
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Represen ting Positiv e Dimensional Solutions

Let f (x) = 0, x 2 C3, de¯ne a surfaceS, a curve C, and a point P.

Choosing random hyperplanes,we cut the solution set of f (x) = 0:

cut with line ½ plane ½ space8
<

:
a1x = b1

a2x = b2

½
n

a1x = b1 ½
n

0 = 0

# # #

to ¯nd surfaceS curve C point P

a1; a2; b1; b2 at random =) generic poin ts
avoiding nasty, singular points on solution sets
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Witness Sets

A witness poin t is a solution of a polynomial system which lies
on a set of generichyperplanes.

² The num ber of generic hyp erplanes usedto isolate a point
from a solution component

equalsthe dimension of the solution component.

² The num ber of witness poin ts on one component cut out by
the sameset of generichyperplanes

equalsthe degree of the solution component.

A witness set for a k-dimensional solution component consistsof
k random hyperplanesand the set of isolated solutions
comprising the intersection of the component with those
hyperplanes.
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A Cascade of Polynomial Systems

8
>>>>>>>><

>>>>>>>>:

f 1(x) + c11z1 + c12z2 = 0

f 2(x) + c21z1 + c22z2 = 0

f 3(x) + c31z1 + c32z2 = 0

L 1(x) + z1 = 0

L 2(x) + z2 = 0

!

8
>>>>>>>><

>>>>>>>>:

f 1(x) + c11z1 + c12z2 = 0

f 2(x) + c21z1 + c22z2 = 0

f 3(x) + c31z1 + c32z2 = 0

L 1(x) + z1 = 0

z2 = 0

#

L 1 : a1x ¡ b1

L 2 : a2x ¡ b2

z1; z2 : slack var iables

cij 2 C; r andom numbers

8
>>>>><

>>>>>:

f 1(x) + c11z1 = 0

f 2(x) + c21z1 = 0

f 3(x) + c31z1 = 0

z1 = 0
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A Cascade of Homotopies

Denote Ei as an embedding of f (x) = 0 with i random hyperplanes
and i slack variables z = (z1; z2; : : : ; zi ).

Theorem (Sommese- Verschelde): J. Complexity 16(3):572{602, 2000

1. Solutions with (z1; z2; : : : ; zi ) = 0 contain degW generic
points on every i -dimensional component W of f (x) = 0.

2. Solutions with (z1; z2; : : : ; zi ) 6= 0 are regular; and

solution paths de¯ned by

Hi (x ; z; t) = tEi (x ; z) + (1 ¡ t)

0

@ Ei ¡ 1(x ; z)

zi

1

A = 0

starting at t = 1 with all solutions with zi 6= 0
reach at t = 0 all isolated solutions of Ei ¡ 1(x ; z) = 0.
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Cascade on the Illustrativ e Example
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Join t W ork with A.J. Sommese and C.W. W ampler

Numerical decomp osition of the solution sets of p olynomial systems in to
irreducible comp onen ts. SIAM J. Numer. A nal. 38(6):2022{2046, 2001.

Using mono drom y to decomp ose solution sets of p olynomial systems
in to irreducible comp onen ts. In Applic ation of A lgebraic Geometry to
Coding Theory, Physics and Computation , ed. by C. Cilib erto et al.,
Pro ceedings of a NA TO Conference, February 25 - Marc h 1, 2001, Eilat, Israel.
Pages 297{315, Klu wer AP .

Symmetric functions applied to decomp osing solution sets of p olynomial
systems. SIAM J. Numer. A nal. 40(6):2026{2046, 2002.

Numerical irreducible decomp osition using PHCpac k. In A lgebra,
Geometry, and Softwar e Systems , edited by M. Joswig and N. Takayama, pages
109{130, Springer-V erlag, 2003.

Bottlenec k: compute numerical representations of solution sets e±ciently ,

without any assumption on the top dimension.
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Mem bership Test

Does the point p belong to a component?

Given: a point in spacep 2 CN ; a system f (x) = 0;

and a witness set W , W = (Z; L ):

for all w 2 Z : f (w) = 0 and L(w) = 0.

