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1 Outline of the talk

1. Estimation of missing values in given matrix data using
the inverse eigenvalue problems techniques, and their

applications to DNA microarrays and image processing.

2. A joint SVD decomposition of two or more matrices to

compare several biological processes.

Most of the results can be found in the following recent
papers, which are available at

http://www.math.uic.edu/~friedlan/research.htmi




Singular Value Decomposition
Gnxm) = grxmgmxm)ymxm T p s g
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o; = V\; eigenvalues of GGT or GT G
Columns of U, eigenvectors of GGT .
Columns of V/, eigenvectors of GT G.

Let rank(G) = r. Then
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e N(G) = span{v,41,...,v,}and
R(G) = span{uy,...,u,}

e Norms: ||G||% =02+ -+ 4 02,and
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Principal Component Analysis (PCA)

LetG = (g4,.-.-,8n)T, genes through different

experiments. Let uc = E(G) be the mean and
Cc = (G — ng)(G — png)T be the covariance

matrix.

Then compute the eigenvalues \; and
corresponding eigenvector v;,2 = 1...n.

Sort the eigenvalues and corresponding

eigenvectors in descending order.

Construct orthogonal basis, by having the first
eigenvector the direction of the largest variance.

Represent the data with the few basis vector
(corresponding to the largest eigen value).

Let F/;. be the matrix having the first k eigenvectors.

Project the original data on the axis in dimension k.
This way we could minimize MSE, by this
representation of data. This way we lose a little bit

of information.




Low Rank Approximation

Let R(n, m, k) denote the set of n X 1m matrices of
at most rank k (m > k). Then for each k, k < 7, the
SVD of E gives the solution to the following
approximation problem:
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Computing Eigen-genes
m
Gene matrix G™*™, # of significant o; < —

ui, ..., U, eigenarrays, vi, ..., V, eigengenes,

o1 ...,0] €igenexpressions.
e Hous(G) = (I — 2hh*)G = A.||h||, =1

e Compute AT A

e QR(ATA) - Q

positive a'f,...,a'2 and u{,...,U,
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U; is my;-dimensional IPS over C, with {(+, +};,2 = 1, 2.
T : U; — Uy linear operator. T* : Uy — Uj the
adjoint operator: (T'X,y)2 = (x, T*y)1.

Sy :=T*T : U; — Uq,

So :=TT* : Uy — Us,.

S1, 52 self-adjoint: S = 81,85 = S2 and

nonnegative definite: (S;x;, X;); > 0.

o? > ... > o2 > 0 positive eigenvalues of S and S

and r = rank T = rank T™*. Let

_ 2 . _—
S1vi = o7vi, (Vi, Vi1 = 0ij, 1,5 =, 1,..., 7.

Define u; := O',i_lTVi,’l: = 1,...,7. Then

<u,,;,U_j>2 = (57;j,’i,j — ]_,...,’I“.

Complete {v1, ..., v, } and {uy, ..., u, } to orthonormal

bases [V1y eeey Vim, ] @and [U1, ey Uy, ] in Uy and Us.
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let A € C™X"™ Then A : C™ — C™. Assume
C™, C™ equipped with standard inner product

<Xa Y> = y*x.
Then A = UXV* whereU € U(m),V € U(n),

mXmn

3 = diag(o1,- -+ Omin(m,n)) € R

U, V transition matrices from [Uqy eeey Wy ]y [V1y eees V]
to the standard bases in C™, C™ respectively.

Fork < rlet X = diag(oy,...,0) € REXE
and U, € U(m, k), Vi € U(n, k) having the first k
columns of U, V respectively. Then Ay, := U3 V"
the best rank k approximation in Frobenius and operator
norm of A:

minper mam |4 — Bl = ||A — Agl|
A=U,X,V>'is

Ov41 o O

(r >) v numerical rank of A if

A, isa of A.

v

Noise reduction has many applications in image processing,
DNA-Microarrays analysis, data compression.




4 MISSING ENTRIES PROBLEM

In DNA Microarrays experiments one measure thousands of
genest = 1, ..., min n different conditions, typically

n € [3,20].

