OUTER AUTOMORPHISM GROUPS OF SOME
ERGODIC EQUIVALENCE RELATIONS

ALEX FURMAN

ABSTRACT. Let R a be countable ergodic equivalence relation of
type II; on a standard probability space (X, ). The group Out R
of outer automorphisms of R consists of all invertible Borel mea-
sure preserving maps of the space which map R-classes to R-classes
modulo those which preserve almost every R-class. We analyze the
group OutR for relations R generated by actions of higher rank
lattices, providing general conditions on finiteness and triviality
of Out R and explicitly computing Out R for the standard actions.
The method is based on Zimmer’s superrigidity for measurable co-
cycles, Ratner’s theorem and Gromov’s Measure Equivalence con-
struction.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let (X, B) be a standard Borel space with a non-atomic probabil-
ity Lebesgue measure and let R be a countable measurable relation of
type II; on (X, B, ), i.e. measurable, countable, ergodic and measure
preserving equivalence relation R C X x X. For the abstract definition
of this notion the reader is referred to the fundamental work of Feld-
man and Moore [I], which in particular demonstrates that any such
equivalence relation can be presented as the orbit relation

Rxr={(z,9) e Xx X |T-2=T-y}

of an ergodic, measure preserving action of some countable group I'
on the space (X, B, ). In most of the examples in this paper equiv-
alence relations are defined by ergodic measure-preserving actions of
concrete countable groups I', namely irreducible lattices in semi-simple
connected higher rank real Lie groups.

In the purely measure-theoretical context of this paper all objects are
considered modulo sets of zero p-measure, denoted (mod 0). Following
this convention the measure space automorphism group Aut(X, u) is
the group of all invertible Borel maps T : X — X with T,u = p, where
two such maps which agree on a set of full y-measure are identified. In
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a similar fashion two equivalence relations R, R" on (X, u) are identified
if there exists a subset X’ C X with x(X’) = 1 on which the restrictions
of R and R’ coincide.

Given an equivalence relation R on (X, p) consider the group of re-
lation automorphisms

AutR = {T € Aut(X, p) | T x T(R) = R}

and the subgroup InnR of inner automorphisms, also known as the
full group of R, consisting of such T € Aut(X, ) that (z,Tx) € R for
p-a.e. x € X. The full group InnR is normal in AutR and the outer
automorphism group Out R is defined as the quotient

1—Inn R—Aut R——Out R—1

Elements of Out R represent measurable ways to permute R-classes on
(X,p). The full group InnR is always very large (see Lemma [2.1)).
For the unique amenable equivalence relation R, of type II; the outer
automorphism group Out R, is also enormous. The purpose of this
paper is to analyze Out Rx r for orbit relations Rx r generated by m.p.
ergodic actions of higher rank lattices, in particular presenting many
natural examples of relations R with trivial Out R. Such examples were
first constructed by S. Gefter in [6], [7] (Thm [1.5{below).

Prior to stating the results let us define two special subgroups in
Out R, in the case where R is the orbit relation Rx r generated by some
measure-preserving action (X, i, I') of some countable group I'. In such
a situation consider the group Aut(X,T") of action automorphisms of
the system (X, u, )

Aut(X,T) :={T € Awt(X,p) | T(v-2) =~-T(x), Vy e '}

This is the centralizer of I" in Aut(X, ). For a group automorphism
7 € Aut " define

Aut" (X, ) :={T € Aut(X,u) | T'(y-z) =" -T(z)}

and let Aut™(X,I") be the union of Aut”(X,I") over 7 € AutI'. (If the
[-action is faithful Aut*(X,I") is the normalizer of " in Aut(X, u)).
We shall denote by A(X,I") and A*(X,T") the images of the groups
Aut(X,T) and Aut*(X,T) under the factor map Aut Ry p——Out Ry r.
Observe that the e-image in Out Rx r of the coset Aut™(X,I") depends
only on the outer class [7] € OutI' and therefore can be denoted by
A(X T). The group A(X,TI') is normal in A*(X,T) and the factor
group A*(X,T")/A(X,T) is (a factor of ) a subgroup of Out I'. In general,
the subgroups A(X,I') C A*(X,I") of Out Rxr depend on the specific
presentation of the relation R as the orbit relation Rxr of an action
(X, u,T).
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In this paper we are mostly interested in ergodic m.p. actions of
higher rank lattices and will be using the following terminology and
notations:

For locally compact, secondly countable group G a left-invariant
Haar measure will be denoted by mg. If I' C G is a discrete
group so that G/I" carries a finite G-invariant measure we say
that T" forms a lattice in G' and will denote by mg,r the unique
G-invariant probability measure on G/T".

The term semi-simple Lie group will mean semi-simple, con-
nected, center-free, real Lie group G = [ [ G; without non-trivial
compact factors, unless stated otherwise. A lattice I in a semi-
simple Lie group G = [] G; is irreducible if I' does not contain
a finite index subgroup I which splits as a direct product of
lattices in subfactors. By higher rank lattice hereafter we shall
mean an irreducible lattice in a semi-simple Lie group G with
A measure-preserving action (X, u,I') of a lattice I' in a semi-
simple Lie group G = [[ G; is #rreducible if the action of every
simple factor G; in the induced G-action on (G' < X, me,r X 1)
is ergodic. Clearly, if G is simple then any lattice I' C G is
irreducible and any ergodic I'-action is irreducible.

For an arbitrary group I' a m.p. action (X, po,I') is a (-
equivariant) quotient of another m.p. action (X, pu,T") if there
exists a measurable map 7 : X — X, with m,u = o and
w(y-z) =~ 7(x) for p-a.e. v € X and all y € I'.

A measure-preserving action (X, p,I") of an arbitrary group I'
is called aperiodic if every finite atomic quotient of (X, u, ') is
trivial; equivalently if every finite index subgroup I C I' acts
ergodically on (X, u).

Remarks. (a) Every mizing ergodic action (X, p,I") of an irre-

(b)

ducible lattice I' in a semi-simple Lie group G is irreducible
and aperiodic.

By the result of Stuck and Zimmer [14] any ergodic non-atomic
m.p. action of an irreducible lattice I' in a semi-simple Lie
group G with property (T) is free (mod 0). Recall that a higher
rank semi-simple G has property (T) iff it does not have simple
factors locally isomorphic to SO(n, 1) or SU(n, 1).

For any free, ergodic action (X, i, I') of an irreducible lattice I'
in a semi-simple Lie group G' the map

Aut(X,T)—SA(X,T)
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is an isomorphism and the homomorphism
A*(X,T)/A(X,T)—Out I’
is an embedding (Lemma [2.3| below).

(d) It follows from the Strong Rigidity (Mostow, Prasad, Margulis)
that for an irreducible lattice I' C G % SLy(R) the automor-
phism group AutI' is isomorphic to the normalizer Nau (")
of ['in AwtG O AdG = G. Since I'y := Naywe(l') 2 Tis a
closed subgroup properly contained in Aut G, it forms a lattice
in Aut G, and OutT' = I', /T is always finite.

Thus for an irreducible aperiodic free m.p. action of a higher rank
lattice I' the analysis of Out Rx r reduces to the analysis of the quotient
Out Rxr/A*(X,I') and the subgroup A*(X,I") which, up to at most
finite index, is isomorphic to Aut(X,T").

Theorem 1.1. Let G be a semi-simple, connected, center-free, real Lie
group without non-trivial compact factors and with rkr(G) > 2. Let
' C G be an irreducible lattice and (X, u, ') be a measure preserving,
ergodic, irreducible, aperiodic, essentially free I'-action. Assume that
(X, 1, I') does not admit measurable I'-equivariant quotients of the form
(G/T ,mgr,T') where I' C G is a lattice isomorphic to I' and I' acts
by v : gI'" — ~vgI". Then

Out RX,F = A*(X, F)
while A*(X,T) =2 Aut(X,I)/T.
More generally

Theorem 1.2. Let I' C G be a higher rank lattice as in Theorem
and (X, u,I') be any measure preserving, ergodic, irreducible, aperi-
odic, essentially free I'-action. If OA*(X,T') has finite index n > 1 in
Out Rxr then (X, u,I") has an equivariant measurable quotient
n—1
T (X, ) — (G T mga-1ra-1) = H(G/FamG’/F)
i=1
where the T-action on (G" 1 /T mgn-1jra-1) is given by
v (@i e (VT m)i
for some fixed automorphisms 7; € Aut G, 1 <i < n.

If A*(X,T)] has infinite index in Out Rx r then (X, u,I') has an in-
finite product equivariant quotient space

(X, p)— [ [(G/T mer)

=1
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with a diagonal T-action on v : (x;)2, — (Y7x;)32, for some fized
sequence T; € Aut G, 1 =1,2,....

Of course, Theorem is just a particular case of (contrapositive
formulation for n = 1) since a 7-twisted [-action v : gI' +— 7¢I’
on (G/T',mgr) is measurably isomorphic to the untwisted I'-action
v gT +— ygI” where IV = 771(T).

For an d x d matrix A let x(A) := >, log™ |\;(A)|, where log* z =
max{0,logz} and \;(A) denote the eigenvalues of A. Given a semi-
simple group G and d € N consider all linear representations p : G —
GL4(C) (there are finitely many equivalence classes for any d) and let

o x(p(9))
Wea(d) := max inf ———~—
6(d) = max inf x(Ad (g))
Corollary 1.3. Let I' C G and (X,p,T) be as in Theorem[1.9 De-
note by h(X,~) the Kolmogorov-Sinai entropy of the single measure-
preserving transformation vy of (X, u). Then

o WX y)
OutRyxr: A" (X, )] <1+ inf ————— 1.1
OuRersAEDIS T Stmaey Y
If X is a compact manifold with a C'-action of a higher rank lattice
[' C G which preserves a probability measure 1 on X so that (X, u,T')
is a free (mod 0) action which is ergodic, irreducible and aperiodic, then

[OutRxr: A*(X,I)] <1+ We(dim(X)) (1.2)
The function Wg satisfies Wg(d) < d?/8.

Remark. Theorem [1.9| below shows that the inequality (1.1]) is sharp.
However the estimate (|1.2)) is probably not optimal, with a more plau-

sible one being 1 + dim(X)/ dim Lie(G).

Remark. As we shall see below, groups Out Ry and A(X,I") can be
very large when considered as abstract groups, but in all cases below
the quotient Out Ry r/A*(X,I") is either finite or countable. This might
be a general property of actions of higher rank lattices. In fact, this
property is known for essentially free ergodic actions (X, I") of groups I'
with Kazhdan’s property (T). For such groups (and in a slightly more
general situation) Gefter and Golodets introduced a natural topology
on Out Rxr with respect to which Out Rx r is a Polish (i.e. complete
separable) group and A(X,I") is an open subgroup (see [§] Thm 2.3
and references throughout section 2).