1. Let L p be a set of hyperplanesthrough p, and de¯ne

H (x; t) =

8
<

:
f (x) = 0

L p (x)t + L(x)(1 ¡ t) = 0

2. Trace all paths starting at w 2 Z , for t from 0 to 1.

3. The test (p; 1) 2 H ¡ 1(0)? answers the question above.
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Mem bership Test { an example

L L p f ¡ 1(0)

sp 62f ¡ 1(0)

H (x; t) =

8
<

:
f (x) = 0

L p (x)t + L(x)(1 ¡ t) = 0

page 13 of 35



2. Diagonal Homotopies: Problem Statemen t

Input: two irreducible components A and B , given by
polynomial systemsf A and f B (possibly identical),
random hyperplanesL A and L B , and the solutions to
8
<

:
f A (x) = 0

L A (x) = 0

# L A = dim(A) = a

f ®1; ®2; : : : ; ®deg A g

degA genericpoints
| {z }

a witnessset for A

and

8
<

:
f B (x) = 0

L B (x) = 0

# L B = dim(B ) = b

f ¯ 1; ¯ 2; : : : ; ¯ deg B g

degB genericpoints
| {z }

a witnessset for B

Output: witness setsfor all pure dimensional components of A \ B .
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Wh y new homotopies are needed

stacking two (possibly identic al) systems is not su±cient!

For example: ¯nd A \ B ,

where A is line x2 = 0, solution of f (x1; x2) = x1x2 = 0,

and B is line x1 ¡ x2 = 0, solution of g(x1; x2) = x1(x1 ¡ x2) = 0.

Problem: A \ B = (0; 0) doesnot occur as an irreducible

solution component of

8
<

:
f (x1; x2) = x1x2 = 0

g(x1; x2) = x1(x1 ¡ x2) = 0:
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Solving Systems restricted to an Algebraic Set

Consider f (x ; y ) = 0 over X £ Y , Y = parameter space.

Wanted: Solutions to f (x ; y ¤) = 0, for somey ¤ 2 Y .

1. Cho ose a generaly 0 2 Y (y 0 6= y ¤).

D = # f x j f (x ; y 0) = 0 g is maximal for all y 0 2 Y .

2. Construct a curve B ½ Y connecting y 0 to y ¤.

3. Construct a map c : [0; 1] £ ¡ ! B , ¡ = f ° 2 C j j° j = 1 g,

so that c(0; ¡) = y ¤ and c(1; ¡) = y 0.

4. Cho ose ° 2 ¡ at random and track D solution paths de¯ned
by the homotopy f (x ; c(t; ° )) = 0, starting at t = 1 at the
solutions of f (x ; y 0) = 0 and ending at t = 0 at the desired
solutions of f (x ; y ¤) = 0.
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Abstract Em beddings of Polynomial Systems

X is reducedpure N -dimensional algebraic set
(abstr act means: no equations speci¯e d for X )

f is system of restrictions of polynomials to X

E(f ; x ; z; Y ) =

2

4 f (x) + AT
2 z

z ¡ A0 ¡ A1x

3

5 Y = (A0; A1; A2); A0 2 CN £ 1;

A1 2 CN £ m ; A2 2 CN £ N :

Strati¯cation: Y0 ½ Y1 ½ ¢¢¢½ YN , last N ¡ i rows of Yi are zero.

Cascadeof embeddings: Ei (f ) is restricted to Yi ,

EN (f ) = E(f ) and E0(f ) = f :
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A Generalized Cascade of Homotopies

For random ° i 2 C, j° i j = 1, the homotopy Hi (x ; z; t; Y; ° i )

= ° i t Ei (f )(x ; z; Yi ) + (1 ¡ t)

0

@ Ei ¡ 1(f )(x ; z; Yi ¡ 1)

zi

1

A = 0;

de¯nes paths starting at t = 1 at the solutions of Ei (f ),
ending at t = 0 at the solutions of Ei ¡ 1(f ).

Theorem:
1. Solutions with z = (z1; z2; : : : ; zi ) 6= 0 of H i (x ; z; 1; Y; ° i ) = 0

are regular, and stay regular for all t > 0.

2. As t ! 0, the solutions of H i (x ; z; t; Y; ° i ) = 0, contain all
witness setson the (i ¡ 1)-dimensional components of f ¡ 1(0).
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A Numerical Em bedding

Let X be an N -dimensional solution component of g(x) = 0,
a system of n equationsg = (g1; g2; : : : ; gn ) in x 2 Cm .

Randomizeg to have as many equationsas co-dimensionof X :

G(x) := R(g(x); m ¡ N ) = ¤g(x); ¤ 2 C(m ¡ N )£ n ;

where ¤ is a random matrix.

In the cascadeof homotopies,replaceEi (f ) by

2

4 G(x)

Ei (f )(x ; z)

3

5.
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Decomp osing the Diagonal

Given two irreducible components A and B in Ck ,
consider their product X := A £ B ½ Ck+ k .

Then A \ B »= X \ ¢ where ¢ is the diagonal of Ck+ k de¯ned by

±(u; v ) :=

2

6
6
6
6
6
6
4

u1 ¡ v1 = 0

u2 ¡ v2 = 0
...

uk ¡ vk = 0

3

7
7
7
7
7
7
5

on X :

Notice: ± pla ys role of f in the abstract embedding.
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Input Data for Diagonal Homotopies

Let A 2 Ck be an irreducible component of f ¡ 1
A (0), dim A = a; and

B 2 Ck be an irreducible component of f ¡ 1
B (0), dim B = b.