0 < a;; measures the intensity of gene 2in 3 — th
experiment. The results are recorded in the matrix

A= (CL,,;j) € RmXxn,

Sometimes the entries a;; are missing (corrupted, up to
20%).

LetZ C {1,...,n} X {1,...,m} missing entries
set.

Seta;; = Of (¢2,7) € T.

Let X be all X = (x;5) € R™*™ where &;; = O if
(4,5) € T.

Assume that the completed matrix of the experiment should

have the numerical rank v. Then we complete the entries by
solving the problem:

(1) minxexd,;_,, ,07(A+X) =

minxex ) ;_,. 4 Mi((A+ X)T(A+ X))
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Fixed Rank Approximation Algorithm: [8]

Let G, € X be the pt™ approximation to a solution of

optimization problem (1). Let
B, := (A+ G,)T(A + G,) and find an orthonormal
set of eigenvectors for Bp, Vp 14 «eey Vp,m. Then Gpi1
is a solution to the following minimum of a convex

. . . ° m
nonnegative quadratic function minxex > oy 4

((A+ X)Vp,q)T((A + X)Vp,q)-

Flow chart of the algorithm:

Fixed Rank Approximation Algorithm (FRAA)

Input: integers m, n, L, 1ter, the locations of non-
missing entries &, initial approximation Gg of 1 X m
matrix G.

Output: an approximation G;ter of G.

forp = Otozter — 1

- Compute By, := (A + G,)* (A 4+ G,) and find an
orthonormal set of eigenvectors for By, Vip 14 «eey V. m.

- G p41 is a solution to the minimum problem (1) with
v=L—-—1=1.
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Let fi(X) := > ;11 07(A + X). In each step of
the algorithm fi(Gp) 2> fi(Gp+1). Gp,p =1,...
converges to a critical point G. FRAA gives a good

approximation of G. In many simulations G = G*.

FRAA is an adaptation of an algo for IEP:

Inverse Eigenvalue Problem: Find the values of the missing
entries of G such that the nonnegative definite matrix

GT G will have m — 1 smallest eigenvalues equal to zero.

|IEP appear often in engineering. See [9] for examples of IEP
and a number of good algorithms to solve these problems.

FRAA is a robust algorithm which performs good, but not as
well as KNNimpute, BPCA and LSSimpute.

All other algo reconstruct the missing values of each gene

from similar genes.
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More about FRAA
Proposition

Let G’ be the n’ X m’ be the matrix constructed by
deleting ¢ and j columns, the 04 (G) > o4(G’) for

gq=1...m.

Ky-Fan Characterization

i Ag(A) = i ngzq
qg=I1 qg=I1

™m

. T

= min E y. Ayq
{Yla'“a;}’m}eﬂm—l—l—l q=l 9
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Computational Aspect of (FRAA)

The algorithm tries to minimize ZlﬂiL 0'l2_|_1 (G), where
G ranges over all the completion of the missing data. We

assume that the ideal completed gene matrix should have
rank (k).

e We start with G'g using SVD. Suppose we have Gy .

G, is the missing reconstruction data.

e Then algorithm for constructing G p+1,

— T -
Ap 1= G, Gpann X m matrix.

13



e We use MatLab to find

Al(Gp) 2 tee Z Am(GP)a

and their corresponding eigenvector Up. 1 « « « Up m.
G=G,+X.

X has all zero entries for the non missing data. Now we
consider the quadratic form,

it I(Gp + X)upi||? =
Zf;\il ul (Gp + X)T(Gp + X)uy,;

D,

xTB,x + Zng + Zfﬁl o?(Gp) = f(x)

and we want to minimize f(x).

14



Algorithm for G,

e In the original matrix we substitute O for missing value or

write down the row average
e Compute the singular value of GZGP.

e Construct By, with entries by, (s, t), in (s, t) places.