In specific cases, in particular in the standard examples of algebraic
lattice actions, it is possible to compute the groups Out Rx r explicitly
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as we shall do in Theorems - below. In Theorems - the
systems (X, I') do not have G/I"" as measurable quotients and therefore
by Theorem we have OutRyr = A*(X,I") = Aut™(X.I")/T. The
latter groups are of algebraic nature, but their explicit descriptions are
cumbersome. Thus for readers convenience we have also presented the

groups Aut(X,T"), which have a more transparent appearance and have
at most finite (< |OutI'|) index in A*(X,T).

Theorem 1.4. Let G be a simple, connected real Lie group with finite
center and rkr(G) > 2 and p : G — SLy(R) be an embedding such
that p(G) does not have non-trivial fived vectors and assume that G has
a lattice I' C G such that p(I') C SLy(Z). Then the natural I'-action
on the torus TN = RN /Z" is ergodic, aperiodic and the orbit relation
Ry p satisfies
OutRyv r = A*(T",T) Newy(z)(p(1))/p(T)
A(TY,T) = Aut(T"V,T) CaLyr)(p(G)) N GLN(Z)

In particular, for n > 2 the SL,(Z)-action on T™ gives an ergodic

relation Ryn g1, (z) which has no outer automorphisms if n is even, and
a single outer automorphism given by x — —x if n is odd.

~
>~

Note that in the above Theorem we allowed finite non-trivial centers
to accommodate the standard example of I' = SL,,(Z) acting on the
torus T" for even n > 2.

To state the following results we recall the notion of affine transfor-
mations of a homogeneous space (these are needed only for the precise
description of Out Ry ), however the spirit of the results is captured by
the finite index subgroup A(X,I") which does not require this notion.

Definition. Let A be a subgroup of a group H, and let N := (", .4 h='Ah
denote the maximal subgroup of A which is normal in H. Given an
automorphism o of H/N with o(A/N) = A/N and t € H/N denote by
a,; the map

Ayt hA — to(h)A
of H/A. Such maps will be called affine, and we shall denote by
Aff(H/A) the group of all affine maps of H/A.

Replacing H by H/N and A by A/N one does not change the ho-
mogeneous space: H/A = (H/N)/(A/N). Thus hereafter we shall
assume that NV is trivial. Under this assumption the map (o,t) — a,;
defines an epimorphism Nay g (A) x H—Aff(H/A) (which contains
{(Ad X, \) | A € A} in its kernel) and which maps H = {Id} x H iso-
morphically onto its image in Aff(H/A). This copy of H in Aff(H/A)
has index bounded by |Out H|.
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We shall be interested in situations where some group (a higher rank
lattice) I' is embedded in H, p : I' — H, and acts on the homogeneous
space H/A by left translations. Then the normalizer Nag(m/a)(p(I))
in Aff(H/A) of this action consists of those affine maps a,; for which
o € Aut H and t € H satisfy

g(A)=A and a(p(T)) =t 1p(I)t.

In any case this group contains Ny (p(I')) as a subgroup of an index
bounded by |Out H|.

Theorem 1.5 (cf. Gefter [7]). Let T' be a higher rank lattice which
admits a dense embedding p : I' — K 1into a compact connected Lie
group K. Then for every closed subgroup {e} C L C K the I'-action on
(K/L,mg/1) is ergodic, irreducible and aperiodic and the orbit relation
Ri/Lr satisfies

Out Rk, 1 A*(K/L,T) Nasx/n)(p(T))/p(T)
AK/L.T) = Aut(K/L,T) = Ng(L)/L

In particular, if the compact group K has no outer automorphisms
which normalize L or if ' has no outer automorphisms, then

Out RK/L,F = NK(L)/L

[ral
e 11

Remark. Theorem [1.5] was proved by S. Gefter in [7], where he con-
structed the first and only example of type II; equivalence relations
without outer automorphisms. Indeed, by a well known arithmetic
construction (cf. [I7] 5.2.12) certain lattices I' C G := SO(p, q) ad-
mit dense embeddings into the compact group K := SO(n) where
n =p+q. Take p > ¢ > 2 to ensure rkg (G) > 2 and let L = SO(n—1)
be the stabilizer of a point in the in K = SO(n) action on the sphere
S™~1. Then N (L) = L and since SO(n) has no outer automorphisms,
Aff(K/L) = Ng(L), which shows that Out Rix,z,r) is trivial.

In Theorem the compact group K is taken to be a connected Lie
group to guarantee aperiodicity of the action. Higher rank lattices can
also be densely embedded in other compact groups, namely profinite
ones. Such embeddings give rise to ergodic actions which strongly vio-
late aperiodicity condition - they are inverse limits of finite quotients.
A typical example is the standard embedding

I':= PSL,(Z)->K := PSL,(Z,).

It was observed by Gefter ([7] Rem 2.8) that in this case Out Rk
contains a group isomorphic to PSL,(Q,), in such a way that

A(K,T) 2 K = PSL,(Z,) C PSL,(Q,) C Out R
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so that A(K,T") has infinite index in Out Rg . We claim that the last
inclusion is essentially an equality. More generally

Theorem 1.6. Consider the natural dense embedding of I' = PSL,,(Z),
n > 3, in the profinite group K = [];_, PSL,(Z,,) where {p1,....p,}
is a finite set of distinct primes. Then Out Rk is a Z/2 extension of

# =[] PSL.(Q,)
i=1
with the transpose map (ki,...,k.) — (k' ... kL) of K giving rise to
the Z /2 extension.

Another family of standard examples is described by the following

Theorem 1.7. Let I' C G be a higher rank lattice as in Theorem |1.1
H be a connected Lie group, N C H be a closed subgroup so that H/A
carries an H-invariant probability measure my,y, and assume that H
does not admit surjective homomorphisms o : H — G with o(A) C T
Suppose that there exists a homomorphism p : G — H such that each
of the simple factors G; of G acts ergodically on (H/A,mg/n). Then
for the I'-action on (H/A, mp/x) one has

OutR(H/AI) = A*<H/A, F) = NAff(H/A)(p(F))/p(F)
A(H/AT) = Aut(H/AT) = Cagya(p(l))

Corollary 1.8. Let I' C G be a higher rank lattice as in Theorem [1.1],
H be a connected semi-simple Lie group with trivial center, p: G — H
be an embedding and let A C H be an irreducible lattice. Assume that
either p is a proper embedding, i.e. G £ H, or that p: G — H is an
isomorphism but A is not abstractly isomorphic to a subgroup of finite
index in I'. Then the I'-action on (H/A,mu/n) by left translations is
ergodic, irreducible and aperiodic and the orbit relation Ry ar has

Out R(H/AI) =A"(H/AT) = NAff(H/A)(p(F))/p<F)

This group contains the centralizer Cy(p(G)) as a normal subgroup of
finite index dividing |Out A| - |Out I|.

Remark. Corollary also allows to construct ergodic equivalence
relations without outer automorphisms. Indeed if a simple Lie group
G # SLy(R) has no outer automorphisms, then maximal lattices I'
in G have trivial OutI" as well. Choosing two non-commensurable
maximal lattices I', A in such a G one obtains an equivalence relation
Re/a,r without outer automorphisms. Similarly, one can find proper
embeddings G C H where G and H are simple higher rank Lie groups
with Out G, Out H, Cy(G) all being trivial. Then for any choice of
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maximal lattices I' C G, A C H, the I'-action on H/A gives Ry ar
without outer automorphisms.

All the examples discussed so far had the property that the original
system (X, u,I') did not admit measurable I'-equivariant quotients of
the form (G/I', mg,r,I'); and therefore Theorem allowed to con-
clude that Out Rxr = A*(X,I") = Aut*(X,I')/I". The following result
analyzes what happens if this assumption is not satisfied.

Theorem 1.9. Let I' C G be a higher rank lattice as in Theorem
and let I'-act on (G /I, mqr) by left translations. Then for the corre-
sponding orbit relation Rgrr

[OutRg/rr @ AYG/T,T)] =2
A(G/I\T) = Aut(G/I')T") = {1}
A*(G/T,T) OutT

Out Rig/r 1 (Z/27Z) x Out T’

More generally, for anyn € N the diagonal left I"-action on the product
space (G™/T™, men rn) satisfies

I

I

[Out R(G"/F",F) . A* (G"/F”, F)] =n+1
AG™/T™T) = Au(G"/T™T) = S,
A*(G"/T™T) = S, x OutT
Out R(Gn/l"n71") = Sn—H x Out I’
where S,, denotes the permutation group on {1,...,n}.

For the diagonal T'-action on the infinite product (X, p) = (G/T', mgr)%,
the index [Out Rixry : A*(X,T)] is infinite countable

AX,T) = Aut(X,I) = S
A*(X,T) = S, xOutl
Out R(X,I‘) = SOO+1 x Out I’

where Sy, denotes the full permutation group on Z, and Ss11 the per-
mutation group of Z U {pt} to suggest that the embedding A*(X,T) C
Out Rx r corresponds to the natural embedding Soc C Ssot1 direct prod-
uct with Out T

Let R be an ergodic II;-relation on a probability space (X, u), and
E C X be a measurable subset with p(E) > 0. The restriction Rg :=
RN (E x E) of R to E is a II;-ergodic relation with respect to the
normalized measure pig := pu(E)™ - p|g. Since Inn R acts transitively on
subsets of the same size (Lemma[2.1)) for any F' C X with u(F) = pu(E)
the relation Rp on (F, pur) is isomorphic to Rg on (E, ug). Hence given
a Il;-relation R, for every 0 < ¢t < 1 there is a well defined, up to



10 ALEX FURMAN

isomorphism, ergodic II;-relation R; obtained from R by restriction to
a subset of measure ¢t. (Realizing (X, ) as the unit interval [0, 1] one
may think of R; as the restriction of R to the sub-interval [0, ¢]).

If R has an additional property that R, 22 R, for all 0 < ¢t # s < 1,
one says that R has a trivial fundamental group. Gefter and Golodec
[8] proved that orbit relations R = Rxr generated by free, ergodic,
irreducible m.p. actions of higher rank lattices I'" always have trivial
fundamental groups. (Recent work [5] of Gaboriau gives other classes
of such relations).

Regardless whether the fundamental group of R is trivial or not, all
restricted relations R; obtained from a given ergodic II;-relation R have
the same outer automorphism group: Out R; = Out R (see Lemma|2.2]).
Hence

Theorem 1.10. Let I' C G and (X, u,T) be as in Theorem[1.3 For
0 <t <1 letR; denote the (isomorphism class of) equivalence relation
obtained from R := Rxr by a restriction to a subset £, C X of mea-
sure (Ey) = t. Then {Ri}o<i<1 is a family of mutually non-isomorphic
ergodic equivalence relations of type 11y with the same outer automor-
phism group Out R, =2 Out Rx r. In particular, there exist uncountably
many mutually non-isomorphic ergodic relations with trivial outer au-
tomorphism groups.

Remarks. (a) In [3] Thm D (1)—(2) it is shown that for an ergodic
action (X, u,I") of a lattice I" in a simple higher rank Lie group
G, there is a countable set Mx C R so that for ¢ € (0,1)\Mx
the relation R; cannot be generated by a free (mod 0) action
of any group. Therefore Theorem [1.10| provides a variety of
examples of such exotic relations without outer automorphisms.
(b) In a recent work [I1] Monod and Shalom develop a new type of
"higher rank” superrigidity theorems for products of hyperbolic-
like groups. Using this new tool and the methods of the cur-
rent paper Monod and Shalom construct uncountably many non
weakly equivalent relations R of type II; with trivial OutR (see

[[1] Thm 1.12).

