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\Outline of this Lecture '

1. What doessolving mean?
2. Numerical Polynomial Algebra
3. Numerical Algebraic Geometry

4. What is Symbolic-Numeric Computing?
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‘What does solving mean’?'

Two vastly di®erert views on polynomial systems.

Computer algebra viewsthe polynomials in a systemas
generatorsof an ideal. A Grabner basis allows to compute
with the ideal and solve the system.

Numerical analysis views a polynomial systemas a system of
nonlinear equations. Newton's metho d, often with
contin uation, approximates the solutions.

Where and when do the algebra and analysis meet?
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‘Ideals generated by Polynomial Systems'

P(x) = 0 polynomial system:

| = hP I ideal generatedby P:
| = f ci(X)pr + Ca(X)p2 + ¢CC+ oy (X)pn | & 2 C[X] g.

Z [I'] solution set:
Z[I]=1z2C"jp(z)=0;8p2 1 g.
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‘A Comm utativ e Diagram I

ideal
|
.3 (59
.y Rp
L B0
L R
a Q%Q
R[] % — DJI]
guotien t dual
ring space
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‘Ideals and Quotien t Rings I

The quotient ring R[] of aideal | allows to calculate modulo I :
R[I]= 1T [p] ] p2 C[x] g is the residueclassring;
with [p], the residue class of p mod I:

Pl = fr2CxJjpir2lg
= fr2C[x]jp(z)=7r(2);822 Z[l]g:

Theorem: If # Z[I]= m < 1 ,then dim( R[I']) = m.

| I R[I']: if dim(Z[lI]) = O, the residue classesof Lagrange
polynomials interpolating at Z[l ] give a basisfor R][l ].

R[I']! |: for somebasisb of R[I]: Axb = xxb, k= 1;2;:::;n,
meansxyb = Agb mod |, or xkb i Axb = Oover Z[l], and
Xkbi Axb 2 | leadsto a border basisfor | .
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Example One I

8
< .4 —
P(x:y) = X2+ 4xy + 4y*| 4= 0  weexpect2£ 2
8
< 2 . . _
row reduction _ Ix“i 20xy i 12=0
on coezxcients L 20y?+ 20xy j 12=0

A natural basis for R[I]isb = (1;X%;V;xy).

0) 1 O 1 O
1 X 0) 1 0) 0)
12 20
b= B X G X2 _B i 0 0 %
y Xy O O 0
Xy X2y

48 36
O 55 15 O Xy

>0 B

Obsene: A, b = xDb is an eigernvalue problem.
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‘Dual Spaces of Quotien t Rings I

The dual space of the quotient ring Rl |:

(RID"=Ff1:R[]! C:[ply 7' (p):=I(r);r2R[];pi r21 g

Thedualof I: D[I]=f | :C[x]! C:l(p)=0;8p21 9.1 ! DJl]

Theorem: D[l ]= (R[I]D" and R[I]= (D[I])°".

The ideal of the dual: D[I]! |
|[D[I]] = ker(D[I]) =f p2 C[x]:I(p) = 0;812D[l]g=1I:

Note: more satisfactory than 1 [Z[I]] = P l.

The dual de nes the multiplicit y structure of a multiple zero.
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Multiplicit y of an Isolated Zero I

An isolated zero of multiplicit y m occursin numerical
analysis as a cluster of m (ill-conditioned) regular zeros.

Problem: geometrical signi cance for overdetermined systems?
I perturb ed overdetermined system has no zeros!

Analogy with Univ ariate Case: zg is m-fold zeroof f (x) = O:

1
{(Zo): 0;%(20): 0; @f{(z ) = O'”:;g:m.fl(zo)_?

m = number of linearly independert polynomials annihilating zg

The dual space Dy at zg Is spannedby m linear independen
di®erertiation functionals annihilating zy.

