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STATIONARY MEASURES AND EQUIDISTRIBUTION FOR
ORBITS OF NONABELIAN SEMIGROUPS ON THE TORUS

JEAN BOURGAIN, ALEX FURMAN, ELON LINDENSTRAUSS, AND SHAHAR MOZES

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let T’ be a semigroup of d X d nonsingular integer matrices, and consider the
action of I' on the torus T¢. We assume throughout that the action is strongly
irreducible: there is no subtorus invariant under a finite index subsemigroup of T'.

The strong irreducibility assumption in particular implies that I" acts ergodically
on T¢ (equipped with the Lebesgue measure m). Therefore the I'-orbit of Lebesgue
almost every x € T is dense and in an appropriate sense even becomes equidis-
tributed. However, when T is cyclic, there is a set of full Hausdorff dimension of
exceptional points z for which I'.z fails to be dense.

When T is bigger, the distribution of individual I-orbits can be expected to be
much more restrictive. An important result in this direction is due to Furstenberg,
who showed for d = 1 (in which case I' < Z* and in particular abelian) that
if T is not virtually cyclic, I'.x is dense for all irrational z € T, and moreover
for any open U C T there are only finitely many rational points whose I'-orbits
avoids U. This has been extended by Berend [1] to actions of abelian semigroups
of toral endomorphisms on T¢. However, in both cases, while the orbit closure
of individual orbits are very restricted, there is some flexibility on how such an
orbit distributes; for example consider the orbit of x = Z,;“;l 27k ¢ T under the
semigroup I' = (2, 3).

In this paper we consider the action of semigroups I' which satisfy the following
three conditions:

(T-0) T < SL4(R),

(I-1) T acts strongly irreducibly on R,

(I-2) T' contains a proximal element: there is some g € I' with a dominant

eigenvalue which is a simple root of its characteristic polynomial.

Note that (I'-1) is substantially stronger than the requirement we have already im-
posed that I' acts strongly irreducibly on T¢. In particular, for d > 1 an abelian
semigroup never satisfies condition (I-1); indeed, the group generated by a semi-
group satisfying (I'-1) is nonamenable. Assumption (I'-2) is a technical condition
which is in particular satisfied when T is a Zariski dense semigroup of SL4(Z) [16].
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232 J. BOURGAIN, A. FURMAN, E. LINDENSTRAUSS, AND S. MOZES

While a substantial part of the argument works without assumption (I'-0), without
it simple counterexamples can be given to Theorem [A] below, similar to the example
above of a nonequidistributed orbit for the semigroup (2, 3).

Under these (and more general) conditions, R. Muchnik [27] and Y. Guivarc’h
and A. Starkov [I9] proved the analog of the theorems of H. Furstenberg and
D. Berend, namely that for any € T¢ with at least one irrational coordinate
I'.x is dense, and moreover that there are only finitely many rational z whose
orbits avoid a given open neighborhood in T¢.

We study the quantitative distribution properties of I'-orbits. Since I' is not
amenable, we do this by considering a random walk on I'.z corresponding to a
probability measure v on I'. We will assume that v satisfies the moment condition

(1.1) Zu(g)HgH6 < oo  for some € > 0.
gel

Given a probability measure v on I' and a probability measure g on T¢, the
convolution v * py € T? is

viep =Y v(g) g

Furstenberg [14] has shown that under assumption (I'-1) the top Liapunov exponent
defined by

i 1
A(v) = nan;O - log|lg1g2 - gnll, Vit -as.,

is positive. Assumption (I-2) guarantees that this Liapunov exponent is simple
[I6,I7]. Our main theorem is the following:

Theorem A. LetT' < SLy(R) satisfy (I'-1) and (I'-2) above, and let v be a proba-
bility measure supported on a set of generators of I satisfying (L1). Then for any
0 < XA < A (v) there is a constant C = C(v,\) so that if for a point x € T? the
measure ji, = V*" x 8, satisfies that for some a € Z\ {0}

2

);

then = admits a rational approzimation p/q for p € Z¢ and q € Z satisfying

Pl - 2\
r——|<e " and |q|<<T> .

(1.2)

This theorem has several corollaries:

Corollary B. Let ' and v be as in Theorem [Bl and let x € T4\ (Q/Z)?. Then the
measures ji, = V" *§, converge to the Haar measure m on T? in weak-x topology.

This answers affirmatively a question of Guivarc’h in a private communication
and should be contrasted with the example given above for the case of d = 1. We
also have the following more quantitative equidistribution results:

Corollary C. Let T and v be as in Theorem [Al and let x € T¢ and p,, = v*™ % 6,.
Then there are c1,co depending only on v so that the following holds:

(1) Assume x is Diophantine generic in the sense that for some M and Q

q

(1.3) for all integers ¢ > Q and p € 7.
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STATIONARY MEASURES AND EQUIDISTRIBUTION ON THE TORUS 233

Then for n > c1log @

max |7in (b)| < Be=c2™/M,
beZ4,0<||b||<B

(2) Assume x & (Q/Z)?. Then there is a sequence n; — oo along which

7 —C2n;
vzt o e [Fin, (b)] < e™™.

Our next corollary answers a question raised by Furstenberg in [12]. Recall that
a measure y is said to be v-stationary if v * p = p.

If the support of v generates a semigroup I', any I'-invariant probability measure
is v-stationary for any probability measure v on I, but the converse (even for a
fixed v) is not true in general. Following Furstenberg ([12]), we say that an action
I' ~ X is v-stiff if any v-stationary measure is I'-invariant.

In his paper [12] Furstenberg shows that for carefully chosen v on SL4(Z), namely
probability measures v so that the corresponding stationary measure on the bound-
ary of SL(d,R) is absolutely continuous with respect to Lebesgue, the action of
SL4(Z) on T¢ is v-stiff. He then suggests that this should be true for any v whose
support generates SLy(Z). The following corollary of our main theorem confirms
Furstenberg’s insight:

Theorem D. Let I' < SLy(R) be a semigroup satisfying (I'-1) and (I'-2) above,
and let v be a probability measure supported on a set of generators of I' satisfying
(CI). Then any v-stationary measure ju on T? is a convex combination of the Haar
measure on T? and atomic measures supported by rational points. In particular, for
such v the action of T on T? is v-stiff.

The results of this paper have been announced in [6]. Since then an alterna-
tive, ergodic theoretic, approach to Theorem [D] was discovered by Y. Benoist and
J. F. Quint [2]. This approach has the advantage of being more general; in partic-
ular, Benoist and Quint have been able to prove Theorem [D| without making the
assumption (I'-2). However their ergodic theoretic argument is not quantitative,
certainly not in the sense of Theorem [Al It also does not give equidistribution of
v*" % §, as in Corollary [Bl

2. DEDUCTION OF COROLLARIES FROM THEOREM [Al

Is this short section, we deduce Corollaries [Bl and [C] from Theorem [Al The
deduction of Theorem [D]from Theorem [Al or more precisely from the closely related
Proposition [B.1] is given at the beginning of the next section.

Proof of Corollary Bl given Theorem [Al Let x € T\ (Q/Z)?. Suppose that the
measures U, = v*"xd, fail to converge to the Haar measure m. Then by Weyl’s
equidistribution criterion it follows that for some a € T\ {0} and some sequence
n; — 00

|fin,; (@)] >t >0 for all 4.

It follows from Theorem [A] that there is a sequence of rational approximations %
tending to = with g; uniformly bounded—which of course is only possible if x is
rational. (|
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234 J. BOURGAIN, A. FURMAN, E. LINDENSTRAUSS, AND S. MOZES

Proof of Corollary [Cl given Theorem [Al We first prove assertion (1) of the corol-
lary. Let 2 be Diophantine generic in the sense of (I3]). Suppose that |z, (b)| > t/B
for some b € Z¢ with 0 < ||b|| < B. Then as long as

(2.1) t>lem/©

for C' = C(v, A\1/2) as in Theorem [A] by ([L2) there are p € Z%, q € Z, so that

p

r—=| < e Mn/? and 1<q< (2t He.

Chose ¢; so that e *1"/2 < Q72 if n > ¢;log Q; then if ¢ < Q, we would have
that Hx - %H < (Qq)~M in contradiction to (L3). It follows (using (L3) once
again) that if n > ¢; log @,
(2.2) e~Mn/2 5 =M 5 ol MO,
From (21 and ([2:2) we now conclude that

t< ol max(e_”/c,e_)‘ln/ch),

establishing Corollary [C] part(1).
Suppose now that for some x ¢ (Q/Z)¢ part (2) of the corollary does not hold,
i.e., that for every n there is a b, € Z¢ so that

[fin(bn)| = €™ " and [[bn | < ™.

Then by Theorem [Al as long as 2Ccy < 1 and n is large enough, there is a sequence
of rational points % so that

Pn
n

Since x is irrational, the sequence ¢, is not eventually constant, so there are ar-
bitrarily large n for which 5—” =+ Z’"ﬁ. But then (23) applied for both n,n + 1
gives

(2.3) x — < e Mn/2 and lgn| < 2€€22C™,

920 ,—4Cca(n+1) < (QnQn+1)71 < ‘ Pn  Pnit1 < 9e—Mn/2
o "l gn Qn+1 ||
which is a contradiction for large n if 8C'cy < A1. O

3. OUTLINE OF THE PROOF
Given a positive integer @, let
D1 Pd
Ry = U {(—,,—) eT? : pi,...,pq € {O,...,q—l}}
<@ b 4 ¢

denote the set of rational points on the torus with denominators ¢ < Q). For » > 0
let W, = UxeRQ B.,» denote the m-neighborhood of Rg. We prove Theorem Al
by establishing the following;:

Proposition 3.1. Let I' and v be as in Theorem [Al 0 < X\ < A\ (v). Then for
some constant C depending on v, X the following holds: for any probability measure
po on T, if p, = v*™ % uo has a nontrivial Fourier coefficient a € Z\ {0}

2
(3.1) |fin(a)] > t, with n>C - log(M),
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STATIONARY MEASURES AND EQUIDISTRIBUTION ON THE TORUS 235

then
(3.2) po(Weq,e—rn) > (%)C where Q= (M)C.
By specializing to the case of jg = &, we get Theorem [A] since
de(Wg.e=an) >0 — x — SH <e M forsome ¢<Q.

Note that somewhat surprisingly Theorem [A] then implies a sharper form of Propo-
sition Bl with the estimate (B:2) on the mass of almost rational points replaced by
the sharper estimate p1o(W¢ ¢-a-n) > C't. In the special case of p = pip = 11 = ... a
v-stationary probability measure, we can take n in Proposition [3.1] to be arbitrarily
large and deduce that for appropriate constant C

u(Ro) = (%)C for Q= (M)C

with a and ¢ as in ([B.0]), giving a somewhat more quantitative version of Theorem Dl
We sketch the proof of Proposition Bl The proof consists of two phases:

(Ph-1) First one starts with a lower bound on a single Fourier coefficient of the
measure [, = v*" %y, namely |, (a)| > ¢, and deduce from this that for an
appropriately chosen m; < n the measure p,_.,, has a rich set of Fourier
coefficients which are larger than a fixed power of /2.

(Ph-2) In the second phase, this information on the set of big Fourier coefficients of
tn, for ng =mn —my is used to show that for another appropriately chosen
me < ny the measure fi,, —m, gives a significant (a fixed power of ¢/2) mass
to small balls around rational points with low denominator.

It is perhaps instructive to present a proof of a much simpler result with a somewhat
similar structure:

Proposition 3.2 (“Baby Case”). A probability measure u on T¢ which is T-
invariant for I' a finite index subgroup of SLq(Z) is a linear combination of Haar
measure and a purely atomic I'-invariant measure.

In this setting one can use the following simple argument by Marc Burger [9].

e Assume that the I'-invariant probability measure p is not Haar measure.
Then p has a nontrivial Fourier coefficient:

|@(a) =t >0 at some a € Z%\ {0}.

Since fi(a) = guu(a) = f(g*a), it follows that |f(b)| = to > 0 for all b €
['®a. For SL4(Z) and its finite index subgroups, any orbit I''"a C Z% \ {0}
has positive density in Z¢.

e By Wiener’s Lemma this implies that p has atoms. Indeed, evaluating p x
pw(A) = px*ji({0}) (where A is the diagonal in T x T¢ and the convolution
w1 is the image of p x p under the projection (z,y) — x —y) in two ways,
one gets the identity (cf. [23] 1.7.13])

. 1 I
> pah? = Jim e Y i)l
x atom of p n a€B,
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236 J. BOURGAIN, A. FURMAN, E. LINDENSTRAUSS, AND S. MOZES

where B,, = {a €Z% : maxj<i<qlai| < n} It follows that any I'-invariant
probability measure 1 on T¢ can be presented as a linear combination of
Haar measure and a purely atomic I'-invariant measure.

In the context of Proposition Bl establishing the existence of enough “big” Fourier
coefficients for p,, given that p, had at least one significant Fourier coefficient
is substantially more involved, and we get much less than positive density. Con-
sequently, in the second phase of the proof we will start with a weaker type of
information on g than in the simple proof sketched above.

3.A. Phase I: Large scale structure of the set of large Fourier coefficients.
Starting from some ag € Z4 \ {0} with |fi,(ag)| = to > 0 for sufficiently large
n depending on tg,ag, we shall prove that for ¢ = 5 and any m; in the range
C(1+logty) < mi < n (with p,C some constants depending on T, v) the set of
t-“large” Fourier coeflicients

(3.3) Ap_my e =1{a €Z% ¢ |fin_m,(a)] >t}

is relatively “thick” in Z<¢, in the following sense.