Organization of the paper. Section [2| contains some general facts
about II;-relations. In section |3| we discuss the Measure Equivalence
point of view which provides a convenient framework for the study of
Out Rxr/A*(X,T'). Special features of higher rank lattices, especially
superrigidity for cocycles, are used in section [4| in a construction of
[-equivariant standard quotients 7 : (X, ) — (G/I', mg/r) associated
to every [T] € Out Rxr \ A*(X,T"), which provide the proof of Theo-
rem In section |5 we recall some ergodic-theoretic applications of
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Ratner’s theorem for actions on homogeneous spaces. These results are
used in section [ to assemble the standard quotients for the proof of
Theorem [[.2], and in sections [7] and [§] to compute the outer automor-
phism groups for the standard examples. Section [9] contains the proof
of Theorem [L.6

2. GENERALITIES

Let R be an ergodic II; relation on a non-atomic probability space
(X, ). For readers convenience we include the proof of the following
standard fact

Lemma 2.1. For every measurable E, F C X with u(E) = u(F) >0
there exists T € InnR so that W(TEAF) = 0.

Proof. By [I] Thm 1, there exists an action (X, u,T’) of some count-
able group I' so that R = Ry r. Such an action is necessarily measure-
preserving and ergodic. For any measurable subsets A, B C X let
c(A, B) := sup,, u(yA N B). Ergodicity implies that c(A, B) > 0 when-
ever u(A) > 0 and u(B) > 0. Let Ey := E, Fy := F and define by
induction on n > 1 measurable sets F,, F;, C X and elements v, € T’
as follows: given F,, F), choose 7, so that

w(mE, N E,) > ce(E,, F,)/2

and let B,y := E, \ v, 'Fn, Fuy1 = Fy \ WaFEn. Set Ey = NE,,
F :=NF,. We have u(Ey) = u(Fy) because u(FE,) = p(F,) for all
finite n. In fact u(Es) = pu(Fx) = 0. Indeed, otherwise one would
have ¢(E,, F,,)) > ¢ := ¢(Fx, Fx) > 0 for all n, contrary to the choice
of v, at the stage where u(E, \ E,+1) < ¢/2. Hence E!, := E, \ E, 41
and F) := F,, \ F,41 constitute measurable partitions of E and F' re-
spectively. Defining T'(x) to be v,-z ifz € E/, and T'(z) = z for x ¢ E,
we get the desired T € InnR. 0O

Given an ergodic Ilj-relation R on (X, u), and a positive measure
subset £ C X we denote by Rg the restricted relation RN (£ x E) on

(E, pg), where pgp = u(E)~" - plg.
Lemma 2.2. For a measurable set E C X with pu(E) > 0
Out Rg = Out R.

Proof. First observe that any T € AutRg can be extended to a T €
AutR. To see this choose some measurable partition X = E U X; U
-+ Xn so that 0 < u(X;) < u(E); and choose measurable subsets E; C
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E with pu(E;) = p(X;). By Lemmal2.1]there exist S;, R; € Inn R so that
Si(X;) = E; and Ri(X;) = T(E;). Define T by T(x) = R;* o T o Si(x)
for v € X; and T(z) = T(z) for z € E to get a desired T € AutR.
This extension procedure is well defined on the level of outer classes.
In other words if 7,5 € AutR are some extensions of some 7,5 €

AutRpg, then [T] = [S] € OutRy iff [T] = [S] € OutR. Indeed for
p-a.e. x € X choose y € E so that x ~ y and observe that

T(x)~T(y)=T(y) and  S(y)=S(y) ~ S(x)

Hence T'(x) ~ S(z) for p-a.e. v € X iff T(y) ~ S(y) for pp-ae. y € E.

Thus there is a well defined injective map Out Rg — Out R, which is
easily seen to be a homomorphism of groups. To verify its surjectivity,
note that given any 7' € Aut R thereis an S € Inn R with S(T(E)) = E.
Thus 7" := S o T maps E to itself, and [T] = [T"] € OutR appears as
an extension of [1”|g] € Out Rg. O

For the rest of the section we consider a free (mod 0) ergodic m.p.
action (X, p,I') of some countable group I', denoting by Rx r the cor-
responding orbit relation.

Lemma 2.3 (Gefter [7] Lemmas 2.6, 3.2). Let (X, u, ') be a free m.p.
ergodic action of a countable group T'.
(a) If T has Infinite Conjugacy Classes then Aut(X,T)——A(X,T)
18 an isomorphism.
(b) If T has the property that any T € AutT" with 4™ = 7 on a finite
index subgroup v € 'y C I' has to be the identity, then

Ker(Aut*(X,I)——A*(X,T)) = {z +— v - a},er 2T

In particular, the conclusions of (a) and (b) hold for any free ergodic
action (X, 1, T') of an irreducible lattice T' in a semi-simple Lie group

G # SLy(R).

Proof. (a) Any 7' € Aut(X,I") N Inn Ry has the form T : z — &, - x
for some measurable z — &, € T" and satisfies T'(y-x) = v-T'(x). Hence

Vo w=7-T@)=T(y -2)=&av -
which gives &,., = 7& 7" because the action is assumed to be free
(mod 0). Thus the distribution &,uu of &, on I' is conjugation invariant,
and therefore is uniform on finite conjugacy classes of I, i.e. supported
on e. Hence T'(z) = x and Ker(Aut(X,I)——=A(X,T)) is trivial.
(b) Any T' € Aut™(X,I") N InnRx 1 satisfies

T(w)=& x,  T(y-x)=9"-T(v)
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which gives &,., =&y For £ e T let Fe :={z € X | & = &}
Then yEe = E,r¢y-1. Observe that for £ # & € I' one has p(E:NEg) =
0 because the action is free (mod 0). Hence choosing & € I' with
((Ee,) > 0 we have vyt = & (equivalently &, '77& = ) for all ~
in a finite index subgroup I'y C I'. It follows from the assumption that
7T = EgyEy ! forall y € T, so that T : o — & - .

Finally, for an irreducible lattice I' C G % SLy(R) the ICC is a stan-
dard fact (easy for the group G itself and follows for I" using Borel’s
density theorem), while the condition for (b) follows from the Strong
Rigidity Theorem. 0O

Given T' € Aut Ry define a measurable map o : I' x X — I by
T(y-2) = ar(y,2) - T(x) 2.1)

Note that ar (v, x) is well defined (mod 0) due to the freeness assump-
tion on the action. Furthermore, one easily verifies the cocycle property

ar(yem, ) = ap(ye, 11 - ) ap(y1, ©)

for all 71,7 € I" and p-a.e. © € X. The cocycle ap : I' x X — T
will be called the rearrangement cocycle associated to T' € Aut Ry p.
Rearrangement cocycles (as opposed to general ones) have the following
special property: for p-a.e. x € X the correspondence v € I' +—
ar(v,z) € T' is a permutation of I" elements.

Two (general) cocycles a, 3 : I' x X — I are said to be cohomologous
in T" if there exists a measurable map x — &, € T', such that

a(y,z) =&, By, 1) &
for all v € T and p-a.e. * € X. We denote by [a]r the equivalence
class of all measurable cocycles cohomologous (in I') to . Note the very
special cocycle ¢; : I' x X — T given by ¢;(y,x) = 7, and for a general
7€ Autl let ¢; : I' x X — I' stand for the cocycle ¢, (v,z) = 77.

Proposition 2.4. Let T, S € AutRxr be relation automorphisms,
[T],[S] € Out Rxr the corresponding classes, and ar,ag:I'x X — T’
denote the associated rearrangement cocycles. Then

(8) aus(7,2) = ar(as(y.z), 5()).

(b) ar=c¢1 & T € Aut(X,T).

(c) ar=c¢, < TeAut"(X,I).

(d) [ar]r = [erlr & [T] € AT(X,T).

Proof. For T, S € Aut Rxr compute
ToS(y-z)=T(as(v,2)-5()) = ar(as(y,z), S(x)) - T(S(x))
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This proves (a). Statements (b) and (c) follow from the definitions.

Proof of (d). Any [T] € AJ(X,T) can be represented by T = Ao J
where A € Aut’(X,T') and J € InnRp is given by J : = — &1 -z
Then for all vy € I and p-a.e. z € X

T(y-a) = A&y o) = (&27) - Al)
= (&a) & A 1) =G T)
where (, = ()" € I'. Hence
ar(7,2) = (a7 G (2.2)

and [ar|r = [¢/]r.
On the other hand, assuming that the rearrangement cocycle ag
associated with 7" € Aut Rp satisfies (2.2) for some 7 € AutI' and
a measurable z — (, € T, set & = (CJC)F1 and consider the map
A: X — X, defined by A(z) := (, - T(z). We have
A(’Y : l‘) = <’y~x : T(’Y : IL’) = C’y-x C;glcryq—gx : T(I)
= 7 (G T(z) =77 Alz)
The pushforward measure A, is absolutely continuous with respect to
i (recall that T" is countable) and I'-invariant. Ergodicity of the action
implies that A,u = p, so that A is invertible. Thus A € Aut™(X,T),
while the map J := A~! o T is a measure space automorphism. Since
o J(@) =& AT (T(2)) = A6 - Tlw) =«
the map J(z) = ¢!

- is an inner automorphism. 0

3. MEASURE EQUIVALENCE POINT OF VIEW

The following notion of Measure Equivalence Coupling, introduced
by Gromov in [9] 0.5.E and considered in [2] and [3] by the author, pro-
vides a very convenient point of view on orbit relation automorphisms.

Definition. A Measure Equivalence Coupling of two (infinite) count-
able groups I" and A is an (infinite) Lebesgue measure space (€2, m) with
two commuting, free, measure preserving actions of I' and A , such that
each of the actions has a finite measure fundamental domain.

We shall use left and right notations for the I' and A actions
VW YW, Al w i WA

in order to emphasize that the actions commute. For our current pur-
poses we shall only need self ME-couplings (22, m) of T', i.e. Measure
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Equivalence Couplings of I" with itself. Given such a coupling (€2, m)
let X,Y C Q be some fundamental domains for the right and the
left T-actions on (€2, m) respectively. Define the associated measurable
maps
A=Ay I'x X =T p=py: Y xI'—->T

by requiring that for a.e. z € X (resp. y € Y') one has yz € X\(~, z)
(resp. yvy € p(y,7)Y). The left I'-action on Q/T" (resp. the right I'-
action on I'\Q2), always denoted by a dot ”-”, can be identified with the
measure preserving ['-action on X with the finite Lebesgue measure
myx = m|x (resp. on Y with my = m|y) defined by

vx=yzAy,2),  yey=py.7) Yy

With respect to these left and right I'-actions Ax and py become mea-
surable left and right cocycles respectively, namely satisfy:

A2, ) = Ay, 72 - ) A (2, @), p(y, 172) = p(y,1)p(Y - 71,72)

We shall say that a self ME-coupling (€2, m) is ergodic if the I-action
on (X, m|x) is ergodic, which is equivalent to the ergodicity of the
[' x T-action on the infinite space (22, m) (see [2] Lem 2.2).