Do Is the multiplicit 'y structure of the m-fold zero z,.
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Example Two I

Consider 3
3 x*=0
f(x;y) = > xy=0 zo= (0;0):
T 2= 0

The multiplicit vy of zg Is 3 because
Do = sparf @olzo]; @o[z0]; @1[z0]9
with

1 @

@ [z0] = i i@ f (zo):

Solving means to compute zg and Dy.
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\Newton and Contin uation Metho ds.

Consider a family of systemshy (x(t);y(t);t) = 0, k = 1; 2.

By 2 on hy: %%+ %%+ %%: 0,k=1;2.

@& @ @ —
Set¢x:= 5, ¢y:= @,and@— 1.

Increment f:i=t+ ¢t#,,

# ! #
@; @ ¢ X @
Solve & g =i @ (Newton)
@y, @ ¢y @
( (@4 @ @
X=X+ CX
Up date
y=y+ ¢y

fails when the Jacobian matrix is singular!
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An Application: cyclic 9-ro ots'

The system
X Y |

fi = Xk+jymod 9 = 07 1=1;2;:::,8
j=0 k=1

fg = XoX1X2X3XaX5XegX7Xgj 1= 0

F(x) =

"W /AW 00

has 333£ 18 isolated regular zeros,164isolated 4-fold zeros,
and 6 cubic 2-dimensional irreducible solution componerts.

Newton's method with 64 decimal places,toleranceis 10 ©°:
regular : 4 iterations (quadratic convergence)

4-fold : 79iterations (> 1 step for one correct decimal place)

about 20 times slower to reach samemagnitude of residual . ..
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Newton's metho d for Overdetermined Systems I

Singular Value Decomp osition of N-by-n Jacobian matrix Js :
Js = USV'T: UandV areorthogonal: UTU = Iy;VTV = I,;

and singular values¥s , %, ., ¢¢C, % asthe only nonzero
elemerns on the diagonal of the N -by-n matrix 8§ (N > n).

Mo ore-P enrose inverse: J; = V8*UT, with - ,3/ "::;% on
the diagonal of the n-by-N matrix §*.

Then ¢z = Js (2)* f (2) is the least squaressolution.

The condition number cond(Js (2)) = %1
Rank(Js(z)) = R() 8§ = dlag(%,%;::"?/ﬂ 0;:::;0).

At a multiple root zg: Rank(Js (zg)) = R < n.
Closeto zg, ZzVazg : ¥r+1 Y4 0.
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Newton with De°ation { Example Tw o revisited I

8 2 3
3 X°= 2x 0
Zo= (0;0);m =3
fFGy)=_ xy= J(xy)=9 1 1
3 Rank(Jr (zo)) = 1
T y?=0 0 2y

A nontrivial linear combination of the columns of J; (zp) IS zero.

% 5 g fO6y) = g

x 0 2 3 0

G(XY;, 1;,2) = § 1 1 ?,4’15 = goé
% 0o 2y ° 0

Ci,1+tC,o = 1, random cq;C, 2 C

The systemG(x;y;, 1;,2) = 0has(0;0;, 7;, ) asregular zero!
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The De°ation Operator DfII

SupposeRank(Js (zg)) = R for zp an isolated zeroof f (x) = 0.

Chooseh 2 CR*1 and B 2 C"t (R*1) at random.

Introduce R + 1 new multiplier variables, = (, 1;,2;:::;. rR+1)-
8
3 f(x) =
Dfl(f)(x;z.):=8 Ji (X)B, =
: ho =

5

Theorem (Anton Leykin, JV, Ailing Zhao):
The number of de°ations needed to restor e the
qguadr atic conver gence of Newton's method conver ging
to an isolate d solution is strictly less than the
multiplicity.
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Newton's metho d with De°ation '

Input: f (x) = 0 polynomial system;
Xo initial approximation for x°.

y
Ji = SVD(Js (Xk));

X1 = X I f(Xk);

R = Rank(Jt );