Let N (E;M) denotes the covering number of E C Z¢ by M-balls. In the
simple proof of Proposition B.2] the proportion of “large” Fourier coefficients in any
sufficiently large box was shown to be positive. In the context of Proposition Bl
the most difficult part of the proof, which in precise form is given by Theorem

N

below, gives that there is a large N (with Taol bounded above and below by an

exponential in m;) and an exponentially smaller M (more precisely, % will be in

the range (ﬁ)l_m < Ha—]\il\ < (”a—]\g”)l_m) so that the number of M-balls needed
to cover the intersection A, _,,, ; N[N, N]? is large—namely
d
d p (N
(34) N (Anfml,tg N [_N7 N] 7M) > tO M )

where p, k1, k2 > 0 are constants depending only on I' and v. Thinking of ¢y as

fixed (which is the case needed to establish Corollary [Bl), this gives a lower bound

on the covering number that is a positive proportion of the trivial upper bound.
To prove the key estimate (3.4]), one starts with the identity

fin(a) = Y 1™ (9)  fin-m (9" av)
9
to conclude that if |fi,(ag)| > to, then

~ t t
(3.5) v {g €T ¢ |fin—m(g™ao)| > 50} > 50.

In Proposition below we deduce from ([B3]), using the quantitative theory of
random matrix products, that once m; is larger than some absolute constant,

N\
(3.6) N (Any 4, N [=N1, NiJ% M) > (M) ,
wherd] ny = n —my, Ny = l|aoll exp(2Am), My = |laol|, t1 = to/2, with A the top

Liapunov exponent corresponding to v (cf. Section Hl).

3.

IThere is nothing special about 5; any constant greater than 1 would do.
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For our proof it is crucial to improve the estimate (B:6) to the much sharper
density type estimate ([B:4]). Equation (86 is equivalent to having an M;-separated
subset E C Z4N[—Ny, N1]? of cardinality |E| > (Ny/M;)® so that for every a € E
we have |fin, (a)| > £1; and decreasing the cardinality of E by a constant factor, we
may assume

(3.7)

> finy (a)

a€lE

tq
> — |E|.
L g

Similar to the way we used the identity w, = v*™ % u,, in the proof of (B.4),
equation (B77) implies that (for any choice of m < ny), for v*™-many g € T, for
many e € g""F we have that |0, _n(e)| > t1/4; indeed, if

. ~ t t
¢—{ser: ({ecdE  uonil> 5> F1m1}.

then v*™(G) > t1 /4.

Our assumptions (I'-0)—(T'-2) on I' guarantee that the top Liapunov exponent
for the random walk on SL4(Z) corresponding to v is simple, which allows us
to approximate v*™-typical g by a composition of dilation (by a factor o;(g) in
the range eX~9™ < g1(g) < eXM9™) a rotation, and a rank one projection,
say mg. The theory of random matrix products also gives us control over the
distribution on the direction of the null space of this projection. Therefore choosing
M, appropriately, we cannot distinguish with resolution M> between the map a —
g% a and this rank one transformation, e.g. in the sense that for any £/ C E

N (g% (E"); M) < N (01(g)my" (E'); Ma) .
As long as m = mg is sufficiently large (larger than some constant times |logtl),
this applies to most g € G so that we can view g" (F) as a rotated and dilated rank
one (random) projection of E.

If Ny, Ms,mo are appropriately chosen, outside a set of ¢ € I' of negligible
v*™-measure, ¢'*([~Ny, N1]¢) is contained in a rotated rectangular box of size
[—Na, No| X [=Ma, M) x -+ x [-My, M]. If aq were very close to d (say bigger
than some ahigh), we could use a variant on the Marstrand Projection Theorem, or
more precisely on an extension due to Falconer [I3], to show that for many g € G

Ny
trE'Z‘[ D
N(g ' 2)>>t1<M2)

and moreover that a similar inequality (with possibly a different implied constant,
still polynomial in #;) holds for any subset E/ C E with |E'| > ¢1|E|/4. By
definition of G, one obtains that

N-
N (Any ity 74 0 g™ ([~ N1, Ni]D); My) > 1] (ﬁi)

and with some further arguments employing the inherent additive structure of
Fourier coefficients of probability measuresé get from this an estimate of the desired
form

d
[ N.
N (Any i ja 0 [=Na, NoJ%; My) > 8 (ﬁi)
where p’ > p is some fixed power.

2Essentially, the Cauchy-Schwartz inequality.
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The argument sketched above is carried out in Section BLC below, and the re-
sulting proposition is given by Proposition [6.0] below. Unfortunately, we have little
control over a; which is determined by properties of the random walk correspond-
ing to v on SL(d,R). To handle the main case where a; < amigh, we need to
use arithmetic combinatorics: a projection result [5, Thm. 5] of the first author
(based on techniques developed in the context of the Discretized Ring Conjecture
[]). Roughly stated, this theorem asserts that given a sufficiently rich set of lines
D C P?~! and a (sufficiently nondegenerate) set E C [0, 1]¢ of “dimension” «, there
exist (many) lines # € D so that the projection my(E) of E to 6 has “dimension”
> (& + Qine)/d for some fixed ajn. > 0. This bootstrap step is the content of
Proposition

A complication in the proof of both Proposition and Proposition is that
to employ the respective (discretized) projection theorem, one needs finer control
on the set to be projected than simply its covering number by M;-balls. This is
taken care of by zooming in on a portion of the set A, ,. N [~N;, N;]? in which
there is greater regularity and recentering this window using Cauchy-Schwartz; cf.
Lemma [6.71

3.B. Phase II: Granulation structure of ;¢ on the torus. The information
on the Fourier coefficients of a measure pg for which a Fourier coefficient fi,,(a) is
significant that has been obtained in Phase I of the proof (with w, = v*" x ugo as
before and n sufficiently large depending on ||a|| and the size of |, (a)|) can be
translated to a statement about the measure pg itself (and more generally about
the measures pi,—, for m large enough) using the following elementary harmonic
analysis proposition in the spirit of Wiener’s Lemma:

Proposition 3.3 (cf. Proposition [Z.5)). If a probability measure p on T? satisfies
@A) for some N > M, then there exists a set X C T¢ of 1/M -separated points in

T4 with
M(U B%%) >th.

zeX

Using this harmonic analytic fact, the outcome of the first stage of the proof is
that for mq > log(|lal|/to), the measure fi,, = fin—m is granulated in the following
sense (cf. Proposition [[1]): for some constants 1 < L1 < Ly and k > 0 there is
some p € (Ly;™, L7™) and the finite set X C T? so that

(1) X is r = p'~"-separated,
(2) #ny (Upex Bap) > .

This is not yet what we want. So we continue with the strategy of successively
sacrificing some convolution powers of v (i.e., increasing m to m’ > m) in exchange
for more precise information on i, .

The two conditions (1)-(2) above on fi,—,, and X guarantee in particular that
t9M of the mass of fi,_.m, is concentrated in balls of radius p whose measure is
rather large, namely > tO(1)pl=r

Thanks to the separation condition, we can improve this estimate (cf. Propo-
sition [[2) and show that for appropriate m’ (also < log(]|a|| /t)) there is a set
X' of cardinality at most that of X so that i, —m/(U,cx: Baz,pv) > tO~M) for an
arbitrary V.
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STATIONARY MEASURES AND EQUIDISTRIBUTION ON THE TORUS 239

At this stage we can rectify the unknown balls {BW,N S X’} to be centered
at rational points of controlled denominator. The reason for that is that as

Mn—m'(Bw,pN) = Z V*Z(g) Mn—m'—é(gile,pN%
g

Aal
;

if f1n—m (B, ,~) is big, for many g with Hg of controllable size (roughly e~
with A4 the bottom Liapunov exponent of v), the measure of the “shifted” balls
fin—m—2(97 By pn) has to be big—so many g in fact that as ju,—n/—¢ is a probabil-
ity measure, there should be a lot of intersections between these shifted balls. These
nontrivial intersections can be used to show that x is much closer to a rational of
controlled denominator than what can be expected of a random point in T¢. This
rough scheme is carried out by Proposition [[3l

Using the extra information obtained, one can proceed similarly to the first
step mentioned above (i.e., Proposition [[22)) but with essentially no loss of mass
(Proposition [7.4]) and obtain the desired conclusion, i.e., Proposition Bl

_1’

4. RANDOM MATRIX PRODUCTS

4.A. Notation. Let G be a topological group, in this paper the discrete group I' or
the torus T¢. On the set Prob(G) of all probability measures on G (for G = T% the
measures are assumed to be Borel regular) one defines operations of convolution:
v1,V9 — V1 x Vg, and of a reflection v — U, by pushing forward v; X vy under
the product map (g1,92) + g1 - g2 and pushing v by the inverse map g — g~ !,
respectively. For n € N we write v*" for the nth convolution power of v with itself.
This should be distinguished from the product v*" defined on G™.

Similarly, if G ~ X is a continuous action on a topological space, for v € Prob(G)
and p € Prob(X) the convolution v+ € Prob(X) is the pushforward of v x y under
the action map G x X — X. For I' ~ T¢ and v € Prob(I'), u € Prob(T¢) we have

Vok L= Z}/(g) © G lh, where g*,u(E) :/L(gilE)
gel

For u € Prob(T¢) the Fourier coefficients are
m(a) = / eq(x) dp(x) where eq(x) = ?milam) (a €2 zeT?.
Td

The Fourier transform intertwines I'-actions on T¢ and on Z? = T4 according to
g+hi(a) = A(g™a).

In a metric space (such as Z4¢, R4, P4~1 T9) we denote by B, . = {y : d(z,y) <r}
the closed r-ball around « and by Nbd,.(F) the (closed) r-neighborhood of a set E.
For a set E denote by

N(E;T):inf{n : dxq,..., 20 st EC UB%’“}
i=1

the covering number of E by r-balls (these covering numbers will be used for finite
subsets of Z¢ with a large r and for subsets of P4~ and T¢ with small r > 0).
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Linear algebra. Throughout the paper we use the standard inner product (z, y) =
Zf 7;y;, the Euclidean norm ||z||? = (z,z) on R, and the operator norm | g|| =
max ||gz||/||z|| on matrices g € GL4(R). For z € R¢\ {0}, # = Rz denotes the
corresponding point in the projective space P4~1. We equip P*~! with the metric
given by
_ eyl

[E
For g € GL4(R) denote by o1(g) > 02(g) > -+ > 04(g) > 0 the singular values of
g. In the polar decomposition we have

dy (Z,7) = sin (angle(Z, 7))

o1(9)
g=U . v with Uuyv orthogonal.

oa(g)

For g € GL4(R) let o(g) = 02(g)/a1(g). If 0(g) < 1, let
0(g) = Ue, € P71,

This is the direction of the long axis of the g image of the round ball

{z € R? : ||z] < 1}.
Denote by H(g) the hyperplane of vectors with “shorter stretch”

H(g) = {ze P41 . V2 € Span(es, .. ed)}
c {zeP"! ¢ lg2ll < o2(g)ll=ll} -

Note that 6(g) describes the direction of the image of the “long vector”, under
g:R? — RY while H(g) refers to the source of the shorter ones. If o(g) = 1, define
0(g) and H(g) arbitrarily.

Lemma 4.1. For g € GLg(R) with o(g) < 1:
(1) H(g) =0(g")".
(2) For any 0 # z € R4,
lgll - 1l=[1 - dee (2, H(g)) < llgzll < llgll - 121 - (p(9) + du (2, H(g)))-

(3) ds(92,6(9)) < o(g9)/d« (2,H(g)) for any 0 # z € R%.
(4) If g = hk with o(g) <1 and 20(h) < ||g|l/([|h]| - |&)), then
R (1]

ds (0(g),0(h)) < 20(h) el

Proof. (1) is immediate from the definitions.
(2) Write 2z = ||z|| - (tz + sy) with z € H(g)*, 5 € H(g), ||| = |ly|| = 1. Then
1t = d (5, H(g)), while

21l llgll - 1£] < llgzll = Nzl - VE2llgzl? + s2lgyll < ll=ll - (Itlllgll + Islo=(g).
(3) Assume ||z|| = 1 and write z = txz + sy as in (2). We have (g) = g% and

lgll = llgz|l and [[gz| > [lg]| - [t|. Also gz A gz = gz A (tgz + sgy) = s(gz A gy).
Hence

. lgz Agall _ sl -llgyll - llg=ll _ _llgyl
de (97,0(g)) = < < :

lgzIl - llg=ll = llgll - ¢l - lg=ll -~ ligll - [¢l
Now (3) follows, because ||gy|| < o2(g) and |t| = d. (Z, H(g)).
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(4) Choose a unit vector x L H(g), denote z = kx, and write
2= |l2ll - (ty + sw) with y € H(h)", we H(h), |yl = |w| =1.
Thus ds (2, H(h)) = |t|. We have
1h=]l o llgll

(e
But ||hz]|? < ||2]|*(t301(h)? + 02(h)?s?) because w € H(h). Hence

Il hz]
< < V2 +o(h)?s? < /12 + o(h)?.
Tl TR S TRl =V VI olh)

Denoting by ¢ the left-hand side, we get ds (Z, H(h)) = |t| > \/c® — o(h)?. Since
0(g) = g = hZ, estimate (3) gives

lgll = llgzll = lhzll, [zl = l[k=]l < |[K]

dy (9(9)7 e(h)) =dy (hza G(h)) <

under the assumption 2¢(h) < c. O
4.B. Random walks. Let v be a probability measure on SL4(R) such that

(4.1) /log lgll dv < oo.