With the fundamental domain X C Q for /I' being fixed, all fun-
damental domains X’ C Q for Q/I" are in one-to-one correspondence
with measurable maps = — &, € I': given a fundamental domain X’
one sets §, =, if vy € X', while given a measurable x — £, € ' one
takes

X' i={xg |z € X}
The left I'-actions on X’ and X are naturally identified via 6 : X — X",
0:x+— x&,, and the cocycles A\x : I'x X = ', Axs : ' x X! — T" are
conjugate

Axr(7,0(2)) = €4 Ax (1, 2) & (3.1)
Similar statements hold for the right actions, their fundamental do-
mains and the associated cocycles.
If X C Qis a fundamental domain for both left and right I'-actions,
we shall say that X is a two-sitded fundamental domain.

Lemma 3.1 (see [3] Thm 3.3). Let (2,m) be an ergodic self ME-
coupling of some group I', and let X,Y C Q be right and left fun-

damental domains for Q/T and T\ respectively. Then Q admits a
two-sided fundamental domain Z iff m(X) = m(Y).

Proof. Obviously all left fundamental domains have the same m-
measure and the same holds for right fundamental domains. Thus
the existence of a two-sided fundamental domain Z implies m(X) =
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m(Z) = m(Y). Now assume that m(X) = m(Y). It is well known that
ergodic m.p. actions on finite or infinite Lebesgue spaces the full group
acts transitively on sets of the same measure (Lemma [2.1 for the finite
measure case). Using the ergodicity of the I' x I'-action on (€2, m) the
condition m(X) = m(Y') implies that there exist measurable partitions
X =U;; Xij, Y =U;,; Vi and elements 7/ € I' and v/ € I, so that
Y;;’j = ’YZ{_IXZ'J’Y}/. Then

U Xy and U 1Y
i,j 1,J

give the same set Z C (2. Being formed by piecewise right ['-translates
of X 2 Q/T', the set Z is a right fundamental domain for Q/I'; and at
the same time being formed by piecewise left I'-translates of Y = I"\(,
the same set Z is a left fundamental domain for I"\§2. O

Now consider a free m.p. action (X, i, I') of some countable group T’
and let Rxr be the corresponding orbit relation. Given T' € Aut Rx
consider the infinite measure space (2,m) := (X X I', u x mr) with
two commuting I'-actions, as usual written from the left and from the
right:

(2, 7) = (@, ar(y,2)y),  (,7) 72 = (7,772)

where ar : I' x X — I' is the rearrangement cocycle associated with
T € Aut Rxr. The space (£2,m) with thus defined I' x I'-actions forms
an ergodic self ME-coupling of I', because X := X x {er} C Qis a
two-sided fundamental domain. The fact that X is a right fundamental
domain is obvious. To see that X is a left fundamental domain recall
that for a.e. = € X the map v — ap(y,x) is a bijection of I, so for
m-a.e. (z,71) there is a unique v € I’ with ar(7y,z) = ;" which gives

v (z,7) = (v -z, ar(y,2)1) € X = X x {e}
Also observe that
AX(/% l’) = aT(77 ZE) (32)

Lemma 3.2. Let (2,m) = (X x I',u x mr) be a self ME-coupling
corresponding to T' € Aut Rxr. There is a one-to-one correspondence
between two-sided fundamental domains X' C Q0 and

T/ € Aut RX,F with [T/] = [T] € Out RX,F (33)
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where X' = {(z,&,) | © € X} corresponds to T' : x — &1 T(x).
Moreover

aT’(f% [E) = /\X’(’% (CL’, g:ﬂ)) = g;i/\X(f% (ZE, 6)) §o = é;iaT(’% I) 1

Proof. Suppose that X’ ¢ Q = X x I' is a two-sided fundamental
domain. The fact that both X = X x {e} and X’ are right fundamental
domains implies that X’ is of the form {(x,&,) | # € X} for some
measurable ¢ : X — I'. In order to verify (3.3) for the map 7" :
X - X, T:z— &1 T(x), it suffices to check that T” is one-to-one
(mod 0), the relations between the cocycles agr, Ag/, Ay and ap being
straightforward.

Assume that T"(z) = T"(y) which means ;' - T'(z) = &' - T(y).
Then T'(z) and T'(y) are on the same I'-orbit in X, and so are x and
Yy, i.e. y =y -x for some v € I'. Thus

& T(x) =&, -T(y-2) =&, ar(y,z) - T(x)

which means that &,., = ar(v,2)&,. In Q we have

7(x7£2) = ('7 © T, CYT(’Y, $)§x) = (7 K2 5’733)

with both (z,&,) and (v-z,&,.) in X'. Since X’ is a two-sided funda-
mental domain, in particular a left fundamental domain, it follows that
v =e and x = y. Hence T” is indeed a measure space automorphism
of (X, u) and the rest of its properties follow automatically. The fact
that 7" as in (3.3)) gives rise to a two-sided fundamental domain X" is
proved by back tracking the above argument. 0O

Next consider an equivariant quotient map ® : (Q,m) — (2, mg) of
self ME-couplings of I'; i.e. a measurable map ® : {2 — )y such that

d.m = myg and O (ywy2) =71 P(w) 12

Observe that the preimage X := ®'(Xj) (resp. YV := & 1(Yp)) of
any right fundamental domain X, C g (resp. any left fundamental
domain Yy C ) is a right (resp. left) fundamental domain in Q. If
X = &71(X,) we shall say that X C Q and Xy C Qg are ®-compatible.
Note also that if (2, m) is an ergodic coupling then so is (£29,mg), and
if (2, m) admits a two-sided fundamental domain then

mo(Xo) = m(X) =m(Y) = mo(¥o)

so that (€, mg) also admits a two-sided fundamental domain Z,, and
taking Z := ®1(Z,) we obtain a two-sided fundamental domain for
(Q, m) which is ®-compatible with Zy C Q.
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Observe that for ®-compatible right fundamental domains X C
and Xy C Qg one has

)\X (77 w) = )‘Xo (7a (I)(w»
Realizing the natural left I'-action on (€2, m)/I" by the I'-action

73x'—>V'«T:’Y$)\X(%$)_1
on a P-compatible fundamental domain X C (2, one obtains a I'-
equivariant quotient map X i>X0 which is a concrete realization of

the left I'-equivariant map (Q, m)/T" — (29, mg)/T" defined by ®. This
discussion is summeraized by the following

Proposition 3.3. Let (X, u,I") be a free, ergodic, measure preserv-
ing action, T € AutRxrpr and let (Qp, m) be the corresponding self
ME-coupling of T'.  Assume that (Qr;,m) has an equivariant quo-
tient ME-coupling ® : (Qpr,m) — (Qo,m0). Fiz a two sided funda-
mental domain Xo C o, denote by (Xo, po, ') the left T-action on
(Xo, o) = (20, m0)/T, and let

T (X,M7F) - (XOMU’O?F)

denote the I'-equivariant quotient map induced by ®. Then there exists
aT € AutRyr with [T] = [T] € Out Rxr so that

ap(7, %) = Ax, (v, 7(2)).

4. SUPERRIGIDITY AND STANDARD (QUOTIENTS

In this section we specialize to actions of irreducible lattices I' in
higher rank semi-simple Lie groups G.

Proposition 4.1 (see [2] Thm 4.1). Let G be a semi-simple, con-
nected, center-free, real Lie group without non-trivial compact factors
and with tkr (G) > 2. Let I' C G be an irreducible lattice and (X, p, T")
be a measure preserving, ergodic, irreducible, essentially free I'-action.
Given any T € Aut Ry p let (Qpry, m) be the associated self ME-coupling
as in section[d Then there exists a well defined class [r] € Out G so
that given any representative T of [T] there exists a measurable map

® : Qi — G defined uniquely (mod 0) so that
O(riwr2) =1 ®W)r (2 el)
and one of the following two alternatives holds:

(a) either ®,.m coincides with the Haar measure mg on G, normal-
1zed so that I' has covolume one, or
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(b) ®,m is an atomic measure of the form

Lk
k Z Z 5gw
i=1 ~vel
where {g;}§ C G are such that {g:T,..., gL'} is a single finite
7(I')-orbit on G/T. In particular, I' has a subgroup I'y of index
k so that T(T'y) has index k in ¢Tg;', and 7(T') and T are
commensurable.

If the T-action on (X, p) is aperiodic, then either (a) holds or in alter-
native (b) we have k = 1 which means that

(b)) ®.m coincides with the counting measure mps onI" = 7(I') C G
where 7(T') = gl'g™! for some g € G.

This proposition is essentially [2] Thm 4.1, the proof of which is
based on Zimmer’s superrigidity for cocycles and Ratner’s theorem. In
[2] the statement is formulated in a slightly different form and only for
lattices in higher rank simple Lie groups. Since we need some details
of the proof to be used later, we include the main arguments here.

Fix a T' € Aut Rx r representing [T'] and consider the rearrangement
cocycle ap : I' x X — I' C G as a G-valued cocycle. This cocycle is
Zariski dense in G (this is a form of Borel’s density theorem, see [17]
p. 99, or [2] Lemma 4.2). Thus the assumption that I" is a higher rank
lattice with an irreducible action on (X, u) allows to apply Zimmer’s
superrigidity for measurable cocycles theorem [17] (in [2] Thm 4.1 we
did not use irreducibility of the action and therefore had to restrict the
discussion to lattices in higher rank simple groups G). Hence there
exists a Borel map ¢ : X — G and a homomorphism 7 : I' — G, so
that

ar(y,x) = ¢(v-2)7 7" ¢(x) (4.1)
for v € I' and p-a.e. x € X. By Margulis’ superrigidity 7 extends to a
G-automorphism and we denote by 7 € Aut G this extension. Defining
the map @ : Q7 = X xI' = G by
(@) == Bla)y (4:2)
one verifies
O(y(z, 7)) = (-, ar(n,z)y72) = ¢ - )ar(v, )17
= o -x)d(m-2)7' (@) 77
= 1 ®(z,7)7

Choose F' C G a Borel fundamental domain for G//T" and let X' =
®~1(F). Hence X' C Q) is a fundamental domain for Qr/I" so that
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m(X') = 1. This implies that the pushforward measure mg := ®.m
on G has mo(F) = 1 (in particular my is finite on compact sets) while
the restriction mg|r defines a regular Borel probability measure po on
G/T', which is invariant and ergodic for the left 7(I")-action.

An application of Ratner’s theorem (see [2] Lem 4.6 with an easy
modification needed to handle semi-simple rather simple Lie groups)
implies that j is either (i) o = mg,r - the normalized Haar measure
mg,r, or (ii) is an atomic measure.

In case (i) the map @ defined in (4.2) clearly maps m on 7 to the
Haar measure mg¢ as in Proposition 4.1{(a). The uniqueness statements
in Proposition {4.1] follow from [2] Thm 4.1.