Assuming a ¸ b and B 6µA, then dim(A \ B ) · b¡ 1.

Randomize: FA (u) := R(f A ; k ¡ a) and FB (v ) := R(f B ; k ¡ b).

A £ B is a solution component of F (u; v ) :=

2

4 FA (u)

FB (v )

3

5 = 0.

Let f ®1; ®2; : : : ; ®deg A g satisfy FA (u) = 0 and L A (u) = 0; and
f ¯ 1; ¯ 2; : : : ; ¯ deg B g satisfy FB (v ) = 0 and L B (v ) = 0,

where L A (u) = 0 is a system of a generalhyperplanes;and
L B (v ) = 0 is a system of b generalhyperplanes.
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Diagonal Homotopies, when a + b < k

Randomizethe diagonal D (u; v ) := R(±(u; v ); a + b).

At the start of the cascade(denote z1:b = (z1; z2; : : : ; zb)T ):

Eb(u; v ; z1:b) =

2

6
6
4

F (u; v )

R(D(u; v ); z1; : : : ; zb; a + b)

z1:b ¡ R(1; u; v ; b)

3

7
7
5 = 0:

The homotopy

2

6
6
6
6
6
4

t °

2

6
6
6
6
6
4

F (u; v )

L A (u)

L B (v )

z1:b

3

7
7
7
7
7
5

+ (1 ¡ t) Eb(u; v ; z1:b)

3

7
7
7
7
7
5

= 0

starts the cascadeat t = 1, at the degA £ degB solutions,
at the product f (®1; ¯ 1); (®1; ¯ 2); : : : ; (®deg A ; ¯ deg B )g ½ C2k .
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Diagonal Homotopies, when a + b ¸ k

As A \ B 6= ; ) dim(A \ B ) ¸ a + b¡ k, the cascadestarts at

Eb(u; v ; z(a+ b¡ k+1): b) =

2

6
6
6
6
6
4

F (u; v )

R(±(u; v ); za+ b¡ k+1 ; : : : ; zb; k)

R(1; u; v ; a + b¡ k)

z(a+ b¡ k+1): b ¡ R(1; u; v ; k ¡ a)

3

7
7
7
7
7
5

= 0;

where z(a+ b¡ k+1): b = (za+ b¡ k+1 ; : : : ; zb)T .

Use

2

6
6
6
6
6
4

t °

2

6
6
6
6
6
4

F (u; v )

L A (u)

L B (v )

z(a+ b¡ k+1): b

3

7
7
7
7
7
5

+ (1 ¡ t)Eb(u; v ; z(a+ b¡ k+1): b)

3

7
7
7
7
7
5

= 0

as before to start the cascadeat t = 1.
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Application: Adding a Leg to a Mo ving Platform

A special caseof a Stewart-Gough platform, proposedin
M. Gri±s and J. Du®y: Metho d and apparatus for con trolling geometrically

simple parallel mec hanisms with distinctiv e connections. US Paten t
5,179,525, 1993.

was analyzed in
M.L. Hust y and A. Karger: Self-motions of Gri±s-Du®y t yp e parallel

manipulators. In Pr oc. 2000 IEEE Int. Conf. Robotics and A utomation
(CDR OM), 2000.

Formulation of the kinematic equationsusing Study coordinates
has one irreducible curve of degree28 (plus irrelevant lines).

Intersecting this motion curve with quadratic hypersurfaceis
equivalent to adding seventh leg to the platform, reducing the
motion of the platform to a number of ¯xed postures.
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Running the Cascade

² k = 8: #v ariables = #equations of original system

² a = 7: dimension of hypersurface,degA = 2

² b = 1: dimension of motion curve, degB = 28

² 2k + b = 17: #v ariables in the cascade

² degA £ degB = 56: #solution paths

20.3 secondsCPU time to start the cascadetracing 56 paths,
followed by the removal of the hyperplane to get to the 40
intersection points (16 of the 56 paths diverged) in 14.4 CPU
seconds,so a total 34.7 CPU seconds.