The Lyapunov exponents Ay > Ay > --- > \; of v are defined through the limits of
the following subadditive sequences:

k
. 1 *M . T 1 k *M
A =nlggo/g10g||g||dv (9), 2—1 Ai—nlggo/;logHA gl dv"(g).

Equivalently, \; describes the asymptotic of [n~!-logo;(g) dv*"(g), where o; are
the singular values; in particular, o1(g) = ||g||. The convergence holds not only on
average, but also a.e. and in L': if (g1, gs,...) are chosen independently according
to v, then, using Kingman’s subadditive ergodic theorem, with probability one and
in L'(»*°) a long random product has polar decomposition

eAl-nJro(n)

G gog1 =U ehemroln)
. _

with U and V orthogonal.

Theorem 4.2 ([I7], [16]). Let v be a probability measure on SL4(R) with 1)) and
so that the group (supp(v)) satisfies conditions (I'-0)—~(T'-2) of p. 231. Then the
top Lyapunov exponent is simple:

A1 > Aol
In particular, Ay > 0.

If (supp(v)) is irreducible on R?, then ([15]) for any fixed z € R?\ {0} for v*°-a.e.
sequence (g1,92,-..)

1
—log [lgn - 1|l = A1
n

If, furthermore, Ay > A, then, denoting h,, = g, - - - g1, the angle d¢ (h,Z,0(h,)) —
0 a.s.
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We shall need exponential estimates for various rates of convergence in the above
stated limits. Such estimates are known under an assumption slightly stronger than

(#1), namely:
(4.2) / llgll€ dv(g) < oo for some e>0.

Theorem 4.3 (Large deviations). Let v € Prob(SL4(R)) satisfy @2). Then for
any w > 0 there are p = p(w) > 0 and mo(w) so that for m > mo(w)

oy o]
]
vm {g :

1
)\i—Elogai(g)‘>w}<e_p'm (i=1,...,d).
Proof. The first inequality follows from [3, Thm. V.6.1] and the remarks following
the proof regarding uniformity in x; the second inequality is [3, Thm. V.6.2]. O

1
Al — — log > w} <e ™ VreRT\ {0},

Theorem 4.4 (Exponential estimates). Let v € Prob(SL4(R)) satisfy (2) and
conditions (I'-0)—~(I"-2) of p. 231. Then for some c1,co > 0 and mo € N so that for
all 7,5 € P41 each of the following subsets of T

(1) {gel : delgz,g) >e ™},

(2) {g el : dy (ga_:,yl) > efcl'm},

(3) {gel : de(gz,0(g)) <e ™}
has v*™-probability > 1 — e~2"™ for m > my.

Proof. Set ¢; = (A1 — A\2)/2.
We first establish (3). Fix z € P?~!. By Theorem A3 there is p; > 0 and m; so
that for m > mq, with v*™-probability > 1 — e~
(4.3)
1 gzl AL — A2
A — —log———1|) <
s e 12

Let us show that for some mg (mg > my) for all m > mg these properties imply

? )

1
A2 — —log oa(g)
m

1
A — —log||g]|
m

max(

Ao

(4.4) de (@, H(g)) > e 7 0m,
Indeed, in the notation of Lemma ATl the inequalities in ([@3]) imply that

) _ O'Q(g) 675(%16**2)m.
1(9)
Hence by (2) of Lemma A1l ([4.3) yields

_ llgz|l
dg (w,H(g)) > m - Q(g)
> o 2(/\11;/\2)m e 5(A16—A2)m’

and ([@4) follows for large m. Using Lemma [L](3),

5(A1 —X2) A=A A=A
Q(g) o 16 2 m o, 13 2m __;2771-

d (&, H(g)) -

de (92,0(g)) <
This proves (3).

We now turn to the proof of assertion (2). This also relies on Theorem [A3]
but applied to the random walk corresponding to the measure 7 defined by 7(g) =
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v(g*"). The measure v also satisfies conditions ([£2)) and conditions (I'-0)—(I'-2)
above and moreover has the same Liapunov exponents as v. Thus inequalities (£3))
hold with 7*™-probability exceeding 1 —e~?2"™ for large m. Since 0(g)* = H(g"),
we have for z,y € P41

de(92,y7) = de(0(9).y™) — de (97,0(9))
= de (7. H(g")) —du(97,0(9))-
Using (£4) for 7 and part (3) for v, it follows that for large m

A=A . LS A=A
2

di (gj;yJ_)>e 3 — € 2>\2.m>6

holds with v*™-probability > 1 —e™ P2 — e¢~P1'™_ Thus taking co = min(p1, p2)/2
and mgo large enough, we deduce (2). Assertion (1) is a trivial consequence of
(2). O

4.C. Some further estimates. In this subsection we shall establish some basic
estimates that will be used in the following sections.
We shall need a variant of Theorem 4] where ¢; > 0 may vary.

Lemma 4.5 (Basic estimate of distribution of directions). There exist T > 0 and
mg so that for any r in the range

e <r<e ™,
for any T,y € P41
v*m {g Dody (gi,gjL) < 7“} <r",
v {g D ody (Q(g)gl) < 7"} <r’.

Proof. Let c1, ¢ be as in Theorem 44l Since ¢; can be replaced by any larger value,
we may assume c¢; > 2 and pick 0 < 7 < ca/c;. Givenr > 0, let k = [¢ ' -log(1/7)];
in particular k& < m. By choosing mg large enough, we may ensure that Theorem 4]
holds for v*¥. Viewing v*™-random element g = g,, - - g1 as a product g = hy - hy
of a v**-random element h; followed by a v*(m=F)_random element ho, we estimate

v {g s de(97.57) <r} <v{g + de(97,57) <emF}

- /u*k{hl s dg (@, he™(yh)) < em k) dv* MR (hy)
< /6_02"c du*(m_k)(hg) —e 2k < o2 re <7r?

provided r is small enough.
For the second estimate, fix an auxiliary z € P*~1, and let k = [c; ' - log(1/r)]
as before. We can assume mg+1 < k <m and r+e "™ < 2r < e~ <5~ Since

de (009).7%) = de (g7, 7) — de (0(9). 97),
we have
v {g : de (009),57) <} <v™{g : de(0(9)97) > e}
o {g tdg (9(9)7?3l) <prdeam < e—c1~(k_1)}
< e 4 gmea(k=1) < gpmea(b=1) 7

assuming r is small enough (guaranteed by taking mg large). O
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Given a set F = {Z1,...,Z4} C P971, a quantitative measure of the extent to
which these lines are in general position is given by the volume spanned by unit
vectors in these directions:

. ‘Il/\"'/\Id|

Ml llwall

vol(Zy,...,%q)

This quantity is symmetric in the arguments but can be computed as

d
vol(Zy,...,Zq4) = Hd,( (x4, Span(xy, ..., zi—1)).
i=2
Hence, denoting
w(Zy,...,Tq) = 1I§njigdd4 (x;,Span(x1,...,Zj,...2q)),
we have
w(Zy, ..., 2q)% <vol(Zy,...,Tq) < u(Zy,...,Tq).

Lemma 4.6 (General position). For some p < 00,¢q and so > 0 depending on v,
one has

(™4 {geT? : vol(0(g1),...,0(g4)) > s} >1—s
and

()i {geT? : vol(0(g}"),...,0(g%)) > s"} >1—s
fore M < s < s
Proof. Let r =d~'- s'/7. Given any arbitrary g; € I, the v*"-probability that

dg (0(h),0(91)) > r
is at least 1 — 77 (Theorem [4]). For the same reason, given any gi, gz,
v {h : dg(0(h),0(g1) ®0(g2)) >r} >1—1".
Continuing this argument, we deduce that the set
{GeT? : de(0(g:),0(g1)® - ®0(gim1)) >, i=2,...,d}

has (*™)*%-measure at least
(1—r) > 1—(d—1)r" >1—s.
On the other hand every d-tuple in the set above has

vol(8(g1),...,0(gq)) > re.
If p is large enough, s? < r¢ = d—4s¥/7.

To deduce the second estimate, one may apply the same arguments to the random
walk generated by o, with 7 the transpose to v as in the proof of Theorem [£4l [
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5. TWO NOTIONS OF COARSE DIMENSION

Given a subset A of Bg; C R?, there are several ways one can try to estimate its
dimension, or more precisely, in our case, its dimension at scale . One simple way is
via covering numbers: we can consider A to be of “coarse dimension” > « at scale r

if A (fl; r) > r~%. Another, more restrictive, definition of “coarse dimension > «”
is via the following:

Definition 5.1. A measure p on a set B is said to be (C, a)-regular at scale r on

Biffor any x € A, s> r
S «
p(B.s) < C ( )

diam B
A set B is said to be (C, a)-regular at scale r if the corresponding uniform measure
p= ﬁ > wep 0z is (O, a)-regular at scale 7.

Thus another plausible definition of “coarse dimension” of a finite set A would
be that A supports some probability measure p which is (C, a)-regular at scale r
on A for some absolute constant C.

The following lemma allows us to relate the two notions:

Lemma 5.2. For any € > 0 there are constants Cc,C! > 0 such that for every s, «
with 2¢ < s < a and r < 1, if A C Bo,1 C R? satisfies

J\/'(fl;r) >r

then there is a point x € Bo 1 and a probability measure p supported on An B..rs

which is (Ce, o — s)-regular on B, cv6 at scale v for f = df;;fgie.

Proof. Let T be a large integer (which will eventually be determined by ¢), and let
k1 = [—logy(r)/T"]. Without loss of generality we shall assume that every cube of
size 2717 intersects A in at most one point.
Denote Sy = {(zl,...,xd) eRY : J1<i<dx; €Z+ [O,Q*T]}, Sp=27%.8,

and

S=8U---USy,-
The density of each Sy, in R? is less than d2~7, so the density of S is no more than

1—(1—a2 T)ktt
Hence there is a translate A + & of A so that

‘(A 16 \s] > (1—d2-Tyn+l ‘A‘ > oW p—ate/2

as long as T is large enough (depending only on d, ¢) for some constant C") (de-
pending on d, T, and €).
Let Ag = (A+&)\'S. We shall call a cube of the form

| nr onp+1 ng ng—+1
Q= oRT oRT ) XX | QR TokT
for (ny,...,nq) € Z% a 27*T-cube. By definition of Ay, for any 0 < k < k; and any
two distinct 27+ _cubes @1, Q- intersecting Ay, the distance between Q; N Ay and
Q2N A is at least 2~ (DT (this is precisely the purpose of removing points of S
from an appropriate shift of A).
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It will be convenient to start by extracting from Ag a large subset A; with tree-
structure (similar to but simpler than that used in [4,[5]). By this we mean that
there are integers Ry, ..., Rg, with 1 < R, < 2T so that if A, denotes the collection
of 27*T_cubes intersecting A, then for each 0 < k < ki, each 27 *T-cube Q € A,
contains precisely Rj41 cubes in Ag41. By successively trimming the set Ay, we
will show that if T is large enough (also depending only on ¢€), one can find such a
subset A; C Ay with tree-structure so that ’Al‘ > @) p—oate,

Indeed, to obtain this trimmed set A;, start by throwing away all 2=%17-cubes

not intersecting Agy. Then consider all 2-*1=DT cubes intersecting Ay, and find
Ry, so that the number of these cubes containing between Ry, and 2Ry, of the
2=%1T_cubes is maximized. Throw away all points of Ay which are not contained
in such a 2=*1=DT_cube. Suppose Q is one of the remaining 2~ **~D7_cubes and
that exactly ng of the 297 possible 2 ¥17_subcubes in @ have nonempty intersection
with Ag. We throw away all points of Ap in ng — Ry, of these 2-FT_subcubes so
that precisely Ry, subcubes with nonempty intersection with Ay remain in Q. Note
that the number of points of Ay that are contained in this collection of remaining

2= (k=T _cybes is at least ‘Ao‘ /(2dT).

Now consider all 2=(*1=2T_cybes intersecting the surviving set, and choose
Ry, —1 in a similar way, etc. At the end of k; steps of this type we get a set
Ay with tree structure as above and

(5.1) }Al‘ > (2dT)

Ao| 2 o

if T is large enough for a suitably chosen constant C'®) (depending on T but not
on r).

Since each 2~ %17

-cube contains at most one point of Ay, we have that

)

k1 _
S log, Re = log, | 4,
=1
hence by (.1
k1
(5.2) ZIOg2 Ry > —(a—e)T(ky —1).
=1

Set

k

1

M' = 1 1 .

= o 2 e
l=i+1

Let 1 < ks < k1 be the smallest integer for which My, > (a—s+¢€)T if such exists;

otherwise set ko = k1. Then a standard covering argument gives that there is some

kg S k S kl so that

k
(5.3) Z logy Re < k(o — s+ €)T;
=1
hence using (5.3)) for £ < k and the bound R, < 297 for £ > k, we get the inequality
k1
ko(a— s+ e)T + (ky — ko)dT > logy Ry > (o — €)T(ky — 1)
=1
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and p N
—a+e
ko <ki— +0(1
R (1)
(explicitly, the O(1) term is (o —¢€)/(d — a + s —¢)).
Now let @ be any 27%2T-cube intersecting A;, and let pg be the normalized
counting measure on A; N Q as above. Then as My, > (o — s+ €)T for any

27 T_cube Q' C Q for ko < 0 < ky

PQ(Q/) _ ﬁ RZ_’I < 2—(£—k2)(a—s+e)T
O=ko+1
and pg is a (Ce, a0 — s)-regular measure on @Q at scale r, for a suitably chosen
constant C¢; note also that @ is a cube of diameter C’r# for
. ko . d—a+e€
B_k_l_ d—a+s—e
O

Lemma 5.3. Let p be a (C,)-regular probability measure at scale r on B C R%.
Then for any € > 0 there is an r-separated subset A C supp(p) so that the uniform

measure on A (i.e., pg = ﬁ Y acada) is (Ce, a0 — €)-regular at scale r on B.