In case (ii) the atomic 7(I')-invariant measure pp on G/I' has to
be concentrated on a single finite 7(I')-orbit {¢T',. .., gxI'} with equal
weights 1/k. Let I'y be the stabilizer of ¢;I' € G/I". Then [[': I'1] = k
and 7(T'1)g:I = ;T i.e. 7(I'y) has index k in g;Tg; "

The preimage Q; = @ 1(¢T) is I'; x T-invariant set which gives rise
to a measurable I';-invariant subset X; of X with u(X;) = 1/k. If -
action on (X, u) is aperiodic, then necessarily k = 1 and mo = 31 64,
and 7(T") = gl'g™". O

Remark. The uniqueness of ®(7) in particular implies that the re-
arrangement cocycle ar can be written in the form with the mea-
surable map ¢ : X — G being uniquely defined (mod 0) as soon as
a representative 7 € Aut G of [7] € Out G is chosen. Hereafter this
unique “straightening” map ¢ will be denoted by ¢ ;.

Theorem 4.2 (Standard Quotients). Let G be a semi-simple, con-
nected, center-free, real Lie group without non-trivial compact factors
and with tkr(G) > 2; I' C G - an irreducible lattice and (X, p,T)
be a measure preserving, ergodic, irreducible, essentially free I'-action.
Then every [T] € Out Rxr defines a unique class [t] € Out G such that
given any representative T € Aut G of [r] there is a measurable map
m: X — G/T, defined uniquely (mod 0) and satisfying

m(y ) =7(y) - 7(x)
for p-a.e. x € X and all v € I'. There are two alternatives:
either the following equivalent conditions hold:

(al) the distribution of ¢r..(x) on G is absolutely continuous with
respect to the Haar measure mg;

(a2) mp = mgr - the G-invariant probability measure on G /T';

(a3) there exists T € Aut Ry p with [T] = [T] and m(z) = o7 () T
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or the following equivalent conditions hold:
(bl) the distribution of ¢r..(x) on G is purely atomic;
(b2) Ty = k732 0,0 where {giT, ..., T} is a finite 7(T)-orbit
on G/U; T' contains a subgroup 'y of index k so that T(I'y) is
a subgroup of index k in ¢g:Tg;; and X, = 7' ({g:'}) is a
['y-ergodic components of (X, u) with u(Xy) = 1/k;
(b3) there exists T € Aut Rx.p with [T] = [T] and
¢ () =g forp—ae xe€ X CX.
If T'-action on (X, u) is aperiodic then conditions (al)-(a3) above are
equivalent to
(ad) [T] ¢ A*(X,T),
while their alternatives (b1)—(b3) are equivalent to
(b4) [T] € A*(X,T);
moreover in (b2)—(b3) one has k = 1 and these conditions take the
following form.:
(b2') T = 8- where g € G satisfies T(I') = gLg™!;
(b3") there exists T € Aut Ry with [T] = [T] and
o7 . (T) =g for p—a.e. x € X.

Proof. Consider the self ME-coupling (€7}, m) with the corresponding
outer class [7] € Out G. Given a choice 7 € Aut G of [7] let

(I)Q[T}—>G

be the 7(I") x [-equivariant map as in Proposition . Then ¢ uniquely
defines a measurable map

7 (X, )= (Qp,m)/I' = G/T, w(y-z) =" 7(z)
Let us show that the alternatives (a) and (b) in Proposition [4.1]| yield
mutually exclusive conditions (al)—(a3) and (b1)—(b3) respectively.
In case (a) where ®,m = mg, (al)—(a3) follow from Proposition
and the construction (4.2) of ®.
Case (b): ®,m = k™! Zle > et O Where {1, ..., g, T'} is a single
7(I')-orbit on G/T". Condition (bl) is clearly satisfied. Let

Ii={yel | vyal=gl'} and  X; =7 '({g}).

where 7 : X — {g1[, ..., gx'} is the I'-equivariant map above. Then
conjugate groups I'; have index £ in I', and I' permutes the disjoint sets
X; (and so u(X;) = 1/k) while each X; is I'-invariant for i = 1,... k.
Moreover T'; acts ergodically on X; because Ry, r, = Rxr N (X; x X;).
This proves (b2).
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The set Xog = {g1, ..., gr} forms a fundamental domain for the 7(I") x
I'-action on G. The corresponding cocycle Ay, satisfies

Avo(vog1) =97 (meTly)

Applying Proposition we obtain 7' € Aut Rxr with [T | =1T] €
Out Rxr and

ap(7,2) = Axo (7, 7(2)) = 977" (4.3)
for all y € Ty and ae. z € X1 =7 {({g:1I'}) = ®71({g1}). We deduce
that ¢4 (r) = g1 for z € Xy, proving (b3).

If the T-action (X, p) is aperiodic, one has k = 1 so that (b2), (b3)
take the form of (b2’), (b3’). Condition (b3) follows from (4.3 and

Proposition [2.4)(c). The latter also explains why (b4) is incompatible
with (al)—(a3). 0

Proof fo Theorem (1.1 For 7 € AutG the I'-action on G/77(T)
is isomorphic to the 7-twisted I'-action on G/T", both with the Haar
measure. Since (X, p, ') is assumed not to have these actions among
its measurable quotients, any 7" € AutRxp fails condition (a2) in
Theorem [4.2] while satisfies the alternatives (b1-4), which means that
7] € A*(X,T). 0O

5. SOME APPLICATIONS OF RATNER’S THEOREM

In this section we recall some applications of Ratner’s Theorem (see
[12] and references therein). Note that in these results there are no
restrictions on the rank of the semi-simple group G. In fact the results
remain true whenever G is a connected Lie group generated by Ad-
unipotent elements and I' C G is a closed subgroup so that G/T" carries
a G-invariant probability measure.

Theorem 5.1 (cf. Ratner [I12] Thm E2). Let I be an irreducible lattice
in a semi-simple connected real Lie group G, A and N be lattices in
some connected Lie groups H and H', p: G — H and p' : G — H' be
continuous homomorphisms such that the I'-actions

v hA = p(y)hA, oy WA = ()N
on (H/A,mp/n) and (H'/N ,mp ) are ergodic. Assume that there
exists a measurable I'-equivariant quotient map

m: (H/N,myp)—(H' /N mgp)
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Then there exists a t € H' and a surjective continuous homomorphism
o:H — H' such that
(i) o(A) is a finite index subgroup of N\,
(ii) w(hA) =to(h)A' for a.e. h € H,
(iii) oo p(vy) =tp/ (Mt fory eT.
If w is one-to-one then o : H — H' is an isomorphism and o(A) = A'.
In particular, for the above I'-action on (H/A,mpg/y)

Aut*(H/A,mp/p,T') = Naga/ay(p(I))

In [15] Witte considers a more general question of a classification
of all measurable equivariant quotients (H/A,mg/x) — (Y, v) showing
that (Y,v) has an algebraic description (slightly more general than
H'/A" as above). However Theorem suffices for our purposes. It is
deduced from the more general Theorem below by considering the
measure v on H/A x H'/A" obtained by the lift of mp/y to the graph
of m: H/IA— H'JN.

Theorem 5.2 (cf. Ratner [12] Thm E3). LetI' C G, AC H, ' C H',
p:G— Handp : G— H' beasin Theorem[5.1 Let v be a probability
measure on H/A x H'/N which projects onto mp/n and My, and
is invariant and ergodic for the diagonal T'-action

vt (AN = (p(V)hA, o (7)RA)

Then there exist closed normal subgroups N < H, N' < H', an element
t € H'/N' and a continuous isomorphism o1 from Hy := H/N to
H{ := H'/N', so that
(i) Ay := AN C Hy and A} := A'N" C Hj are lattices,
(ii) There are finite index subgroups Ay C Ay, A} C A} so that
o1(Ar) = A,
(iii) o1 0 p(y) =tp' (Nt for y €T,
(iv) The measure v is N x N'-invariant and its projection vy to
Hy /Ay x H{/A| can be obtained from the lift my of mp, /a, to

the graph of Hl/AlLH{/A’l where f(hAy) = toy(h)Aq, by
v1 = p.my where p is a finite-to-one projection

(Hy/Ax) x (Hi/A)=(Hy/Ar) > (Hi/A).

Theorem [12] E3 and its corollary [I12] E2 were proved by M. Ratner
as an application of the main theorem ([12] Thm 1). In all these results
the acting group is assumed to be generated by Ad-unipotent elements.
In order to deduce the results for actions of lattices I' C G, needed for
our purposes, one uses the suspension construction replacing the I'-
invariant measure v on H/A x H'/A' by the G-invariant measure v
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on G xpr H/A x H'/A" and applying Ratner’s classification of invariant
measures ([12] Thm 1) to the action of the semi-simple group G' which
is generated by Ad-unipotents. The reader is referred to the paper [13]
of Shah (Corollary 1.4) or Witte ([I5] proof of Corollary 5.8) for the
precise argument.

6. PROOFS OF THEOREM AND COROLLARY [L.3l

Proof of Theorem [1.2} Let I' C G and (X, x,I') be as in Theo-
rem [1.2] and let n := [OutRyp : A*(X,T)] € {1,2,...,00}. If n =1
there is nothing to prove. If 1 < n < oo set Ty = Id and choose repre-
sentatives T; € AutRxr, 1 <1i < n, for the cosets A*(X,I')\Out Rx .
In other words choose T; so that for 0 <17 # j < n we have

(T3] ¢ A"(X,T)

Since [T;] ¢ A*(X,T) for 1 < i < n, by Theorem [4.2](a) there are
7; € Aut G and measurable maps 7; : X — G/I" satisfying

(Ti)spt = mayr, mi(y - x) =" m(x)
It remains to prove that the map
n—1
T X—][[e/r,  wl@) = (m@),m(@),...)
i=1

takes p1 onto the product measure megn-1/rn-1 = H?:ll mg . We shall
prove by induction on finite k in the range 1 < k < n that the map
70 (2) := (7 (z), ..., m(z)) satisfies

TS Mk /rk (6.1)

(Note that this is sufficient even if n = co because the infinite product
measure is determined by its values on finite cylinder sets). The case

k = 1 is covered by Theorem [£.2)(a2). Assuming (6.1) for & — 1 we
apply Theorem [5.2] to

H := G+t A =Tkt pPi=Tp X 0 X Tp_q

H =G AN =T p =T

and the probability measure v := 7.7y on H/A x H'/N = G*/T*.
By the induction hypothesis v projects onto mpg/, in the first factor,
and as [T}] € A*(X,I"), v projects onto my/as in the second factor. If
N = H = G*! then necessarily N’ = H' = (G, so that

V=mMg/A X My'/N = mgk Tk

proving the induction step.
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It remains to show that the other alternative, namely N < G*!
and N’ < G being proper normal subgroups, cannot occur. By Theo-
rem[5.2(i) Ay = TN’ C G/N’ forms a lattice in G/N’ which is possible
only if N’ = {e} because I' C G is irreducible. Thus N <G~ is such
that G*¥=1/N = G and T*"IN forms a lattice in G*"1/N = G. This
means that for some j € {1,...,k — 1}