Compared to the direct approach: 108.5seconds(1.8 minutes)
CPU time, for 124 of the 164 solution paths diverged.

done on a 2.4 Ghz Linux machine
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3. In trinsic Coordinates

f (x) = 0 one equation in n unknowns x = (x1; x2; : : : ; xn )

de¯nes a hypersurfacein Cn

8
<

:
f (x) = 0

L(x) = 0

n equations in n unknowns x

to get deg(f ) genericpoints

L(x(¸ )) = 0 , x(¸ ) = b + ¸ v ; b; v 2 Cn

now reducedto f (x(¸ )) = 0, one equation in one unknown ¸

in general: samplek-dimensional algebraic set in Cn

using n ¡ k intrinsic coordinates
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Em bedding in In trinsic Coordinates

Ei (u; v ; z) =

2

6
6
4

F (u; v )

Aw + B ¼i z

z ¡ ¼i (Cw + d)

3

7
7
5 = 0;

w = (u v )T ; u; v 2 Ck

¼i projects to Ci

z 2 Ch ; h = top dim

A = [A ¡ A] 2 C(a+ b)£ 2k ; B 2 C(a+ b)£ k ; C 2 Ck£ 2k ; d 2 Ck£ 1

Eliminate z (¼2
i = ¼i ): L (w) = Aw + B ¼i (Cw + d) = 0.

L (w(y )) = 0 , w(y ) = b + V y : Ei (y ) = F (b + V y) = 0

nonsolution if z = ¼i (Cw + d) 6= 0

avoids doubling of variables
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Cascade in In trinsic Coordinates

Homotopy betweenEi and Ei ¡ 1:

H i (u; v ; ¿) =

2

4 F (u; v )

Aw + B (¿¼i + (1 ¡ ¿)¼i ¡ 1) (Cw + d)

3

5 = 0;

for ¿ from 1 to 0. De¯ne ¿ =
t

t + ° (1 ¡ t)
, ° 2 C random.

Let Y i = Aw + B ¼i Cw = 0, L i (w) = Aw + B ¼i (Cw + d) = 0.

Y i and Y i ¡ 1 sharea commonnull spaceof dimension2k ¡ a¡ b+ 1:

NullY i ¡ 1 = [E F ] and NullY i = [E G]:

With b a particular solution common to L i (w) = 0 and
L i ¡ 1(w) = 0, the homotopy in intrinsic coordinates is

Hi (y ; t) = F (b + [E tF + ° (1 ¡ t)G]y ) = 0; for t from 0 to 1:
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Numerical Exp erimen t

adding again a leg to a moving Gri±s-Du®y platform

extrinsic coordinates: 34.7 CPU seconds

intrinsic coordinates: 15.8 CPU seconds

Avoiding the doubling of variables saveshere about 50%
computational time.

Save more if intersecting higher dimensional sets.

Save less if intersecting lower dimensional sets.
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4. An Equation-b y-Equation Solver

repeatedly apply diagonal homotopies to interse ct with
hypersurfac es

f =

2

6
6
4

(y ¡ x2)(x2 + y2 + z2 ¡ 1)(x ¡ 0:5)

(z ¡ x3)(x2 + y2 + z2 ¡ 1)(y ¡ 0:5)

(y ¡ x2)(z ¡ x3)(x2 + y2 + z2 ¡ 1)(z ¡ 0:5)

3

7
7
5 = 0:

Previous approach: 197 paths to ¯nd all candidate witness points.
With the new approach we will just have to trace 13 paths.
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13 paths to trac k���
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Adjacen t Minors of a General 2-by-8 Matrix

from algebraic statistics (Diaconis, Eisenbud, Sturmfels, 1998):

�
�

x11 x12 x13 x14 x15 x16 x17 x18 x19

x21 x22 x23 x24 x25 x26 x27 x28 x29

�
�

8 quadrics in 18 unknowns: 10-dimensionalsurfaceof degree256

stage #paths user cpu time

1 4 = 2 £ 2 0.11s = 110ms

2 8 = 4 £ 2 0.41s = 410ms

3 16 = 8 £ 2 1.61s = 1s 610ms

4 32 = 16 £ 2 3.75s = 3s 750ms

5 64 = 32 £ 2 12.41s = 12s 410ms

6 128 = 64 £ 2 34.89s = 34s 890ms

7 256 = 128 £ 2 104.22s = 1m 44s 220ms

total user cpu time 157.56s = 2m 37s 560ms

8m 22s for direct (extrinsic) homotop y Apple PowerBook G4 1GHz
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A General 6-by-6 Eigen value Problem

f (x; ¸ ) = ¸ x ¡ Ax = 0; A 2 C6£ 6, A is random matrix

6 equations in 7 unknowns: curve of degree7 < 64 = 26

stagein solver 1 2 3 4 5 total

#convergent paths 3 4 5 6 7 25

#div ergent paths 1 2 3 4 5 15

#paths tracked 4 6 8 10 12 40

15 is much lessthan 64¡ 6 = 58 divergent paths with direct
homotopy, using the plain theorem of B¶ezout

page 34 of 35



Conclusions

Accomplishments:

+ °exible solver

+ promising performance

Future Work:

{ singularities becomemore common

{ needto exploit structure
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