Proof. For simplicity of notation, we may assume without loss of generality that
diam B = 1. We may also assume that r = 10~% and that p(Q) < 10~** for every
10~*-cube Q of the form

ni ni+1 ng ng+1
(54) Q: [W, 10k )X"'X {W’W)’ nl,...,ndEZ,

where k € {ko,...,K}. Let L = [10°K], and let {ai,...,ar} be chosen randomly
and independently with distribution p.

Fix an integer k < K and denote p = 10~(*=¢/2k N = 10Lp. The probability
that a given 10~*-cube @ contains n > N points from {ai,...,ar} is given by the
tail of the binomial distribution:

5 (i< Bsptien

n>N n>N
Lp " 3 " 7lN
—_— — 1 .
<Z<n/3> <Z<10> <10
n>N n>N

Since N/2 = 5Lp > 10%K . 10~ (@=9k = 10a(K-k)+ek/2 > 10k/2 > 24k for k > ke,
it follows that the probability that one or more of the 10%* cubes @ of size 107%
has more than L - 10~(®=9% > N points is less than

10% . 1072Y < 10% . 10724 = 1079,
Hence with probability exceeding 1 — >"p2, 107% > 0, the set Ay = {a1,...,ar}
has the property that for each k € {k,, ..., K} and every 10~ *-cube Q
[ANQ|
Al
Even though each 10~¥-cube as above (cf. (5.4)) contains at most one point of

Ap, the set Ag may not quite be 10~ -separated since points in adjacent cubes can
be arbitrarily close; but since each 10~¥-cube is adjacent to at most 3¢ — 1 other

107(0(76)](2'
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10~ K -cubes, there is a 10~ X-separated subset A C Ay with |A| > |4o| /(3¢ — 1).
This set A satisfies the conditions of the lemma. d

Closely related to the notion of (C,a)-regular measures introduced in Defini-
tion [B1] is the notion of a-energy of a measure p, denoted by E,(p), which we
define for a compactly supported measure p on R? and o < d by

/]Rd /]Rd Ix—yl

If p is (C,a + €)-regular on a set B at all scales, then

// a+1 (z) dr < C(diam B)~®aeL.

The energy &,(p) can also be given in terms of the Fourier transform of p, up to
an implicit constant that tends to co as a — d (cf. [26] 12.12]):

(55 Ealp) = [ 1A 1+ €.

If £,(p) < oo, then any set of positive p measure has Hausdorff dimension > « (for
this and further information about a-energy, see [20]).

A simple way to adapt this notion to our “coarse” setup, where we do not care
about the details of how p behaves at scales smaller than r, is to smoothen it
by convolving with an appropriate kernel. Let ® be a fixed radially symmetric
nonnegative smooth function on R? with ||®[|, = 1 supported on By 1, and set for
r>0

O, (z) = r 4®(r ).
Then instead of using the possibly atomic measure p, we can consider its smoothed

version p' = p x ®,.. In particular, if p is (C, « + €)-regular at scale r on a subset
B C R%, then

Ealp ®,) < C(diam B) ™ “ae?

with the implicit parameter depending only on d and the choice of ®.

6. STRUCTURE OF THE SET OF {-LARGE FOURIER COEFFICIENTS
Fix some probability measure pig € Prob(T%) and consider the sequence
i = V""" % 1o
and the following sets of “large” coefficients
= {b ez : |, (b)| > t} .
Our goal in this section is to obtain the following result:

Theorem 6.1. There exist constants k1 > ko > 0, Lo > L1 > 1, p,C < >
depending on v only, so that if for some ty € (0,1/2)

(6.1) [Fing (@0)| = to,
then for ng > m > C'log(2|lao||/to) one has

N d
N(Atg7n07m n BO7N;M) > tg . (M)
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for some N in the range LT < HLJIV—OH < LY and M in the range

( N )1—.‘61 M ( N )1—.‘62
T < 7T <| 7 .
[laoll laoll~ \llaoll

The proof of Theorem involves the following steps.

Proposition 6.2 (Initial dimension). There exist aini, C1 > 0 depending only on
v so that for any measure po on T?, if u, = v*™ % g satisfies

|Fing (@0)| > to
forn =mng,ty € (0,1/2), then for any integer m with

1
n0>m2C’110gt—
0

it holds that
N Qini
(6.2) N (Asy/2,n0—m N Bon; M) > (H)

for N = exp(3A1m/2) |lao|l, M = ||ao]|-

Proposition 6.3 (Improving the large scale dimension). Given i, > 0 and
Omigh < d, there exist qing,c2,C > 0 (depending on v) so that if for some t €
(0,1/2), 1 < M < N with

N 2 N
(6.3) log i > co log n and n > cglog Y
it holds that

N o
N (A NBon; M) > <M) for some  aini < o < anigh,
then there are m, M', N' with M' > M,
N N\ N’ N Ve
mSczlogM, NISN(M> ; MZ(M> )
so that
N/ a+ine

(64) N(At’,n—m n BO,N’; MI) > (M)
for t' = Ct4d,

Iterating this proposition we obtain:

Corollary 6.4 (of Proposition [63]). Given aini > 0 and anigh < d, there exist
¢, C5 > 0 so that if for somet € (0,1/2), 1 < M < N withlog(N/M) > c3log(1/t),
and n > cglog(N/M) it holds that

N Qini
(65) N(At,n N BO,N;M) > <—> B
M
then there are m, M', N' with M' > M,
N N\ N N Ve
m§6310gM, N/SN(M> s MZ(M> s
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so that

, N/ ahigh
(66) N(At/m,m M B()’N/; M ) > M
fort' =t%.

Proposition 6.5 (High dimension to positive density at large scales). There exist
Qthigh, €4, k4 > 0 depending only on v and gy depending on d with the following
properties. Assume that for some t € (0,1/2), 1 < M < N with log(N/M) >
cqlog(1/t), and n > eqlog(N/M) it holds that

N @nish
N(At,n n BO,N; M) > (M) .

Then there are m, M', N' with M’ > M,
c 1/c
m§04log%, N'<N<%>4, %><%>/4,
such that
N\ @
N (Aty nem N Bo vy M) > e M5 (M)
forti = czlt‘“.

Let us deduce Theorem from the above propositions.

Proof. Suppose |fin,(ag)| > to. Then by Proposition there are ajui, ¢1 so that
N (Asy/2,n0—my N Bo,nys M1) > (Ny/My)™

for N1 = exp(S)\lml/Q) ||CL0||7 M1 = HCLQH provided no >mq > Cl(l + |10gt0‘)
Let anigh < d be as in Proposition [6.5] and let ¢3, Cs be as in Corollary 6.4} for
the already chosen values of i, Otnign. Then if

Ny 3mih 2
. log — = 1+ log —
(67) og 3 = Tt > ealL+ log 1),
N
(6.8) no —my > cslog ﬁllv
there are mo < c3log 11\\/;—11 and Ny, My with
N\ A Ny e
Ny < Ny | — = > —
2 < 1<M1> ) M, =\,
so that
N. Qhigh
N(Atg,no—ml—mg m BO,Ng; MQ) > <ﬁ2>
2
with t = (to/2)%5.
As long as
Ny 2
6.9 log — log —
(6.9) 0g 3 > calog -
and
N.
(610) nog —Mmyp — Mo Z Cy IOg ﬁi’
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we can apply Proposition and conclude that for some N3, M3 with

Ny Ny \ Ny Ny e
< ¢qlog =2 Ny <N, [ =2 &8s (22
m3 < ¢4 OgMQ’ 3= 2<M2) s Ms = \ M,

we have that

d
1y, [N
N(Atsmo—ml—mz—ms n BO7N3;M3) > ¢y 1t34 <ﬁz>

with t3 = (t2)%, proving the theorem.

6.A. Initial dimension and regularity: Proof of Proposition

Proof of Proposition 62l Let w = A\1/4, and let C; > 2 be a large constant to be
determined later. For any fixed m > C1(1 + |log(to)|) set

N = 6()\1+2w)m HUJO” , R = e()\172w)m ||a0H )

Let ¢t/ = % and n' = ng — m. Consider the following sets:

Glen = {g el : eMmIm g = ||g"| < e(’\1+”)'m},

Ostat = {g el : ‘ﬁn’ (gtrao)‘ > t/}7

Gang = {g el : dy(ap,H(g)) > min (e—m07 (%0)1/7) } |
G = Gien NGstat N Gang,
where 7 and mg are as in Lemma [£.5] and we recall that
ds (@0, H(g)) = du (0(g),a5) -
By Theorem there is p,, > 0 so that (assuming m > m,,)
V" (Glen) > 1 — e Po™,

Our choice of Cy should guarantee m > my,, e 7™ < & m > mg, and e ™™ < 2.
There exists mq so that for m > m; Lemma (3] gives

to
T (Gang) > 1 — —.
V" (Gang) 3
Finally, the fact that p,, = v*™ * pu, gives
t
V*m(gstat) > _0
2
Therefore
lo to to to
smiay ~ 9 _ Y0 0 )
vE)> 5 T8 TR T
Since |lg"|| = |lg|| and dc (z, H(g"™)) = d. (6(g),z"), by Lemma EI(2) every

ge g - gang N glen has

1/7
r T = r —w)m tO
o aoll > g1 - ool - d (a H(g™) > <=l - ()
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If m > (w-7)"! " log(8/ty), which is true for large C;, then the right-hand side
above is bigger than R. Tt is also clear that ||g%ag|| < N if g € Gien. For g € Ggtat
it also holds that g ag € Ay ,,». Therefore for g € G C Gien N Gstat,

g9"ag € A= Ay, N (Bon \Bor) ={R<[b| <N & |fin(b)| >t}

Let D be the projection of A to P4~!. Then
t
v {g : g""ag e D} > ZO
and
N (D3 emCr=20m) < N7 (45 faoll)

It follows that

v {g : g"ape D} <N (D;e_(’\l_%)m)

 max, v {g :dg (9% ao,y) < G*(AI*M’”}
Yy

<N (D; e_(’\l_zw)m) e T'm
for some 7/ > 0 depending only on v. It follows that
N (4 lao])) = er™ = 72
if Cy is large enough. O

6.B. Bootstrap of large scale dimension: Proof of Proposition A
central step in the proof of Theorem is the bootstrap procedure, which allows
us to increase the large-scale “dimension” of the set of large Fourier coefficients
from a to a 4+ ajue. In order to show this, we employ the following projection
theorem due to the first author which implicitly can be found in [4] and is proved
explicitly in [5].

Theorem 6.6 ([5. Thm. 5]). For any ag,k > 0 and d > 2 there are aa, €, 7o,
To > 0 such that the following holds for 0 < r < rg and ag < a < d— ag: Let n be
a probability measure on P41 s.t.

(6.11) max n(V(y*,p)) < p® if r<p<orm.
]

Let E C [0,1)% be an r-separated set with |E| > 7= and a nonconcentration prop-
erty

max |E N By ,| < p"|E| it r<p<rm.
Then there exist D C P41 and E' C E with
n(D) >1—r, |E'| > r|E|

so that
N (mg(E");r) > plotaa)/d
whenever € D and E" C E’ satisfies |E"| > r*©|E].
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Lemma 6.7. For any € > 0, there is a C. > 0 so that the following holds. Let p
be a probability measure on T¢ and let

A(p) ={bez%: |ab)| > t}.
Assume that for some N > M, «

N (A4(1) 1 Bo,xs M) > (%)

Then there is an M < N’ < N with
1 N’ S d—a+e ) N
og — —— | log —
M T \d—a+8) ®NM
so that Ay 4(11) By ns contains a subset which is (Cet™2, oo — 10€)-regular at scale
M.

Proof. By Lemma 5.2 there is a point z € By y so that A N B, v supports a
probability measure p which is (C¢, @ — 9¢)-regular measure at scale M with

N/ N e
v ()

Replacing C, by 4C,, we may assume all b € supp(p) satisty that zi(b) lie in a single
quadrant of C, and hence

t
O)rd)| > —=.
zb:p fi %
By Cauchy-Schwartz,
S~ bp®)o) = [ |57 elb-yp(t)| s
bobe T |7
> /TdEbjew)p(b)dx
=[S0 > 5
hence
(6.12) p p(Avesa() >

Let p2 be the probability measurd] p* p|At2/4(u)' As p was (4C., a — 9e)-regular on
B..nv, the measure p x j is (2¢72C,, o — 9¢)-regular on By on-; hence by (6.12)

po is (24740172 a — 9¢)-regular on B(0,2N’) .
By Lemma [5.3] there is some
A C supp(p2) C Az /a() N Bo, -
which is M-separated and (C/t~2, o — 10¢)-regular on Bg n-. O

30ur convention is that for any measure p and set E, p|g(A4) = p(AN E)/p(E).
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Lemma 6.8. Given ain; > 0 and anigh < d, there exist tine,c, C > 0 (depending
on v) so that if for somet € (0,1/2), 1 <M < N with

N N
(6.13) log — > cglog — and n > cglog —
it holds that
N (e}
N (A¢, NBon; M) > Vi for some aini < a < Anigh,

then there are m, M', N' with M' > M,
N N\ N’ _ [N\
mselogy,  NSN (M) v (M)
and & € P41 s0 that if R denotes the “rectangle” Bo,nv N Nbdas (§),
N/ (a+20¢mc)/d
(614) N(At’,n—m n R, M/) > (M)

for t' = Ct*.