38 ‘ﬁ P o

3 P PP Yes
- P R = #columns( J;)3 ¥ =~ output: f;xer .

Pp ; 3 ° 1
Pps ,

20
f =D )= 970
G(x; )=20

LeastSquares(G(Xk+1 ; ));
k= k+ 1, x¢:= (Xk: )
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‘cyclic 9-ro ots revisited I

X8 ¥ _

fi = Xk+jymod 9= 0; 1=12:::;8
j=0 k=1

fg = XogX1X2X3XaX5XeX7Xgj 1= 10

Recall:

f () =

"W /W00

has 164 solutions of multiplicit y 4.
One de‘ation suxces to restore quadratic corvergence.
The condition number drops from 1.8E+9 to 5.6E+2.

| de°ation reconditions the system
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Computing the Multiplicit y Structure

following B.H. Dayton and Z. Zeng

X
Looking for di®erertiation functionals d[zg] = Ca@|[z0],

a

1 IJ- @1+ a>+ ¢C¢ a, ﬂ
Zo).
Aoyl 000, @ &% cooaxd P (Z0)

with  @[zo](p) =

Membership criterium for d[zg]:
d[zg] 2 Do, d[zo](pfi) = 0;8p 2 C[x];i = 1;2;:::;N:
To turning this criterium into an algorithm , obsene:
1. sinced[zo] is linear, restrict p to xk = xX1x52 ¢¢dxkn ; and

2. limit degreesk; + ko + ¢¢¢+ k, - a; + ap + ¢¢C+ a,,
as zop = 0 vanishestrivially if not annihilated by @.
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Computing

f1= X1 Xo+ X2, f2=X1i X2+ X5

the Multiplicit

2

jaj=0 jaj=1 jaj=2 jaj=3
@ @o @1 |@ @ @ @ @ Q@ @3
f7 0 1 {11 o o0olo0o 0 0 O
S fo 0 1 {1 0 0 1 0 0 0 0
X1f1 0 0 0) 1 {l 0 1 0 0 0
xif2 0 O 0 1 {1 0|0 0 1 o0
xoff7 0 O 0 O 1 {1 |0 1 0 o0
S, Xofo 0 0 0 0 1 {1 0 0 0 1
x2f,, 0 0 0O O 0O 0 1 {I 0 0
x2f, 0 0 0 0 0O O 1 {1 0 0
X1X2f1 0 0 0 0 0 0 0 1 {1 0
X1X2f2 0 0 0 0 0 0 0 1 {1 0
x2f; 0 0 0 0 O O 0 O0 1 {1
Ss x3, 0 0O O O 0 0 0 0 1 {1

y Structure { An Example

Nullit y(S2) = Nullit y(S3) ) stop algorithm
Do = spanf @o; @o + @1;i @o + @o + @1 + @2 g) multiplicit

y=3

following B.H. Dayton and Z. Zeng
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cyclic 9-roots once more I

X2 ¥ _

fi= X(k+jymod 9= 0y 1= 1221278
j=0 k=1

fg = XogX1X2X3XaX5XeX7Xgj 1= 0

Recall:

F(x) =

W /AW 00

has 164 solutions of multiplicit y 4.

Running the algorithm of Dayton and Zeng:

H[1]= LH[2]= 2;H[3]= L;H[4]= O;
with H[i] = Nullity(S;) i Nullity(S;i; 1);1 > 0;

so we compute the multiplicit y as 4.
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What Is Symbolic-Numeric Computing? I

A puristic point of view:

Computer algebra rewrites the problem, producing \easier"
equations of the ideal, but \easier® € numerically better .

Numerical analysis producesapproximate numbers for a xed
system of equations, but many problems are \ill-p osed".

The synemistic approach

Symbolic-Numeric  Computing rewrites an ill-conditioned
numerical problem into a well-conditioned formulation.

works very well in Newtoris methad with de®ation
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