N=A{(g1,- 9k1) €G* " | gj = ¢}
01((917 s 7gk—1)N> - U(gj)

where o € Aut G is such that for some t € G, 0o 7;(g9) = t7p(g)t ™ and
o(A) = A’ for some finite index subgroups A; A’ C I'. In this case the
distribution v4 of the pairs (7;(x), 7(z)) on G/T' x G/T is a projection
under the finite-to-one map

G/AxG/A'— G/T x GJT
of the measure m; which is a lift of mg/a to the graph of
[:GIA—GIN,  f(gA) = to(g)A

By Theorem 4 9(a3) there exist T} and Ty € Aut Ry with [T}] = [T}],
(T3] = [T3] so that for i = j, k the rearrangement cocycles

a;=ap I'x X—T

satisfy a;(v,2) = ¢;(v - )"t ¢s(x) with m;(z) = ¢;(z)T. The struc-
ture of the distribution vy of (mj(x), mx(z)) described above implies
that the distribution of (¢;(z)?) '¢x(z) on G is purely atomic. Let

=T, o0 Tj_l € AutRyr and let 0/ € AutG and ¢ = ¢g, : X — G
be such that

as(v,z) =(y-2) " 7 Y(a)

Applying Proposition (a) to T}, =S o’fj we obtain that for all v € T’
and p-a.e. x € X

oy 0) 9™ ou(a) = an(y,2) = as (a;(7.2), T(a))
v (037 2)  Ty()) eyl ) (T ()

v (13- x))‘l (6,727 65())” (T3 (@)
(460

2 WG 2) 7 (95



26 ALEX FURMAN

Replacing ¢’ by 0 € Aut G (so that 7, = 0 o7;) and changing ¢ = ¢g
to ¢g, accordingly, we deduce that

ox(z) = 6;(2)” ¢s0(T5(2))
(¢5(2)°) " dnlx) = dso(Tr(x))

S
Since the distribution of (¢;(z)7) ¢ (z) is purely atomic, it follows
from Theorem [4.2](b) that [S] € A*(X,T) an
il

[S) = [Tx o T;'] = (T[T, 1GA*(XF)

contrary to the choice of [T;]-s. Hence the induction step is verified and
the proof of Theorem [T.2]is completed. 0

Proof of Corollary Suppose that [Out Rxr : A*(X,T")] > n > 1.
Theorem provides a ['-equivariant quotient map

T (X, D) —(G* T mgn-1ypn-1,T)

where in the right hand side I' acts diagonally in each of the factors
(G/T,mqr,I'™). For diagonal actions the entropy is additive, so for
every v € I' one has

hMX,y) > WG/ MGn-1/rn-1, )
= Y WG/T,mgr,y™) = (n—1) - x(Ad~)
=1

which gives .

In the context of smooth actions of I' on a compact d-manifold X
another application of superrigidity for cocycles allows to express the
entropies h(X, p,7y) of elements v € I" via eigenvalues of d-dimensional
G-representations. More precisely, (see Furstenberg [4] Thm 8.3, or
Zimmer [17] 9.4.15) either h(X, u,v) =0 for all v € ', or h(X, u,v) =
X(p(7)), v € T, for some representation p : G — GL4(C). In particular
one has

f h(X, p,7) < max inf X0 x(p(7))
7 X(Ady) ~ dimpza v x(Ad7)’

Let us point out that in the above cited references the I'-action on X
and the measure p were assumed to be C?-smooth, in order to apply
Pesin’s formula. However for the inequality one only needs the
upper bound

(6.2)

WX 7)< max x(p(7)), v €D
im p<d
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which, being based on Margulis-Ruelle inequality, holds under C!-
assumption on the action and does not require any regularity assump-
tions on the measure p.

Using Borel’s density theorem one may extend the inf in from
v €I to g € G, obtaining the claimed estimate

[Out Ry : A*(X,T)] < 14 Wg(d).

For a given G the function Wg(d) can be computed explicitly in terms
of the weights of irreducible representations, but here let us confine the
discussion to a general estimate Wg(d) < d?/8, suggested to me by
Dave Witte, whom I would like to thank. For k > 2 let o, denote the
(unique !) irreducible representation oy of SLy(R) in dimension k. If
h denotes the element diag(e,e™!) € SLy(R), then the eigenvalues of
op(h) are {e*172% | i =1,... k} so that

X(ou(h) = Y (k+1—2i) <k*/4

i<k/2

Given a d-dimensional G-representation p choose a subgroup SLy(R) ~
Gy C G, and let g € G correspond to h € Gy above. The restriction
pla, of p to Gy splits as a direct sum of irreducible Gy-representations

o4, with > d; = d. Thus

X(p(9)) = x(oa,(h) < 1/4Y d? < d*/4
At the same time x(Ad ¢(g)) > x(Ad s, m)(h)) = 2, which gives
Wel(d) < d?/8.

7. STANDARD EXAMPLES WITHOUT G/I" QUOTIENTS

In this section we prove 1.8 applying Theorem [1.1]

Proof of Theorem [1.4l Let us first verify the ergodicity and aperi-
odicity of the T-action on TV. Let f € L2(TV) — f € (2(Z") denote
the Fourier transform. For A € SLy(Z) one has f/o\A — A'f. There-
fore if f € L*(TY) is an invariant vector for a subgroup A C SLy(Z)
then f € (2(ZN) is a Al-invariant vector, and f is supported on finite
Al-orbits on Z¥. Thus if T fails to act ergodically on T, then p(T')?
has a non-trivial finite orbit on Z, and for some finite index subgroup
[V C T there is a non-trivial fixed vector for p(I")! in Z¥ c RY. Since
p : G — SLy(R) is rational, Borel’s density theorem implies that all
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of p(G)' C SLy(R) has a non-trivial fixed vector, and since p(G) is
totally reducible p(G) also has non-trivial fixed vectors contrary to the
assumption. Thus I' acts ergodically on TV, and since the arguments
apply to any finite index subgroup of I', this action is aperiodic.

The T-action on TV can be assumed to be free. Indeed SLy(Z) acts
freely (mod 0) on TV and so does p(I') 2 T.

Next we claim that the system (T™, T") does not have (Ad G/T”, AdT)
as a measurable quotient. In the case of I' C SL,(Z) acting on T™,
n > 2, this is easily seen from the entropy comparison: for v € SL,,(Z)
with eigenvalues A1, ..., \, one has

W(T",y) =) log" [N, W(AAG/T,7) =) log" [\i/Al
% %,]

where I" is any lattice in AdG = PSL,(R). Since |dety| = 1, i.e.
> log|Ai| = 0, one has a strict inequality h(T",v) < h(AdG/T",v) as
soon as -y has at least one eigenvalue off the unit circle. For the general
case we resort to a more complicated argument described below.

Now Theorem [1.1] (or rather its simple modification needed to handle
finite center) gives

Out Rpny p 2 A*(TV, T) = Aut*(TY,T)/T.

Evidently any o € GLx(Z) which normalizes p(I") gives rise to the map
T, : x — o(z) of TV which lies in Aut*(TY,T).

Claim 7.1. The correspondence o — T, is an isomorphism
Nery(z)(p(T)) = Aut*(TV,T).

The correspondence o — T, is clearly a monomorphism of groups.
To show its surjectivity consider a general T € Aut™(TV,T") and let
v denote the lift of the Lebesgue probability measure mrp~ on TV
to the graph of 7. Thus v is a probability measure on TV x TV =
(RN x RN)/(Z"N x ZN) which is invariant and ergodic for the (p x po
7)(I")-action v : (z,y) — (p(7)(x), p(77)(y)). Witte’s [I5] Corollary 5.8
(based on Ratner’s theorem) allows to conclude that v is a homogeneous
measure for some closed subgroup

MC (pxpor)(T)x (RN x RY)

The connected component M; of the identity of M can be viewed as
a subgroup of R x R¥. The fact that v is a lift of my~ to a graph
of a m.p. bijection T : TV — T¥, and the fact that RY is connected
while ZV is discrete, leads to the conclusion that M, ¢ RY x R¥
projects onto RY in both factors in a one-to-one fashion. Hence M, =
{(z,0(z)) | = € R"} where 0 € AutR"™ which preserves Z", i.e.
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o € GLy(Z), and T has the form: T(z) = o(z) +t where t € TV is
such that

agop(y)(z)+t=p()(o(x)+1).

The latter means that ¢ is p(I')-fixed and op(y)o™t = p(77). An ar-
gument similar to the one for aperiodicity of the action (based on the
assumption that p(G) has no non-trivial fixed vectors), implies that ¢
has to be trivial, so that 7" is of the form 7, where o € Ngr,(z)(p(I)).
The Claim is proved.

It remains to show that TV does not have Ad G/T" as a measurable
[-equivariant quotient. It follows from Witte’s [I5] 5.8 that measur-
able I'-equivariant quotients of TV = RY /Z" have the form K\R"™ /A
where ZV C A C R is a closed I'-invariant subgroup and K is a
closed subgroup of Aff(RY/A) centralizing I'; moreover K is acting
non-ergodically on RY/A. The latter space can be identified with a
quotient torus T", n < N, on which I' still acts by automorphisms,
so that K becomes a subgroup of GL,(Z) x T". We claim that the
[-action on K\T™ cannot be measurably isomorphic to the I'-action
on Ad G/I" because the former cannot be extended to a G-action. In
fact the I'-action on K'\'T™ cannot be extended to a measurable action
of the smaller group - the commensurator

A= Commg()={geG|[[:¢g ' TgNT] < oo}

which is a dense subgroup in G (follows from Margulis’ arithmetic-
ity results [10]). Indeed, let g — T, g € A, denote a hypothetical
extension of the I'-action on K\T™ to some measure-preserving A-
action. For any g € A there are finite index subgroups I';,I's C T' so
that 7, : v — gyg~' is an isomorphism 'y — TI's. Thus 7, satisfies
Ty(y-x) = 14(y) - T,(z) for a.e. x € K\T" and all v € I';. Arguing
as in the proof of Claim one shows that such 7, has to have an
"algebraic” form, i.e. to be induced by a linear map p(g) € SL,(R)
which has to preserve the lattice Z". The fact that the embedding
[' — SL,(Z) cannot be extended to the commensurator A D T' gives
the required contradiction. 0O

Proof of Theorem|[1.5] By Margulis’ Normal Subgroup Theorem [10]
(4.10) the homomorphism p : I' — K is actually an embedding (recall
that G and hence I' are assumed to be center free). Thus without loss
of generality we can assume that the proper subgroup L C K does not
contain non-trivial normal factors of K (otherwise dividing by these
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factors we still remain in the same setup). This means that the K-
action ky : kL — kikL is free (mod 0) and so is the ergodic I'-action
(K/L,mg/r,I'). This I'-action is aperiodic: being connected K admits
no proper closed subgroups of finite index, and therefore any subgroup
[’y C T of finite index has a dense image p(I'1) in K and acts ergodically
on (K, mg) as well as on its quotient (K /L, mg/r). Furthermore, such
an action is irreducible - see Zimmer [16] Prop 2.4. Clearly the discrete
spectrum [-action on K/L cannot have equivarient quotients of the

form G/I'. Hence Theorem gives
Out R(K/L,F) = A*(K/L, F)

In Theorem K/L is a homogeneous space (recall that being con-
nected K has to be a Lie group). However, Theorem (or Ratner’s
theorem, in general) does not apply to this situation because the acting
group is not generated by Ad-unipotent elements. Yet the following
general result describing Aut®(K/L,T") can easily be obtained by direct
methods.