Proof. Let aa, €y be as in Theorem for ay = K = min(ini, d — Anign)/2. Since
the statement of Theorem becomes weaker if either aa or € is decreased, we
may as well assume ¢y = aa /10 for simplicity.

By Lemma [6.7] applied with € = aa /20, there is an M < N7 < N with

log(N1/M) > clog(N/M)
and an M-separated subset
AC Ay NBon,
which is (Ct72, & — aa/2)-regular at scale M on By y,; in particular

a—an/2
Al > 712 (%) )
Both the constants ¢ and C' depend only on a;ni and anign (and aa which is deter-
mined by these two quantities).
Let w > 0 be small (specifically, we require that w < min(A; — Az, A1, @a)/20)
and let m be the smallest integer so that
A1—A2—2w)-m Nl
6( 2 ) > M
Let n’ = n —m and set M’, N’ by
(ml) N’ =e(ate)rm. N
(m2) M’ = eM—w)rm.pr,
then also
(m3) ePztwlm. N < MY
Assuming the constant cg in ([G13)) is sufficiently large, we will have that m is greater
than or equal to the constant mg(w) in Theorem Invoking that theorem, we
conclude that the set

1
glenz{gEF : |/\Z-—E10gai(g)\<w for i:l,Q}
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satisfies
(6.15) V" (Gen) > 1 —e P,
Conditions (m1)—(m3) imply that for any g € Gien
9" (Bo.nv,) C Bo.nr N Nbdy (€) with £ =0(g"),

i.e., the linear transformation ¢** maps the ball By x, into a cylinder of length 2N’
and base of radius M’.

Let n € Prob(P4~!) denote the distribution of §(g) where g € T is distributed
according to v*™, ie., (@) = v {g el : 0(g) € ©}. Lemma provides the
regularity of 7 as in condition (G.IT]) of Theorem

Let E= N; ' A CBy; C R and r = M/N;. Theorem 6.6l gives us aset E' C F
with |E’| > r®2/19 |E| and © C P! with (0) > 1 — r*2/10 50 that
(6.16)

N (mg(E");r) > r~(etz0a)/d yE" c E' § € © with |E"| > r*2/10 |E/|.

Let B= N{E’ and

gproj = {g el : 0(9) € @}
‘We have
(6.17) V™ (Gproj) = 1(©) > 1 — pea/10,

Since b € B C A C Ay2/4,,,, we have that |1, (b)| > itQ for all b € B; by reducing
B slightly, we may also assume that [B| ™" |Y,c 5 fin(b)| > £t2. Using the identity
fn = V" % p (recall that n’ = n — m) and the Cauchy-Schwartz inequality, we
may conclude that

2

*m 1 ~ T 1 *m ~ T
> vm(g) - 3 > i (9"b)* > Bl SN (@) (97D)
ger beB geT beB

) 2
= i3 > in(b)| > 275
beB

and therefore the set

1 N . _

Gotar =39 €T + — > |l (g"b)[> > 277¢*

Bl i
has
(6.18) VM (Garar) > 27t
Note that for each g € Ggat the set
(6.19) By={be B : |fn(g"b)]* > 275}

has |By| > 27%t* - |B|. Let G = Gien N Gproj N Gstat- From (G.I8), .17), and (E15)

we have
V(G) > 27Tt — pea/10 _gmpem s 9844 where r= N
1

assuming r®a/10 e=rem < 2-94 which is guaranteed by taking cg large enough.
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Moreover, for any g € G we have that |B,| > 278¢* - |B| and (assuming as we
may that 275¢* > r*a/10) by (G10)
N (me(By); M) = v~ (eF3ea)/d with & = 0(g");
note that by definition of By,
(6.20) g"(By) C A 2
Since also g € Gien, g™ (By) C Bo,n» N Nbds (£) and
N (9" (Byg); M') = N (me(By); M),

which in view of ([6:20) implies (E14)). O
Lemma 6.9. Let t; € (0,1/2), My < Ny, and ny satisfy
(6.21) ny,log(N/M) > c7log(1/t1)

with c; depending on v. Let & € P! and let R be the “rectangle” R = Bg n, N
Nbdar, (€). Then there are ma, Mo, Ny with

ma, |log(N1) —log(N2)|, [log(M1) — log(M2)| < c7log(1/t1)
so that for ty = (t1/8)%?
(6.22) N Aty —my N Bony: Ma) > e N (Agy oy N R; My)?
where k7 also depends only on v.

Proof. Let w = (A1 — A2)/10, and let mg be such that the sets
1
Glen = {ﬁeFd : |>\i—m—10g0'i(gj)| <w fori=1,2 andj_l,...,d},
2

Gang = {GET? : de (& H(g)) >2e™ forj=1,...,d},

2dp
t
Gol = {je ' vol(6(gtr),...,0(g5)) > <§1> } (p as in Lemma [.6])

satisfy
(6.23) min((1*"2)%(Gien), (V"™2)%(Gang), (V"™2) % (Gvor)) > 1 — (¢ /4)%.

By Lemma 6] Theorem [£.3] and Theorem 4] one can find such mo with ms <
71 |log 1] for some constant ;. In particular if the constant ¢; of ([621)) is sufficiently
large, no = ny — mg > 0, which we shall assume henceforth.

Let £ C A, n, N R be an M;-separated set such that the following hold:

(E1) For every distinct b,b' € E

b—V —wm
d& (gu |b_b,>§e 2.

(EQ) ‘ZbeE //zm (b)’ > %tl |E‘
Clearly one can find such an F so that

|E| > ce”dwmz N (A¢, oy NR; M)

where ¢ is some constant depending only on d. Note that in order to satisfy (E2)
one can, e.g., take E so that {fi,, (b) : b € E} lie in a single quadrant of C.
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Write G(z) = |E| ™" zg v*72(g) Sy €gerp(2). Then

2d 2d
92— 2dt2d = Z:U'm = Zzy*rm trb)
1Bl & IE S &
| / ) dpn / G@)* djiny (@)
(624) *m, prm
= 2dZ DV g1 v (g2a):
9g1,---,924
Y el g
b1,...,b24€E
tr tr
= 9dy1bar1 — - — 92ab2d)-

-

Set Y(g,,....q0)(0) = Zle 95"b;. Fix (gat1,---,924) € Gien and byt1,...,boq € E
with
(6.25)

2d
B 0 o)™ 00) Y a0 ® 1) > ()

gi,--9d beEd

where b = g&:_lbd+1 + - + g8 bag. Such a choice exists in view of the estimate

[©23) on the measure of G, and ([6:24).

Set

2d
— —d ~ = 1 tl
gstat =49¢€ Pd : ‘E| AZ Mn2(2§(b) - b) > 5 <Z)
beEd
In view of m ( *mz)d(gsta‘c) = 2(t1/4)2d hence by m the set g = gstat N

gvol N glen N gang is Honempty Let t2 (t1/8)2d

We claim that if
tge()\lfﬁ.d)mz > 4de()\2+w)m2,

then for any ¢ € G,
(6.26) N (Aty .y N (SF(EY) = b); My) > to |B|*
with My = itge()‘l’z“’)’li; note that ¢, (ga+1,---,92d) € Gien and E C By n,

imply
Y5(EY) —bCBoyn,  where Ny = 2de®He)Im2 N,

As
(6.27) |E| > ce” ™2 N (A, y, N R; My),
it follows from ([6.26]) and ([6.27) that
N(Atz,n2 n BO,Nz;MQ) Z C/t2€7d2wm2./\/' (At’,nl n R; Ml)d y

establishing Lemma assuming the claim (G.20]).
We now turn to proving ([6.26). Let & = 6(gf*) for i =1,...,d. We shall use the

following auxiliary expression, which is meant to approximate Zg(g):

d
= Z 3 (gt bi)
i=1
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where we consider m¢, as a rank one map R? — R¢ whose image is in the vector
space spanned by &;. Indeed, for § € Gien

[30) - S5®) < O 3

Let 50 = (b{,..., b)) (i = 1,2) be two distinct points in E9; assume they
differ in the jth coordinate by). Write b; = b§»1) — b§»2) as by 4 b with b € H(g}")
and b; L b7, As E is My-separated, |[b;|| > My. Then ds (§,b;/ ||bjl) < e™“™2 (cf.
(E1)); hence as § € Gang

di (b—j7H(g])) > d& (faH(g§r)) - di (b—jué-) > e w2
1651l 16511

and
bS] > e |b;| > em“™2 M.
In this notation, ¢, (¢"d;) = ¢;'b;, and it follows that
|7, (g5705) || = €722 by
Then as § € Gyol
HZE(E(I) - 5(2))H Z VO](EE(E(D - 5(2))7 617 e 7§j717 §j+17 e 7§d)

e, (g570;)| vol(éa. ... €a)

> 4o |

Hence
2500 = 52| = Segedi=2ma oy — et oy |
under the assumption that this last expression is
> ftheMam2ma |l || > M,

from which it follows that $7(E?) is My-separated and (6.26) is proved, concluding
the proof of Lemma O

Proof of Proposition [6.3. Apply Lemma to find Ny, M1, m1,ny =n — my with
my < cglog(N/M), Ny < N(N/M)%,  (Ny/M;)> (N/M)/<

and a & € P! so that

(0‘+20‘inc)/d

Ny 4

— t1 =Ct

) (= Ct)

with R = Bg n, "Nbdjy, (£). Now apply Lemmal[6.9to find mg, ng = ny—ma, M2, Ny

with

(6.28) N (Agym, NR; M) > <

ma, |log(N1) — log(N2)] , [log(M1) — log(M2)| < c7log(1/t1)
so that
N(Atz,nz n BO,N2§ Mg) > C7t'f7N (At17n1 N R; Ml)

20
Nl a+ inc
> ottt | —
™ (M1>
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with t5 = (¢1/8)2?. Note that by choosing cy of (6.3) to be large enough guarantees
that (G.21) holds. Moreover, if this constant ¢y is large enough,

+2ainc +inc
et N\ TN\
L\ M, M, ’

establishing Proposition O

6.C. From high dimension to positive density: Proof of Proposition
Underlying (and motivating) the proof of Proposition is the following theorem
of Falconer [I3] regarding projection of sets. Falconer shows that if n is a measure
on the set of directions with dimension 8 > 0, then if the dimension of p is larger
than d — 3, one has that for n almost every direction 6 the projection py of p
in the direction 6 is absolutely continuous with respect to Lebesgue measure; we
follow the treatment of this result by Peres and Schlag in [28, Sec. 6]. In fact, the
argument gives a much more quantitative result connecting the a-energy of p to
the projections of p.

We need a version of this theorem for measures p which are (C, «)-regular at
some scale r but are possibly singular at finer scales (indeed the measure we shall
consider will be purely atomic). As we have already remarked in Section [l this
can be achieved by applying Falconer’s theorem to p convolved with an appropriate
smoothing function.

Let ® be a fixed radially symmetric nonnegative smooth function on R¢ with
|®]|; = 1 supported on By 1, and set for r > 0

(6.29) O, (z) = r®(r ).

Let U : R — R™ be the smooth compactly supported function

\I/(xl) :/dxg.../dzd@(ib1,$2,---7$d)7

and define ¥, analogously to ([6.29]).

Lemma 6.10. Let p be a probability measure on R, and let ¢ be the Radon-Nykodym
derivative ¢ = %. Then for every r <ry <1
(6.30) N (supp pir1) > (4r1 [[9]f3) "

Moreover, for any subset X C supp p,

2
6.31 N (Xir) > PES
(631) 5m) 2 4 ol

Proof. Let B = supp p+[—r,7], and let 15 be the corresponding indicator function.
Then the Lebesgue measure of B satisfies A(B) < 4ri N (supp p;71). By Cauchy-
Schwartz

= /13(@(,5(9;) dz < |[15], ], -

Since ||15(y = v/ A(B), equation (6.30) follows.
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To see (G3T), apply (630) on the probability measure p|x defined by p|x(Y) =
p(X) p(X NY); one has

d(plx * \Pr)(y) et iy eX,
dx 0 ity ¢ X;

hence [[d(p|x * ¥,)/dzl3 < p(X) 72 |d(p * ¥,) /de][3. O

Proposition 6.11. Let p be a probability measure supported on the unit ball Bg 1
of R? so that E,(p) < 0o for some 0 < a < d, 0 <r <1, and let n be a measure on
S4=1 such that for some cn,B>0

(6.32) n(Bg.c) < ¢y’ for every e > and 6 € S,

Then for any B’ < 8
0339 [ [0l [T @+ e dane)
<eCa [ F@P 8@ (14 la)* " do +,Cla. 8.5d).

Interpretation: if o + 3 > d and 75 is (C,a’)-regular at scale r for o’ > a,
then by (B3 the right-hand side of ([632) is bounded from above by a constant
(depending on a, &/, 3,8, C,...) while the left-hand side dominates

J

In view of Lemma [6.10, this in particular implies that for n-many choices of 6, the
covering number of supp(py) by r-intervals is large.

d(p*Uy) ’

o0 dn(0).