1 & o o
bp(sat) — 5 ng,z'(F(zsa]s)TF(ztaJt)
1=l

‘|‘F(7:t7 jt)TF(isajs))vp,i-
e The matrix By, gives the exact solution of G'pp 1.

e Solve forxin By, « Xp11 = — Wy,
Gp_|_1 = Gp —+ Xp_|_1 until

Z'Ii\iL 0,52 (Gp+1)

S o3 (G ) is very small (L
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6 IMPROVED FRAA (IFRAA)

Improved Fixed Rank Approximation Algorithm [7].
First use FRAA to find a completion G.

Then use a cluster algorithm,

(We used K-means repeating & refining cluster size),

to find a reasonable number of clusters of similar genes,
each cluster is a relatively smaller matrix having an effective

low rank.

For each cluster of genes apply FRAA separately to recover

the missing entries in this cluster.

These results suggest that IFRAA has a potential for being
an effective algorithm to recover blurred spots in digital

images.

16
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Given a metric space X,d : X X X — R and
X = {x1,...,Xn} C X are n distinct points,

associate M := (d(xi,X;))7,—q € RYX™.

Problem: Partition X to clusters X — U;?'Lzl.?(j using M.

There are many different approaches to solve this problem.

17



K-Means Clustering

Divide genes randomly in K-clusters
Compute centroid

Compute genes distance to clusters
Pick closest cluster

Recompute new centroid

Repeat until convergence

18



IFRAA(FRAA +K-Means Clustering)
e Impute GG via FRAA

e Find clusters c; using K-means.

e Compare c; with GG, remove data points

corresponding to missing data.

e Impute applying FRAA to c;.

19



Cdc15 data set
T

——— IFRAA

—+— LLS

——©©— BPCA

| | | | | |
8 10 12 14 16 18 20
% missing value

Figure 1: Comparison of NRMSE against percent of missing
entries for three methods: IFRAA, BPCA and LLS. Cdc15
data set in [17] with 24 samples.
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Data matrix of rank 2

10 12
% of missing

Figure 2: Comparison of NRMSE against percent of missing
entries for three methods: IFRAA, BPCA and LLS. Data set

was a 2000 X 20 randomly generated matrix of rank 2.

21



Bayesian principal component analysis-BPCA [15]: A global
method consisting of three components. First, principal
component regression, which is basically a low rank
approximation of the data set is performed. Second,
Bayesian estimation, which assumes that the residual error
and the projection of each gene on principal components
behave as normal independent random variables with
unknown parameters, is carried out. Third, Bayesian
estimation follows by iterations based on the
expectation-maximization (EM) of the unknown Bayesian

parameters.

Local least squares imputation method LLS [14]: A local
methods, which use similarity structure of the data to impute

the missing values. LLS has two versions to find similar

genes whose expressions are not corrupted: the Lo-norm

and the Pearson’s correlation coefficients. After a group of
similar genes C' are identified, the missing values of the
gene are obtained using least squares applied to the group
C'. The recovery of missing data is done independently, i.e.
the estimation of each missing entry does not influence the

estimation of the other missing entries.

22
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The performance of the BCPA, IFRAA and LLS algorithms
depends on the unknown distribution of missing position of

the entries.

Table 1: Comparison of NRMSE for three methods: IFRAA,
LLS and BPCA for actual missing values distribution for three
gene expression data sets with different percentage of miss-
ing values.

Data sets

Cdc15 data set %0.81 missing

Evolution data set %9.16

Calcineurin data set %3.68
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Let A € C™*", B € C'*™. Then Van Loan 70s:
A = FTR, B = GAR,

F e€U(m), GeU(ll), Re GL(n,C),

I € RTX"’, A € Rl_:(n diagonal matrices.

Numerical computations of GSVD are very unstable.

Thm ([5]). Let P := A*A 4+ B*B and r := rank P.
Then A =U®V*,U € U(m,r),V € C™**X",
B=WvVv* W e U(l,r),

¢ = diag(p1,-.., D),

U = diag(Y1,...,%,) € Rfl_xr and

®2 + 02 =1,.

Hence P = V' V* and the columns of V form an
orthonormal basis of the subspace X, spanned by the
columns of A*, B™* with respect to the inner product

(x,y) :=y*PxonV.

Reason: T3Ta + TETp = I|x =
(TATa)(TpTB) = (TTB)(TATA)

24
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