Proposition 7.2. Let K be a compact group, I' C K a dense subgroup
and L C K a closed subgroup. Then the left T'-action on (K/L,mgk/r)
s ergodic and

Aut(K/L,T) = Ng(L)/L

Aut™(K/L,T) = Nag/)(l)
Remark. In the particular case of L = {e} the first assertion, i.e.
the isomorphism Aut(K,I') = K, is easy seen as follows. Any T €
Aut(K,mg) can be written as T(k) = kt,' where k — t;, € K is
a measurable map. Then T'(y - k) = ~ - T'(k) translates into an a.e.
identity t,., = t5. Since I' acts ergodically on (K, my) the map k — ¢
is a.e. a constant t € K, i.e. T(k) = kt. The correspondence T' €
Aut(K,I") — t € K is easily seen to be an isomorphism of groups.

Proof of Proposition [7.2] Given T € Aut”(K/L,T) let v be the lift
of mg/r to the graph of T'on K/L x K/L, and let

R = {(k’l,k’g) e K xK ’ (kl,kg)*l/ = I/}.

R C K x K forms a closed (hence compact) group, containing {(v,77) |
v € I'}. The projections p;(R) of R to K are closed and contain I
Hence R projects onto K in both coordinates. We claim that

Ry :={ke K| (k,e) € R}, Ry:={ke€ K| (e k) € R}

are closed normal subgroups in K. Indeed, for r; € R; and k € K
there exists a ky € K so that (k, k2) € R, and

(k’, k?g)_l(rh 6) (k}, k’g) = (k’_lT’l k’, 6) €ER
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shows that k~'r;k € R;. Thus R, < K and similarly R, < K.

Since v disintegrates into Dirac measures with respect to mg,, under
the projections p; : (K/L) x (K/L) — K/L, the R;-actions on K/L
should fix mg/,-a.e. point of K /L. This means that R; C L, and since
L is assumed not to contain non-trivial normal factors of K, R; = {e}
for © = 1,2. Hence R has the form

R={(k0(k) | ke K}

for some bijection § : K — K which has to be a continuous isomor-
phism, because R C K x K is a closed subgroup.

By definition of R for all & € K and mg/r-a.e. kL, the point
(kki1L,0(k)T(k1L)) is on the graph of T, i.e. T(kkiL) = 0(k)T(kiL).
Thus T has the form T(kL) = 6(k)tL where t € K is such that 6(L) =
tLt~'. Such T can also be written as T(kL) = to(k)L where o(k) =
t=*0(k)t, in which case ¢ € Nayr(L). Thus T comes from an affine
map a,; € Aff(K/L). We conclude that Aut*(K/L,T") coincides with
Nasryn) (L)

Finally, an affine map a,; is in Aut(K/L,T") if for all v € I and a.e.
kL

vto(k)L = to(vk)L = to(y)o(k)L
In view of the standing assumption that L does not contain normal
subgroups of K this means that o(y) = ¢t !4t for v € T'. Since T is
dense in K we have o(k) = t 'kt for all k € K and o(L) = L means
t € Ni(L). Hence ayy : kL — (tt7')ktL = ktL and t,¢' € Nk (L) give
rise to the same map of Aff(K/L) iff 't~! € L. This gives the desired
identification
Awt(K/L,T) = Ni(L)/L

This completes the proof of Theorem [I.5]

Proof of Theorem (1.7, By Theorem [5.1| the system (H/A,mg/a,T)
has a I'-equivariant quotient map

7 (H/N, myp)—(G/T", mer)

only if there exists a surjective continuous homomorphism o : H — G
with o(A) C TV =T and oo p(y) = tyt~! for some t € G. An existence
of such a homomorphism ¢ was explicitly excluded by the assumption,
so that Theoremgives Out Ry/ar = ALH/A,T) = Aut*(H/A,T)/T.
To identify Aut*(H/A,T') we invoke Theorem [5.1]again to conclude that

Aut*(H/A,T) = Naga/ay(p(I'))
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which presents A*(H/A,T") as the quotient of Nag(x/a)(p(I')) by the im-
age of "> H — Aff(H/A). One also has Aut(H/A,T') 2 Cagem/a) (p(I)).
U

Proof of Corollary . If p: G — H is an embedding (or isomor-
phism) of G into another semi-simple real Lie group H (center free and
without compact factors) and A C H is an irreducible lattice, then
the G-action on (H/A,mpyy) is free and by Howe-Moore’s theorem
is not only ergodic but actually mixing. Hence also the restriction of
this action to I'-action is free and mixing, and in particular irreducible
and aperiodic. The assumptions of the Corollary guarantee that there
does not exits an epimorphism o : H — G with ¢(A) C I', so that
Theorem applies showing

Out Ryyyar = A"(H/AT) = Aut™(H/A, L) /T = Nagya) (p(1))/ p(L).

Recal that Aff(H/A) contains H as a subgroup of finite index di-
viding |Out A|. Hence, upon passing to a subgroup of index divid-
ing |Out A|, the group Out Ry/ar = Nagu/a)(p(I))/p(I') can be re-
duced to Ny (p(I'))/p(I"), which contains the centralizer Cy(p(I')) =
Cu(p(G)) as a subgroup of index dividing |Out I'|. 0

8. PROOF OoF THEOREM [1.9]

Case (G/I',T"). Choose a two-sided fundamental domain X C G for T’
and define the transformation I : X — X by I : # — 27 'I'N X. Note
that both X and X! are two-sided, in particular right, fundamental
domains and therefore [ is a measurable bijection of X. Moreover,

I(y-2) = I(yaA(3,2)™) = A(7,2)a ' TN X = A(3,2) - I(2)
which means that I € AutR(g/rr) and the corresponding rearrange-

ment cocycle ay is A=Ay : ' x X — I'. Observe that

-1

v x=yx(7y,x) means that Ay, 2)=(vy-z) vz

(with the usual multiplication in G on the right hand side), so that the
embedding X — G is precisely the “straightening map” ¢ correspond-
ing to the cocycle a; = Ax and the trivial automorphism 7 : v — ~;
in other words ¢y () = «. From Theorem [4.2|(al) we conclude that
[I] ¢ A*(G/T',T') and therefore

[Out Rig/rry : A*(G/T,T)] > 2 (8.1)
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while Theorem (or Corollary show that this index is at most
two proving an equality in (8.1]). Theorem gives
Aut*(G/F, P) = NAH(G/F)(F)
Note that an affine map a,; € Aff(G/I') (a,; : gI' — to(g)l' where
0 € Nawg(l) and t € G) satisfies
agt(7 - gT) =77 - aga(gT)
iff o(y) = t7'7(7)t, in particular ¢ € Ng(T'). Thus Aut*(G/T',T") =
Nagam)(I) = Nawe(I), with gT' = ¢TI, 7 € Nawg(I') = Aut I, giv-
ing all twisted action automorphisms. Hence A*(G/I',T") = AutI'/T" =
OutT'. Since this group commutes with [I], we obtain
Out R(G/F,F) = Z/2Z x Out (F)

as claimed.

Before turning to the systems (G"/I'™,I') for general finite n > 1,
observe that G/T" can be viewed as the factor of G? := {(g,97') €
G x G| g € G} modulo the relation (g,97") ~ (971,71 '9), 1 € .
With this identification G/T = (G?/ ~) the left T'-action on G/T'
corresponds to the quotient of the action v : (g,97') — (yg,97'v71)
modulo ~, while the map I arises from the flip (¢,¢7%) — (g7, 9).

Case (G"/T™,T"), n € N. Given a general finite n consider the set

GZ+1 = {(907 R 7gn) € GZH_I | go---gn = 6}
with the natural measure and an equivalence ~ defined by

(90:91s- -3 n-1:9n) ~ (9001 MI1YV2 -+ Vn=190Ver s VnGn)

for v1,...,9, € I'. The map p : Gt — (G/T')" = G"/T" given by
P (go;-- - 9n) 7 (9oL, gogal's -, Gogr -+ - gnal)
factors through a bijection ¢ : (G'*1/ ~) — G"/T'™. Note that the
following T-action on G7*!
¥t (90, 95 -+ Gnet, ) = (V905 91, -5 Gn1s GuY )
descends to an action on (G"™!/ ~) which is isomorphic, via ¢, to the
diagonal I'-action on G™/I'"
vl gel) = (el vgal).

The cyclic permutation 7" of order (n + 1)

T : (gOaglv s 7gn—1agn) = (91792’ B 7gn790)
is easily seen to preserve the T-orbits on (G"™'/ ~) = G"/T"™ and

thereby defines a relation automorphism 7' € Aut Rgnpn p with [T7!] €
A(G" /T T).



34 ALEX FURMAN

We would like to present T as an explicit transformation of (G" /I, men jrn)
as follows. The cocycle Ax : ' x X — I corresponding to the two-sided
fundamental domain X C G can be extended to a cocycle of G, i.e.
A=Ay : Gx X — T still defined by gz € X A(g,x). The left G-action
on X = G/I' can thus be written as

g-x=grgz)”"

where on the right hand side we use the usual multiplication in G.
Using these notations and viewing x € X C G both as points of the
space X and as G-elements one obtains an explicit form for 7":

T : (x1,...,2,) — (331_1 Ty, Wy w3, ., w1y, I(1)).
Observe that

T(y-(x1,...,2,)) = T (v A(7, :cl)’l, ceoy YR A(7, :cn)’l)
= (A(’Y?Jh)x;l + Ta, )\(,)/7‘1:1)1‘1*1 c X3y e, )\('7,5(}'1) : I(xl))
=N, 21) - T(xy, ..., 2,).

Hence T' € Aut R(gn/r» ) with the rearrangement cocycle being

ar(y, (@1, ..., 2,)) = Ay, 21).

A similar computation shows that for 1 < k < n one has

are (Y, (1, ..., 2,)) = N, zx)

and therefore the corresponding “straightening” map is given by
ngk’TO(l‘l, . ,l‘n) =z € G.
It now follows from Theorem (al) that T% ¢ A*(G"/T",T) for k =

1,...,n. In particular
which is, in fact, an equality due to the upper bound (n + 1) provided

by Theorem [L.2] (or Corollary [1.3)).
To identify A*(G"/T™,T") we invoke the second part of Theorem
with H := G"™ and A := I'" and note that affine maps of G"/I"" have

the form
1

(@ gal) = (gl T taglr 1)

where p € S, is a permutation of {1,...,n}, 7, € Nawg(l') = AutT
and t; € G. One easily checks that such a map normalizes the diagonal
[C-actioniff ;m =---=7,=7and t; =--- =t, =t where t € Ng(I').
Hence Aut™(G™/I', I') consists of the maps

Spr (g1l gal) = (G- gp)D)
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where p € S, and 7 € Ny (). The obvious relation S, 0 Sy =
Sppr v gives Aut™ (G /I, T') =2 S, x Nayw (I') and
A*(G"/T™", T) =2 S, X (Naw (I)/T) 2 S,, x Out (I).
Out R(gn/rn 1y is generated by [T] and A*(G™/I'™,T'), and the explicit
form of T" and S, ; allows one to check that
Out R(Gn/l"nJ") = Sn—H x Out (P)

as claimed.