2

Proof of Proposition [GI1l. Our proof follows closely that of [28, Prop. 6.1]. Let
x be a smooth, compactly supported function on R? with nonnegative Fourier
transform and let x =1 on Bg1. Then p = p- x and hence p = p* X. It follows
that \ﬁ\z < |ﬁ|2 x ; also since x is smooth, compactly supported,

IXE)| < O (14 1E)~N for every N;

we shall assume below that N > 2d. Thus

(6.34)
/ / Ao 0T, ()] 1+ 1)+~ e an(o)
Sdl

<C/ // (6t — ) ‘p x‘ (1+[t)? o4 dt dn(6) da

gd—1 R4

<l / 7(a)®, () / / (1410t — 2) =N (1 + |t)?+*= dt dn(6) d.
Rd ga-1 Jr
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We estimate the innermost integral in the last line of the above equation as
follows:

/(1 +10t — )N (1 + [t))F et ar
R

<29 (1+ |x|)ﬁ’+a—d/ (1410t — )~ at

|z]/2<|t|<2|x|

+C(N, B a) (1 + |z)™N

< Ca(1+ Ja])? o~ (1 +lal d ("’ |%>)
+O(N, B, )1+ |z) ™
Using ([6.32)), we have (recall that N > 2d)

[ (et (o)) e
{" d‘( o |)<'x1}

(N—d)k ki.—1 x k+1,.—1
+) 27 {9 2k || <d4<9,|x><2 || }

k>0
< 10¢, max(r, (1 + |z|) =17,

—N+d

It follows that the integral on the last line of (6.34]) is at most

2 ’
(635 10Cavey [ maxtr 0+ ) )8y (1 fal) 4
|x|<r—B/8
+1OCd,NCn/ P ‘f/I;r(ac)‘ (1+ |a)? o dg
|z|>r—8/8’
+C(N, B, a).

For |z| < r~P/F" one has the trivial inequality

7/3/
/ 1
o <max(lal 1) < (F5)

hence as 8’ < d,
max(r, (1+|a|) 717 <241+ |a]) 7
We also note that ®,(z) < Cn, (r]z])~™ for every Ny; hence (6.35) is bounded
from above by
(6.36) Cchn/‘p @) (1 + ) dz + C'(N, B, )
+ C’él’N cn Cn,y / rﬁ(r \x|)7N1 |x|’6/+a_d dx.
|| >r—8/8

As long as N is large enough (depending on 3, 8, d, ), the integral on the second
line of (6230 is bounded by a constant (depending on the same set of parameters).
(|
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As in Section [BlB, we interpret the identity

fin(b) = > v"™(9)fin-m(g"d)

to mean that for “many” g in the support of v*™, the set of large Fourier coefficients
Ay p—m Of pin—_m contains “a substantial proportion of” ¢"A. This later set we
consider as a perturbation of a rescaled and rotated orthogonal projection of A
in the direction g expands the most (in the notation of Section @l A, the direction
perpendicular to H(g)).

Lemma 6.12. There are €y, C,cg > 0 (depending on v) and an absolute constant
q > 0 so that if for some 1/2>t>0,1 < M < N with

N 1 N
(6.37) log i > cglog 7 and n > cglog i
it holds that
N d—€0
N(At’nﬂBQ7N;M)> (M) 5
then there are m, M', N' with M' > M,
N N\* N' _ [N\
mSCSIOgMa NI<N<M> ) M><M> )
and £ € P41 so that if R denotes the “rectangle” Bo n+ N Nbdpy (€) and t' = Ct9,
then
t'N’
M
Proof. Let 7 be as in Lemma A and set ¢g = 7/3 . Assume that for t,n, M, N as
in the statement of Lemma we have that

(6.38) N (Appm N Ry M) >

N d*E[)
N(AtmﬂBo)N;M) > (M) .
By Lemma [6.7 applied with € = 7/30 there is an N7 € (M, N) with log(Ny /M) >
+log(N/M) so that Ay, ,, N By, contains a subset E which is (Ct72,d — 27/3)-
regular at scale M, where t; = t?/4 and C depends only on 7. As before, we may
assume

tq

(6.39) >

S )

1
Bl ez

since we may always choose a subset E; C E of cardinality > |FE|/4 on which
the above inequality holds which is (Ct=2,d — 27/3)-regular (possibly for a slightly
different C).

Let my = klog(N1/M) (for a large constant  to be determined later depending
on v), and set ny =n —my. For any g € supp(v*™!) set

BE(g) =EN(g") " Au ,

gstat:{gesuppu*w : |E<g>>—E|}.
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By (m)’ as pn = prm * Ung s
DG
mi

—_ 14

] (9)
9

and it follows that for a set of g of v*™1-measure at least ¢; /4 one has

- . t
> n(g70) > 1B
beE

Z Fin, (gtrb)

beE

>l
-2

By Chebyshev inequality any such g satisfies |E(g)| > t1 |E| /8; hence we conclude
that

~

prm (gstat) >

Let w = (A1 — A2)/20, and set

Z .

1
Qlenz{geF : \)\i—m—logai(g)|<w for i:l,Q}.
1

By Theorem [4.3] and (6.37), if cs is sufficiently large (depending on v),
V" (Glen) > 1 —11/8;

hence v*"1 (Glen N Gstat) = t1/8. Let G = Ggtat N Gien and let 7 be the probability
measure on P4~ defined by
v*mi{ge G:0(g) €N
(0 = T,
By Lemma 5] for any ¢ € P41 and ™™ < r < rg (with rp = e™™° and 7 as in
that lemma)

1(Be,r) < 4ty

_ 57

Applying PropositionGITwith 8 = 7, 8’ = 37, a = d—3, and p = Wll > ber Ob/Ny 5
we get

) /J‘W 2 dn(&) Sc’tfl{cd/w ‘,3(3:)|2’(i)\r(x)‘z(1+|$|)a7ddx

2

(6.40
- C(ar 8., d)] .

Recall that p is (ct=2,d — 27)-regular at scale M/Ny; moreover if k > ¢; ', we
have that r := M/N; > e~ ™1, It follows that

—~ 2
L B@P @) 1+ lah e < Eafo « w,) (by ©3)
<=8t (since o < d — 27/3)

with ¢/, ¢ depending on 7,v. Substituting into (6.40), we get
2
dn(€) < ety

/ H d(pe x V)
¢ dx 2

We conclude that there is a gy € G for which

2
HW <edy? with & = 0(go)-

2

(6.41)
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Set
M’ = max(Nye?2(90) | Neo1(90)),
N' = Nyer(90),
Since go € Gien, we have that
log(N’/M") > min(log(Ny /M), (A — Aa — 2w)my) > log(N/M)

(the implicit constant depending on v). Also clearly M’ > M. Since go € Ggtat,
we have that |E(go)| > t1|E|/8; hence p(x-E(go)) > t1/8. Let 7g, denote the

orthogonal projection to the direction & = 6(go) (considered as a map R? — R).
By Lemma [6.10] and (6.4T]) it follows that

(6.42) N (e (G Eg0))i") = eun(r') 1

where 7’ = M'/N' > r and c.. = 278¢;1 . By definition of E(gg), we have that
90" (E(g0)) C Ag, /8,n,; moreover for b € By n,

- w1

In particular, setting & = 6(g{") and with R the rectangle By xv N Nbdas (£),

< Nye?2(90) < /.

(6.43) 90 (E(90)) € RN Ay, s, s

(6.44) N (96" (E(90)): M') > 5N (e, (E(g0)); 1) -

By (6:42), (643), and (644), keeping in mind that ' = M’/N’, the desired in-
equality ([638) follows. O

Similarly to the proof of Proposition [6.3] Proposition can easily be deduced
from Lemma [6.12] using Lemma Note that in the notation of Lemma [(.9]

log 1\1\2_11 — log % < logt; with the implicit constant depending on v. We omit the
details.

7. GRANULATED MEASURES

The goal of this section is to prove Proposition B.I] and hence our main result,
Theorem [A] which follows easily from it. Assume that p, = v*" * g satisfies

|/7no (a0)| >t >0

where ng is assumed to be larger than a constant multiple of log(2]/ag||/to). The
goal is to deduce that for any A < A; there is a C' so that there exists some m* so
that for every m > m*

to\“ 2[Jao| \
Ling—m (W@ e=am) > (—) ) where Q< (—) .
’ 2 to
We recall the notation
RQ:{(E,...,@)eW :qgQ}, Wor= | Ba
q q TER
Q

Unless otherwise specified, all other constants defined in this section depend only
on v (and hence indirectly also on T').
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We outline the ingredients of the argument in Propositions [[.TH7.4] below and
formally deduce Proposition B.Il The proofs of Propositions [[.TH7.4] are given in
Sections [l A{71D below.

In the first phase of the proof (Section [6] Theorem [6.1]) it was shown that
the set of significant Fourier coefficients {a € Z? : |[y,—m(a)| >t} in large balls
{a€Z : |ja| < N} has positive density when viewed at resolution M = N'~*,
We shall use this information on Fourier coefficients to show that a certain portion
of the measure ji,,, _,, on the torus T? is (1 — x)-granulated at scale p = 1/N in the
following sense.

Let i be a probability measure on T¢. Say that a t-portion of p is a-granulated
at scale p (here @ < 1 and p > 0 is smaller than a power of ¢/2) if there exists a
p®-separated set X C T¢ so that

u(Nbd, (X)) = (| Buy) > 1.
reX

The information on significant Fourier coefficients of u,, obtained in the first phase
of the proof (Section [6] Theorem [6.T]) enables one to show that a significant portion
of the measures fin,_nm is (1 — k)-granulated.

Proposition 7.1 (Initial granulation estimate). There exist constants 1 < Ly <
Lo, k>0, and c1, ¢ so that if [lin, (ao)| > to > 0, ag # 0, then for m > ¢;1-log %{f“,
there exist p € (Ly™, L7™) and a finite set X C T¢ so that

(1) X isr = p'~"-separated,

(2) fing—m (Upex Bap) > (%)

Let us say that a probability measure p is 3-concentrated around = € T? at scale
p if (By ) > p®. So Lebesgue measure is d-concentrated, while atomic measures
are 0-concentrated, at all scales. Observe that if « < d and a-d < 8 < d, then a
probability measure p which is a-granulated at sufficiently small scale p has points
which are B-concentrated: since a p®-separated subset on the d-torus has O(p~%¢%)
points, an average p-ball with center x € X has p-mass

1(By,) > const -t - p* ¢ > oP.

Thus fin,—m has points which are S-concentrated where § =d —k > (1 — k) - d,
assuming the scale p is small compared to t. The next step of the argument allows
us to bootstrap this concentration phenomenon from 8y = d — k down to Sy =9,
where § > 0 is some fixed concentration goal determined in Proposition [[.3] below.
The bootstrapping procedure is performed some finite number N = N(k,d) of
times.

Proposition 7.2 (Bootstrapping concentration). Given € > 0, there are v > 0 and
Ly so that for n > € > {y the following holds: given scales p < e~ C ., there are
scales

(el (-0t

r=e T, P =ce p

so that given an r-separated set X C T?, one can construct an r'-separated set
X' C T with

d
|X'| < |X] and tn—e( U By,) > <Mn( U Bm,p)) —e 0t

yeX’ rzeX
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The initial granulation @ = 1 — & gives ;—‘; = p, " so the above proposition can be
applied with £ as big as ﬁ log(;—g) = log(pio). With half that big £, we still get
a shrinking factor of e~(M1 =9 < pg/ % in the scale of concentrated balls produced
in the proposition. The fact that the ratio ;—i in the output is close to the initial
ratio £ allows to apply the proposition with a fixed ¢ for a number N of iterations
and obtain very high concentrations. The loss of mass is not very drastic if the
initial portion 79 > (t0/2)° of (1 — k)-granulated measure fi,,,—, is large compared
to the scale p and e,

The following proposition shows that a certain level of concentration can occur
only near rational points. This determines the desired concentration level § > 0

mentioned above.

Proposition 7.3 (Rational approximation). There are § > 0 and ¢4 < 00 so that
for any small p >0

pn(B.p) >p° = B.,CWq,,
forr = p?1% and Q = p='/1°, provided n > c4 - log(1/p).

Hence assuming that a significant p,,-mass is granulated with exponent 4, p,
gives this significant mass to W ,. with 7 = Q9. Of course the factor 9 is arbitrary
here; for the following we could work with any factor bigger than say 3.

The final step of the proof uses the I'-invariance of the set Rg to show that most
of the u, mass of Wg , = Uxe Ro B.,» must be concentrated near the centers Rg
of these balls.

Proposition 7.4 (Tight bootstrapping). Given € > 0, there are m, and w > 0 so
that if r > 0, Q < oo, and m > m, satisfy

1
@7

ed>\1'm . <

then
—w-m

ﬂn—m(WQ@—(M—‘)'"’wr) > ,LLTL(WQJ“) —¢
assuming n > m.

This is done by considering the intersections of a large number N > %™ of
translates gi_l(WQ)T), where g1,...,gn are chosen using the distribution v*™ of
the m-step random walk.

Let us now deduce Proportion B.1] from these propositions, which are proved in
Sections §§7 A-{71D below.

Proof of Proposition Bl We assume that |fi,, (ag)| > to > 0 for some ag € Z\ {0}.
We shall work with ng > m > C'-log 2‘%‘)”
implicitly in the proof.

Our first goal is to show that for some constants C7, D, 1 < Lg < L4 and any
mo > C1 - log %{;’” there exist p with L;™° < p < L3™° and a finite set Y C T¢
so that

where the value of C' will be determined

D

t

(7.1) fng—mo (By,p) > P6 (Vyey), Fonng—mo U By.p) > (50>
yey

where ¢ > 0 is the constant from Proposition [7.3}
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Proposition [.1] provides 1 < L; < Lo and s > 0, so that for large mgy there
exist po € (Ly ™, L7 ™) and a finite set Xq C T¢ which is ro-separated so that

_ to\
To :p(l) H’ :uno—moo( U Bﬂﬂapo) > (5) :

zeXy

We shall amplify this initial concentration by a number (N below) of iterations
of the bootstrapping procedure in Proposition The relevant parameters are
chosen as follows:

(7.2) l{eN so that e 20t ? = pf > e 3t
0

(7.3) NeN  so that SN -k > 6d?,

(7.4) e>0 so that 2N - e < d)\.

Here § > 0 is provided by Proposition [73] and s by Proposition [[.J] Note that
£ =< log plo = myo, i.e., the ratios between these quantities are bounded from below

and from above by finite positive constants (depending on v).

Forj=1,...,N—1set pj41 = eIM—e)l, po and 7 = eIt o Then
(7.5) Po << PN _ 2Net PO < 2Net=2dMt - —dhl
To N To

where the last inequality is justified by (Z2) and (Z4).

We have arranged p; < e—dMit . r; for j =0,..., N, and, assuming that £ > /g,
we may apply Proposition inductively starting from the set Xy provided by
Proposition [l This yields a finite sequence of sets X1, ..., Xy, where each X is
an rj;-separated set on the torus; the sets do not increase in cardinality:

(7.6) [ Xn| < <X < | X0 <constd-7“0_gl<pgd7
while the masses

. d Nl
Tj = fng—je( U Bu.p;) satisfy Tiv1 > T —e
QZEXj

Here v > 0 depends on € > 0, N, k > 0 and ¢ > 0, and these constants depend on
v but not on ¢, mgg, etc. So choosing C large enough, we may ensure that mgo,
and thus ¢, is large compared to log(2/tg) so that

¢ to ez (DY
< S :
< (3)
d+1

This implies, by induction on i, that 7; > 2e™7* and 7,41 > %Tid > 77 In
particular the last set X satisfies

to ca-(d+1)N
MnofNE( U Bm,pN) =TN > (5) .
reXN

We now use the fact that | X | has few elements, estimated by (Z.0), to extract the
subset Y of very concentrated ppy-balls:

N
7.7 Y = Xn ¢ i ne(B _~ L
( ) {J)E N Hng Né( 7pN)>2'XN|}
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Then
™ to\”
MWO*NE(U BnyN) > o > (5) )
yey
where D is set to be D = ¢5 - (d+ 1) + 1. Finally we claim that

™
2| X n|

Indeed, assuming myqq is large compared to log(2/t), we have

TN to d(1—k) d
> . > .

Using (7.3) and (7.2) and since N > d, it follows that

_6N2 _ d
SNe (e SdAll) /5 < pd.

(7.8) > (pn)°.

(pn)° = e Nt gl e
With Y as in (1), p = pn, mo = N, the claim (7)) is proven.
Applying Proposition [[3] to the conclusion (7I]), we deduce that for some Co,
C3 > 1, for mg > Cs - log 2”““” , and ng > C5 - mg, one has
to mo mo

(7.9)  png—mo(Wq.r) > (5> , where r=Q°, Qe (L ,L").

The proof of Proposition B.1] concludes with the second bootstrap Proposition [7.4]
applied a number of times. Given A < A1, we choose
A A=A
37 2 5 )
and let w = w(e) > 0 be the corresponding constant from Proposition [T4l

With € < Ay — A there are 0 < a < § and kg € N, so that any large m can be
written as

€ = min(—

m = mg +my +mg + -+ Mg,

where k < kg and

(7.10) Am < (A —¢€) - (m—mp),
(7.11) a-m<mg<p-m,
7 7
12 log L log L
(7.12) (10d)\ og L) - mo<m1<(10d>\l og Ly) - mo,

(7.13) I+ =) m;<mip1 <1+ ) m; (1 >1).

3d 2d

We set C to be large enough so that writing m > C'-log
2||ao|\

2
Haoll asm =mgqo+---+myg

in the form above, we get mg > C5 - log and mq > m,. Then for r and @ as

in (T9) condition (TI2) implies
A RS 7 1
1 1 < L 10 < .
0=

Denoting 7o = r and r; = e~ (1= (mittmi) 5> 1 we also obtain

ed>\1-m1‘,+1 . Ti <

1
@ .
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Indeed, this is proven by induction using (ZI13):

A
e 1

< .
ri - Q2 Tit1 - Q?
Therefore, Proposition [[4] can be applied to deduce, using (ZI0), that

A
6d>\1"ﬂl¢+1 < ed)\l“lni . e—QL-mi <

/Lno—m(WQ,e**'m) > /Lno—m(WQﬁ—(h—e)-(ml Footmy) -r)

—w-mi

> hng—mo(Wo,r) —€ ——e

For some ¢ > 0, independent of m, etc., we have Y e "™ < e ™ If C > 2D/c,
then it follows, using (Z.9), that

—W-mpg

s\ D 4\ D1
—cm 0 —cm 0
Png—m(Wqe=xm) > fing—mo(Wq,r) — € > (5) —e > <5) .

This completes the proof of Proposition 311 O

7.A. Initial granulation: Proof of Proposition [T.1l Proposition [Z.1] follows
from Theorem and the following general statement with M = N7, p = %,
s=t=th.

Proposition 7.5. There exists ¢ > 0 so that if a probability measure pu on T?
satisfies

d
N({aeZ nBoy : [i@)] >t} M) > s- (%)

with M < constg - N, then there exists an ﬁ-sepamted set X C T with

i ( U Bx’}v> > c- (ts)>.

zeX

Proof. We shall need an auxiliary smooth function F' on the torus such that
0<F<Cy- N supp(F) C By 1, / Fdx=1
Td
and the Fourier coefficients

F(a) >0, F(a) > for a€Z*NByn-.

N~

Here C; < oo is a constant depending on d only. To construct such a function,
consider the step function Fy(z) = m(Bg,)™! - 1g, () where r = ¢/N for some

fixed small € > 0. Then E(a) is close to 1 for a € Z¢N By y. If Fy is a smooth
symmetric approximation of Fy, then the convolution F = F5 % F has the desired
properties.

Let A be an M-separated set of size |A| > s(N/M)® consisting of coefficients
a € Z4N By with |fi(a)| > t. Upon passing to a subset A C A of size

A s (N\*
> — | —
A= >3\3)

we may assume that Re(e’ - fi(a)) > £ for some fixed 6 € [0,27). Let

o(2) = 3 eala).

acA
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As usual, e, (z) = e~27®:9) are the standard characters. Note that
[6(@)]* = (Y eal@))- (D esl@)) = Y eams(@).
acA beA a,beA

The probability measure A = x * I has a smooth density g : T¢ — [0,00) with
g(b) = 7i(b) - F(b). On A we have F > 1/2 and Re(e??[i) > t/2. Therefore

. t ts [ N\*
> 0.5 Z. A R
qui)d/\’ > E Re(e” - g(a)) > 1 |A| > 51 (M>

acA

(7.14)

We shall see that the right-hand side is close to an a priori upper estimate for the
left-hand side. Partition T¢ into M? “cubes” @, with side length % and centers
€ T?. By the Cauchy-Schwartz inequality

/quﬁdA‘ SZ‘/leQi.¢>d)\‘ SZA(Qi)é'(/czi ¢I2d/\)%

Let r = % which is assumed to dominate % Then Q; C B, ;/2 and y+Q; C B, »
for any y € supp(F) C By 1. Thus

(7.15)

NQ) = [ P uly+ Q) dy < e,
Since dA(z) = g(z) dx, we have

/ 9|2 d/\gGi-/ |p|? da, where G; = max g(x).
Qs Qi r€Q;

We shall estimate fQ |#|? dz using an auxiliary function f on T¢; we take f to be

the product f(z) = Hle has(x;) of one-dimensional Fejér kernels

n k o nu N\ 2
_ l E E e271'ju — l S 2
n n \ sin g

k=1j=—k

Note that f is a nonnegative function, with f(x) > 10~¢. M? on the ﬁ—cube
Qo = [~ 557> 757)* + 2% around 0 € T¢. The Fourier coefficients f take values in
[0, 1] and vanish outside the [—M, M]¢ N Z%-cube. Thus

d

ot an = | |¢<ci+y>\2dys% [ 16+ )y

0

d
<3 [ lotei+ PG v = 373 / S easleitu) F(y)dy

a,be A
104 ~ 104 ~
=l Z ea—p(ci)fla=b) | < - Z | f(a—0b).
a,be A a,bc A

Let Cy denote the constant which is 10¢ times the maximal cardinality of a 1-
separated set in [—1,1]¢. Since A is M-separated and 0 < f < 1, we have

104 ~ Co-|A| _ Co- N
_d.abze:A|f(a_b)|g 1 < SV

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



STATIONARY MEASURES AND EQUIDISTRIBUTION ON THE TORUS 271

The density g of A = pu * F' has the following upper bound:

(7.16) oa) = [ Pla =) duly) < €1 N (e,
Since Nbd 1 (Q;) C Be, ., it follows that
Gi = max g(z) < CLN“u(Be,.r)-

).

1
N

Let 0 < H; < 1 denote the ratio, so G; = H; - C;N%u(B,, ). By (14l and [T.15)

d d
ts N 1 1 \/CQ-NQ
(1) D e T

1 N\¢

Let C3 = +/Cy - Cy. We have

1 ts
zi:ﬂ(cht,r) "HP > 2103
Therefore
ts . 1 ts

(7.17) EZIM(B%T) > B, where I= {z : HP > %0, }
For each ¢ € I choose x; € Q; so that

ts

g(xl) > (2503)2 -Ch Nd ’ IU‘(BCM”)'

Then (I6) gives

g(zi) _ (ts)?

N(Bxi,%) > Clj\;d m '/L(Bci,r)v

and using (Z17),

(ts)®
> nBa, 1) > gi5m
el " 2203

The set X = {z; : i €I} visits each of the cubes @); at most once. Thus it may
be separated into 2¢ subsets each of which never visits neighboring Q;’s and is

therefore ﬁ—separated. At least one of the 2% such subsets X C X has
(ts)®

_ —d
p(J Ber) =D n(Buz)>27"-> (B, 1) > PYESTRwSrE
z€X z€X i€l 3
This completes the proof of the proposition. O

7.B. Bootstrapping the concentration: Proof of Proposition We start
with a few lemmas.

Lemma 7.6. Given € > 0, there are v > 0 and mg € N so that for n > m > myg
one can find a subset G C T'¢ so that for (g1,...,94) € G,

(i) |ilogaj(gi)—kj|<e (1<i<d, 1<j<d),
m
(ii) vol(0(g1),...,0(ga)) > e ™,
(iif) vol(0(gt"),....0(g%)) > e ™
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and such that for any Borel subset A C T¢ one has
pn(A)E = e <N TV (g) - v (ga) - pinem (g7 AN N gyt A).
geg
Proof. By Theorem for some p > 0 and sufficiently large m the set G, of
d-tuples g € I'? satisfying (i) has
(™) (Gien) > (1 =7,

The set Girans of sufficiently “transversal” d-tuples § € I'Y, namely ones satisfying
conditions (ii) and (iii), has (Lemma 0] mass

(V*m)d(gtrans) > 1 - e—(e/p)-m.
Let G = Gion N Girans and let v > 0 be small enough so that
(y*m)d(g) >(1—ePm)d - e~(e/pPm 5 1 _emrm,
Given A C T, the function f(z) = > ger V" (g) - 1a(gz) on T9 satisfies
» F@) dpn i (x) =D V™(9) - pin-m (g™ A) = pn(A).
gel

By the convexity of ¢ — t? we deduce that
d
pn(A)1 = ( fdunm) < [ F@) dun i)
Td Td

= > v™g) v ™(ga) - fnem(gr AN N gyt A)
gerd

and the lemma follows by restricting the summation to g € G. (]

Lemma 7.7. For any Z1,...,Zd, Y1, --,5a € P41 one has

d
[vOl(Z1, .., Ba) — vol(Tn, .., a)| S V2 du (Zi,Ti) -
=1

Proof. Assuming x;, y; are unit vectors, we have

d
‘VOl(l‘la"wxd) _VOI(yla' . ayd)| < Z |V01(J}1,. -y &g _yia"wyd)‘
i=1

d d
< Z |z — vl < \/i'zdé (Ti, i) -
=1 i=1

O

Lemma 7.8. Given e > 0, there is mo(e) so that form > mg and any g1,...,94 €T
with

i) - Ml<e  (=12)

m i\ J J 1 2),

vol(0(gi"), ..., 0(g%)) >e ™
one has

Voue R \ {0} . max ngUH > e(A173e)-m
1<i<d |||
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Proof. First let us estimate

_ . _ tr iR
0= fglagxddi (U,H(gz)) - fg?gdd& (0(91 )7U ) .

If the y; denote the projections of some unit vectors in z; = 0(gf*) to v*, then
vol(g1,...,54) = 0. Hence it follows from Lemma [[7] that

d
\/5 . Zdi (jugi) > VOI({fl, Ce ,ifd) >e ¢,
=1

€-

Thus 6 > ﬁ -e~“™_ which is larger than e~2¢™ for sufficiently large m. We have

||gz/U|| > §. min HgZH > e—2€~m . e()\l—e)-m > e(/\l—?)e)»m
1<i<d |jv]| 1<i<d

as claimed. |

Proof of Proposition [[2l Since Ay > XAy > --- > Agand Ay +---+ A\g = 0, we have
the strict inequality A; —Ag < dA;. We fix a small 0 < § < min(§, W), with
£y to be determined later. Lemma [0 provides a set G C I'? of d-tuples (g1, ..., gaq)

and v > 0 so that
1

vol(0(g1), - .-, 0(9a)) > e,
vol(B(g!), ..., 0(gty)) > e,

and for any A C T¢

pn(A)* = e <> " () - v (ga) - ey T AN N g A).
geg
We apply this to the set A = Nbd,(X) = ,cx Bz, of well-separated small balls
on the torus and fix a d-tuple (g1,...,94) € G with

pn () — e < (g TAN - N gt A)
= e J 97 (Barp) N Ng (Bay)-

T1,...,d€X

Consider the components Cy,, . ., = g7 " (Bsyp) N -+~ N g; " (Bs,,,), indexed by d-
tuples & = (x1,...,24) € X%, of the union in the right-hand side. We shall show
that most of these components are empty; in fact, there are at most |X|-many
components with Cz # (). We shall also show that these nonempty components are
r’-separated and have diameter less than p’. So choosing one point y from each
nonempty component Cz of gl_lA N---N gd_lA, we obtain a set Y with the desired
properties.