Case (G*/I'*,T"). Finally, let us turn to the case of n = oo, i.e.
the diagonal I'-action on (X,z) := (G/T',mg,r)%. Choose a two-sided
fundamental domain X C G, so that X = X%, and let A = \y :
GxX —Tand I: X — X be as before. Consider themap T : X — X
defined by

T:(..,0_1,20,21,...) = (..., 27" -2, I(zy), 27" - 29,...)
so that for £ # 0
1 .
k=y . ) T " Litk i#F1—k
(T"2); '_{ I(zy) i=1—k

and observe that
T*(y - 2) = Ny, ) - TH(2).
As before, for k # 0 we have aqi(v,Z) = A7y, 2x) and ¢p . (T) = 2y,
so that [T]F ¢ A*(X,T).
Claim 8.1. Out Ry - is generated by [T] and A*(X,T).

(Note that in previous cases similar statement followed immediately
from the upper bound provided by Corollary . Choose an S €
Aut Rz \ A*(X,T) and let

7:X — G/T, T = MGr, w(y-z)=7"-7(T)
be the standard quotient map provided by Theorem
Lemma 8.2. 7(Z) =z, for some k € Z and 7 € Nay ().

Proof. Denote by ¥ the probability measure on (G/T")% x (G/I") ob-
tained by the lift of 7z to the graph of 7. Fix an r € N let

H::ﬁG A::ﬁf

and let p : GZ — H be the projection on {—r, ..., r}-coordinates.
Denote by 7" the p x Id-projection of 7 to H/A x G/T. Then one can
deduce from Theorem [£.2] that either
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(i) 7" = Mp/A X MeG)r, O
(ii) There exists k € {—r,...,r}, 7 € Nauwc(T) so that for any
FeC.(H/AxG/T)

/Fdﬁ(r) = /F(xl,...,xk,...,xmx@dmg/p(xl)---dm(;/p(:z:n).

As r — oo case (i) cannot persist forever, because that would imply
that 7 = 71 X mg/r which is impossible. On the other hand as soon as
(ii) occurs, the index k and 7 € Nayt (') do not change. This proves
the Lemma. 0O

With the explicit form of 7 : X — G/T provided by Lemma
invoke Theorem . a3) to conclude that there exists S e Aut R

with [S] = [S], 7 € Nawe(D) and k # 0 € Z so that
$5 ()T = (ax)T
Recalling that also for 7% we have ¢ ., (T) = x), one concludes that

[S] = [S] € [T*]A*(X,T) using the same argument as in the proof of
Theorem This completes the proof of Claim [8.1] 0

Any permutation p of Z and any 7 € Nauc(I') give rise to the map

Spr € Aut™(X,I)
Spr t (9il)iez = (g iez.

On the other hand if S € Aut*(X,I') let 7 on X x X be the lift of
7t to the graph of S and let 7" be the projection of this measure to
[T, G/T x[]",G/T. Then applying the Joining Theorem [5.2 to this
finite dimensional situation successively for r — oo, one concludes that
such S has to be of the form S, .. Hence

Aut” (X, T) = Six Nawe(D)
A" (X,T) = Sy x Outl.
Finally, the explicit form of [T] and [S), ;] allows to conclude that
OutR(X,T') = Sy x OutT

where the symbols S, and S, 1 can be interpreted as the inclusion of
the permutation group of Z in the permutation group of Z U {pt}.
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9. PROOF OF THEOREM [1.6

Throught this section I' = PSL,(Z), G = PSL,(R) and n > 3.
Let So = {p1,...,pr} be a given finite set of primes and consider the
ergodic I'-action on the compact profinite group K =[] g, PSL.(Zy).
We denote H = [],q, PSL.(Qp) and A = PSL,(Z[S™"]) C H. Then A
is a dense countable subgroup of locally compact totally disconnected
group H and ' = AN K.

Following Gefter [7] we first observe that Out Rk r contains H. In-
deed restricting the type Il relation Ry to K we obtain a type II;
relation Rgr = Ry N (K x K) and

Out RK,F =~ Qut RH,A 2 A(H, A) =2 H

using the straight forward Il.-type generalizations of Lemmas [2.2]
2.3(a) and the remark following respectively.

We need to find explicit representatives 7}, € Aut Rxr for h € H,
so that h + [T}] is the above imbedding. Since K is open and A is
dense in H, given any h € H, there exist \yg € A and ky € K so that
h = Aoko. The maps

Ty - x — xh, and T} :2— A\ 'zh, (x € H)

are in Aut Ry s and [T},] = [T}] € Out Ry . Denoting the open com-
pact subgroup AgK ;' N K by K, note that

T}(K,) € K because Tj(x) = Ay zAoko € Ay K1 \o)ko C K
Thus for x,y € K; we have
(,y) €Rgr =Rualx it (T}(2),T;(y)) € Rualx = Rir.

Therefore T,’l| K, 1s a restriction of some T}, € Aut Rgr, with its outer
class [T,] € OutRgr being uniquely defined by the initial h € H.
Denoting I'y := AgI'A;* NT a finite index subgroup of " which is dense
in K, we observe that the restriction of the rearrangement cocycle ar,
to Fl X Kl is

OéTh<’}/1,.l’1) = /\61’71/\0 (’)/1 c Fl, a.e. r| € Kl) (91)

The automorphism 71 + Ay 'y1 A of the lattice Iy C G extends to
an inner (given by A\g € G) automorphism of G, so in terms of the
Standard Quotients Theorem the class [r] € Out G associated to
such [T;] € Out Rk r is always trivial. On the other hand the transpose
map Tp : (k1,..., k) — (K, ... kL) which is clearly in Aut Rk defines
the unique outer element [7] € Out G (take 7(g) = (¢*)~'). One easily
checks that the group generated by [Ty] and [T}], h € H, in Out Rk
is Z /2-extension of H.
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We shall now prove that the latter group is all of Out R . Take
any [I'] € Out Rk . Possibly composing with 7 we may assume that
[7] € Out G = Z/2 associated with [T] is trivial, and will show that
such [T] is [T}] for some h € H. Applying the Standard Quotients
Theorem we may take 7 to be the identity on G. Since (K, I') cannot
have (G/T",mq/r,I") among its measurable quotients, we deduce that

(1) There exists a finite T-orbit F = {¢;T,..., g} C G/T', and a
measurable I'-equivariant map 7 : K — F with

m(yz) =9m(z)  (yeT, z € K)

(2) Let T'; = ’'Ng;T'g; *, 4 = 1,..., k - these are conjugate subgroups
of index k in T; the sets X; = 77 1({¢;I'}) C K are T';-invariant
and ergodic measurable subsets with u(X;) = 1/k; if K; is the
closure of I'; in K then X; = K;y; (mod 0) — cosets of K;-s;
as the latter are open and compact subsets of K we obtain an
open partition into disjoint sets which we still denote by X;.
Up to reordering we may assume that X; contains the identity
of K, 1.e. X1 = Kl.

(3) There exists T € Aut Ry with [7] = [T] € Out Rk so that

ap(v1,71) = g7 "N (11 €Ty, 71 € Xy).

Note that the last formula resembles (9.1). Property (1) means that
g1 € Commg(I") = PSL,(Q).

Claim 9.1. g; € A = PSL,(Z[S™1)).

Proof. Let us expand the notations slightly: for an arbitrary finite set
S of primes let

Ks =] PSLa(Z,),  As=PSL.(Z[S™))

peS

and let pg denote the normalized Haar measure on Kg. We shall denote
by F_ls the closure of the index k& subgroup I'y = I'N g;'g;* € T in
Kg. The I'i-ergodic component X; C K = Kg, is a coset of the open

compact subgroup F_lso of K and by (2)

1 —So

= (X1) = ps, (I ).

Let S; be the set of primes appearing in the denominators of g; €
PSL,(Q), i.e. S; is the smallest set of primes (possibly empty) such
that ¢, € ASl~
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It follows from the Strong Approximation Theorem that if S = S"L1S”
is a disjoint union of two finite sets of primes, then

7,

—5 =5 =g
I =I xIt € Kg x Kg» = Kg,

and F_IS” = Kgr if and only if S'NS; = (). On the other hand if S; C S’
then it is easy to see that

o 1 1
/ F —= = —,
pr(T1 ) C:T, &
Writing S = Sy U S; = S LU .Sy where Sy = S1 \ Sy we have
1 —So —So —S —5 1 1
= = 5y (T1) > sy (T7°) - s, (U1 = ps(T7) = =z
2 pso (1) > psy (1) - ps, (1) = ps (1) [T 2

So us, (F_152) — 1, that is T} * = Ks,, which means that S, = () and
S1 C Sy as claimed. 0

Having proved that ¢g; € A, we recall that by (3) the original T" €
Aut Rk can be replaced by T' with [T] = [T'] € Out Rk r so that

T(yiz) = g7 g T(1) (9.2)

for all v; € I'; and p-a.e. z; € X;. We have also made sure that
X1 = K - the closure of I'y =1'N 91F91—1 in K.

Claim 9.2. T(k;) = g1 'kg121 for some fized z; € K and a.e. k € K.

Proof. The map 7, — gy ‘7191 is an isomorphism between finite index
subgroups I'y — Iy := ¢;'T'g; NT of I'. It extends to an isomorphism
K, — K between open compact subgroups of K, where K is the
closure of ', in K. (Note that K; = KNg Kg;' and K| = ;' KgiNK
as subsets of H).

Let X| = T(X;) C K. In view of , X7 is one of the I'|-ergodic
components of Xj, and therefore is a single K/-coset, X| = Ky for
some y € X|. Let R : K; — K; be the composition of the following
maps

Ki=X —-X - K - K Rk =aTky g
In view of (9.2) we have for all v € I'; and p-a.e. k € K;:
R(vk) = gigr v T(k)y g7t = vR(k).

Since T’y is dense in the compact group Ki, we have R(k) = kkq for
some fixed ky € K; and a.e. k € K; (see Proposition and the
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following Remark). This allows us to compute

T(k) = gflkkogly = gl_lk:glzl where 2 = (gl_lk‘ogl)y e K.

Taking h = g121 € H we observe that the map 7;, € AutRgp,

discussed in the first part of this section, agrees with T on a positive
measure subset K; C K, and therefore (as in the proof of Lemma [2.2)

~

[T = [T = [T] € Out Rk

which completes the proof of the Theorem. 0O
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