Let & = (z1,...,2q) and &' = (21,...,2/) be two d-tuples from X, where Cz
and Cy are not empty, and assume that x; = 2 = z. Then g; '(B,,,) intersects
both g;l(ij,p) and g;l(Bz;Wp). Applying g;, it follows that the set (gjgfl)(Bzyp)
intersects the p-balls around points x;, x; € X, which yields

lzj = 25l < 20+ llgsll - llgy 'l - p < (24 eFDEL ALy .
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Assuming ¢, is large enough, for ¢ > ¢y one has
2 + e()\1+5)2 . e(*)\d+5)-/€ < ed)\ye'

It follows that ||z; — 2%|| < r and therefore z; = 2. This consideration applies to
allj=2,...,d. SoZ =47

Let us choose representatives y € Cz in nonempty components of g; "An---n
gd_lA and form the set Y. We just showed that associating z; to y € Cy, . 4, is
an injective map Y — X, so |Y] < |X].

Let us show that Y is r’-separated. Let y € Cz, v € Cg, and y # y'. Then
xy # 2} € X, while g1y € B, , and g1y € B Therefore

x,p-
r< o =24l <20+ llgull - ly =/l
Since p is much smaller than r and since ||g; || < e*119)¢ < A1+ we have

ly =/l > llgull =" - (r = 2p) > =¥ =4

as claimed.
Let Cz be a nonempty component and let y € Cz. We claim that Cz C By ..
Indeed, for any z € Cz and every i = 1,...,d both g;y and g;z are in B, ,, so that
Y — g;iz|| < 2p.
nax llgiy — gizll < 2p
The above distances are measured on the torus. But since ||g; *||p < 1/10, the whole
picture may safely be lifted to R?, and one might think of the vector v = y — 2
being such that
max
1<i<d

lgiv]l < 2p.

By Lemma [C.8 and the geometry of ¢1,...,gq this implies that

ly — 2| = flof| < e”Pa730C.2p < e =l p— .

Therefore

gitAN-ngtAc | Byy

yey
and
fin—e( U By,p) = fin ( U Bm,p)d —e !

yeyYy reX

as required. O

7.C. Rational approximation: Proof of Proposition [T.3l We shall need the
following technical lemma, which gives a sufficient condition for a linear combination
of d very proximal elements in SL4(R) to be invertible. Recall that for g € SLy4(R)
we denote by o(g) the ratio between the second longest and the longest axes of the
ellipsoid g(Bo 1), i.e., 0(g) = 02(9)/a1(9) = llg A gll/|lg]|?; proximal elements are
those with small o(g).

Lemma 7.9. Given g1,...,94 € SLq(R) and constants c1,. .., cq, let
lcil llg:ll
P = i, 0l 25T, 254 g

and let v = min(vy,va), where

vy = vol(8(g1),-..,0(g4)), vy = vol(0(gi"), ..., 0(g})).
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Assume that

v3

7= 08CL
Then the matriz h = E?:l c;igi s invertible.

Proof. The idea is as follows: the transversality parameter v, > 0 provides a lower
bound on the largest angle between an arbitrary vector z and the hyperplanes H(g;)
of “slow growth”. This lower bound and the proximality parameter p show that
any given vector z is stretched significantly by at least some of the maps g;; in
addition, for these maps g;Z is close to the axis 6(g;). The fact that these directions
are in sufficiently general position (controlled by v1) is used to show that the longer
among the images g;z do not cancel each other and cannot be offset by the shorter
images g;z either. The details follow.
Given a unit vector ||z|| = 1, reorder the g;’s so that

a; =dg(2,H(g:) = de (25,0(g"))
decrease: a; > -+ > ag. Let 8 =4dp/v and define k = max {1 <i<d : «; > S}.
Denoting x; = ¢;g;z, we shall prove that
(7.18) o+l > gl + -+l

thereby verifying that hz = x1 +-- -+ x4 # 0. Since z was an arbitrary unit vector,
h is nonsingular.

Let g; denote the projection of 6(g!*) to z+. Then vol(7i,...,74) = 0 and it
follows from Lemma [7.7] that

d d
_ . v
;ai = ;d,( (z5,0(g")) > 7

Therefore, oy > v/2d, which in turn is bigger than 5 = 4dp/v by the assumptions
on p. Hence we are guaranteed that k > 1. Using Lemma [£1}(3), for 1 < i < k we
have (with Z; denoting the unit vector in direction x;)

lzill > leil - llgall - cu, de (%i,0(9:)) <

™I

Thus applying Lemma [[7] to
t=vol(z, Tk Oghsn)s - 0ga)  and vol(B(g), ., 0(ga)) > v

gives

\/ﬁdp v
t>v— 205

> 6 > 9

Since t < dg (%1, span(xs, ..., x)), it follows that

2
v
lzy + -+ awl 2 llzall -t 2 fed] - Mloall - et = el - Nlgall - 3=

At the same time, for k < i < d one has (Lemma [£T}(2))

5dp

ol < led - lgal - (o + (90)) < CL-lex] - | - 22
using a; < B = 4dp/v, ¢; < Ccy, ||gil| < L|jg1]|- Hence (CI8) follows from the
assumption p < (20d*C L)~ - v3. O
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Proof of Proposition [[3l Let v > 0 and mg be the constants from Lemma [7.0]

corresponding to

A=A 1
0 2

and choose § > 0 small enough to ensure that Ay =

€ = min(

ds
Bt
all p > 0, smaller than e~229, one can find an integer m so that

1 1 1 cm< do 1 1
——.log- <m< — -log ~.
0d +1) %) v %
Taking ¢; = dd/y and py = min(e=240,e~™0/¢1) we shall also ensure that given
0 < p < poand n > cqlog(l/p), our choice m = m(p) will satisfy mg < m < n.
Lemma [76] provides a set G C I'? of d-tuples § = (g1, ..., gaq) with

1
~ 0d0uTD) > 0. Then for

(7.19)

1 .
|—log|lgill — M| <e, i=1,...,d,
m

1
| —logo2(g;) — o] <, i=1,...,d,
m
VOl(e(g1)7 s 79(911)) > 6*6‘771’
vol(0(gt"),...,0(g%)) >e ™,

and such that
d

pn(Bap)? — e TS W (gr) - v ™ (ga) - pinm([) 65 (Bp)-
geg i=1

The assumption 1, (B, ,) > p° implies, using the second inequality of (ZIJ), that
Nn(Bz,p)d > pd6 >e
Thus there exists a d-tuple (g1,...,94) € G with
anm(gl_l(Bz,p) a---nN gd_l(Bz,p)) > 0.
In particular, there exists w € T? such that
{g1w, gow, ..., gaw} C B, ,.

We use || - || to denote the usual metric on both R? and T? and we denote by
7 : R® — T? the locally isometric projection. Choose w, z € R% with 7(w) = w
and 7(Z) = 2. For some integer vectors @; € Z<

(720) ||giu7—&’i—2'||<p (izl,...,d).
Let ¢y =+ =cq-1=1,cq=1—d, so that > ¢; =0 and >_ |¢;| < 2d. Combining
the inequalities (Z.20) with coefficients ¢;, we get

|hi@ — b]| < 2dp

d . . . > d o . .
where h = ). | ¢;g; is an integer d X d matrix and b = )., ¢;d; is an integer

vector. Our choice of € = Ali))‘2 and the following properties of g1, ..., gq
(A2+e€)m ) 4
max Q(gz) < eo\m, maxm <d< 66-m7 max ng” < 626~m’
o el lgil

vol(6(g1),- .., 0(ga)) > =™, vol(B(gi), ..., 0(gq)) > e ™,
imply that the assumptions of Lemma are satisfied.
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Thus the integer matrix h is invertible, and its determinant ¢ = det(h) is a
nonzero integer; in particular |g| > 1. Then h=! = (1/q) - k where k € My q(Z).
Set o= g1kb € Z%. We have

—

Iz
Iz == (I

IN

L1 -
lgrw — 2]l + [|g10 — 5917@‘5”

IA

p+llgah™ Ml 1had — bl < (1 + 24 [|gall [27]]) - p-
Let us estimate the factor ||g1]/||h ™| in terms of 1/p:

d
1l < lel - Nlgall < 2de®i+9m,

=1

_ 1 _ _ :
1= < h IRt < Il (using ¢ > 1),

=

14 2d||gi||[|R7Y] < 14 (2d)%edPaterm < gdatm o =55

with the last step justified by the first inequality in (ZI9). We also assumed that
e(l=9m > ¢=mo/2 dominates the absolute factors like (2d)¢. This gives

o

9
0

I <pio,  with gl <p

1
10

ISR}

[z —m(
as claimed. O

7.D. Final Bootstrap: Proof of Proposition [Z.4]

Lemma 7.10. Given €1,eo > 0, there exist § > 0 and mqg so that for m > my
any set G C T with v*™(G) > ™™ contains a subset F C G with cardinality
|F| > e>™, such that

\%logaj(g)—)\j|<q (j=1,...,d, geF)
and every d-element subset {g1,...,g4} C F satisfies
vol(8(gi),...,0(gk)) > e 2™,
Proof. Let Gien = {g€T : |Loj(9) —Aj|<ea (1<j<d)}. By Theorem E3J
there exist N = N(e1) and ¢; > 0 so that for m > N the set

1 .
glem:{gEF : |Elogo_j(g)_Aj|<€1 (,72172)}

has v*™(Gien) > 1 — e~ ™. By Theorem 4] given €5 > 0, there is ¢35 > 0 so that
for any hyperplane H,
v y{geT  de(0(g"), H) <e @™} <e @,

Let us take positive 6 < min(cy, ca/d). For such ¢ and large m

(7.21) e O _emerm _ (gdmyd=l pmeam o
Let G with v*™(G) > e~%™ be given. We shall form the subset F C G by choosing
inductively elements from G’ = GNGien. Suppose g1, . .., gn are already chosen. For

the next element g, 11 we can choose any g € G’ for which the axis 0(g"") makes an
angle of at least e~ with all hyperplanes of the form

0(g;) ®-- - @0(g" )
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where iy < -+ < i4—1 is a (d — 1)-element subset of {1,...,n}. There are less than
n?=! such hyperplanes. It follows that

vrlgy U {ode (0000 @ @0gl)) < e
1<iy < <ig_1<n

> e—é-m _eCrm _ ,nd—l . 6—02~m7

and in view of (ZZI)) the right-hand side is positive as long as n < [¢*™]. This
allows us to construct the desired set F with at least e®™ elements. O

Proof of Proposition [L4. Let § > 0 be associated to €; = €2 = § in Lemma [CT0
take w = §/2 and my large enough. The basic relation

WQ r ZV Mnfm(g_l(WQﬂ"))
gel

implies that the set
G={9€T : pin-m (97" Wq.)) > tn(Wg) —e*™}

has v*™(G) > e®™. Let F C G be a subset of size |F| > ¢®™ of well-shaped
elements in general position provided by Lemma[Z.T0] We shall consider the possible
intersections of the sets

WQT* Ug zr (gEf)

Note that the set R of centers of the r-balls which form Wg ,. is Q ~2-separated:

‘:H(q’pl—qp’l q’pd—qu) RS
a" g ¢ q a-q¢ 7 aqaq ¢~ Q*
Suppose that for z,y € Rg and g, h € F the ellipses g~ *(B,,) and h~!(B, ) have
a common point, say w. We have ||z — gw|| < r, |ly—hw| <r, and ||g”*||, [p7] <
e(=Aate)m  Note also that —\g < dA;, and we may assume that 2e~(Aate)m <
e ™ - Therefore

(GRS R

>

-1

lg™ 'z —h7lyll < g7 re —wl| + w— A7y
< g7 lle = gwl + 1R - ly = bl
1
< 2e(Frate)m o pddim . o @
Since g~'x and h~'y belong to the @~ 2-separated set Rg, they coincide: gtz =
h='y =z € Rg.
This computation shows that for any d-element subset {g1,..., g4} C F we have

ngz WQT‘ - U (mg glzr>-
i=1 z€Rqg \i=1

The conditions on F show, using Lemmal[l.8] that for any d-element subset {g1, ..., 94}
C F and every v € R?

> (A1—€)m
mas g = 1= o],
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This implies that on the torus T¢,

d
i=1

Therefore for any d-element subset {g1,...,g94} C F we have
d
(97 (W) CWg —0i-ermy
i=1

For g € Flet Eg = g7 (Wq) \Wg o~ (x1-om.,.. We just showed that the collection
{E, | g € F} has no d-fold intersections. Thus

q> / S 16, (@) ditn(@) = 3 i ().

geF geF

Thus for at least one h € F C G one has

d
anm(Eh) S m < d e—ém
Therefore,
,Ufn—m(WQ,e—(M—ﬁ)-M.T) > Hn-m (hil(WQ,r)) - ,Ufn—m(Eh)
> pun(Wo,r) — e 0m _d.e70m
> MH(WQJ“) - efw-m’
assuming m > mg where my is large enough. O
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