Towards theory of generic Principal Component
Analysis

Anatoli Torokhti and Shmuel Friedland

Abstract

In this paper, we consider a technique called the generic Principal Component Analysis
(PCA) which is based on an extension and rigorous justification of the standard PCA. The
generic PCA is treated as the best weighted linear estimator of a given rank under the
condition that the associated covariance matrix is singular. As a result, the generic PCA is
constructed in terms of the pseudo-inverse matrices that imply a development of the special
technique. In particular, we give a solution of the new low-rank matrix approximation
problem that provides a basis for the generic PCA. Theoretical aspects of the generic PCA
are carefully studied.

1 Introduction

In this paper, we consider an extension and rigorous justification of Principal Component Anal-
ysis (PCA) for the case of singular data and weighting matrices used in the PCA structure.
Such a technique is here called the generic PCA. Differences from the known results and the
innovation of the proposed methodology are specified in Section 3.

The PCA is a procedure of finding the so called principal components of observed data
presented by a large random vector, i.e. of components of a smaller vector which preserves
principal features of observed data. In particular, this means that the original vector can be
reconstructed from the smaller one with the least possible error.

The standard PCA [12] works under a strong assumption on non-singularity of the associated
covariance matrix. At the same time, intrinsic data features imply singularity of the covariance
matrix that leads to the necessity of exploiting the pseudo-inverse operator in constructing
the PCA. Although an approach to a derivation of the PCA in the case of the pseudo-inverse
operator has been outlined in [11], the technique associated with the pseudo-inverse operator
is not straightforward and requires a more detailed and rigorous analysis. It is shown below
(see Theorem 4 and Remark 4 in Section 5.1), that such a technique requires an extension of
the known low-rank matrix approximation [4] to the more general cases presented by [5] and
Theorem 1 in Section 4.

Observed data is normally corrupted with random noise. Therefore, a procedure of finding the
principal components (such a procedure is often called data compression) should be accompanied
by filtering. We note that filtering and data compression could be separated. Nevertheless,
simultaneous filtering and compression is more effective in the sense of minimizing the associated
error (see [30, 33|, for example). The generic PCA considered below performs these operations
simultaneously. See Section 5.2 in this regard.

Next, many applied problems require a development of weighted estimators. Examples of such
problems are determining the electroencephalography (EEG) envelope in neuropsychobiology
[7], a statistical analysis of shells in biology [2], data dimensionality reduction in neural systems
[3, 23], modelling automobile assembly operation [34], parameter estimation in linear regression
[32], filter design [17, 18, 19, 26|, state-space modelling [9, 25], array signal processing [31]



and channel estimation [20]. For other relevant applications, see, e.g., [12, 24].! The proposed
generic PCA is the new effective weighted estimator. In this regard, see (4)—(5) in Section 3,
and Theorems 2 and 4 in Section 5.1.

The main question addressed in the paper is as follows: What is a constructive representation
of the generic PCA and its rigorous theoretical justification? In turn, this implies the following
questions. What kind of an extension of the low-rank matrix approximation problem should
be used in a derivation of the generic PCA? Is a solution of such a problem unique? If not, in
what analytical form can we represent its non-uniqueness? What is a condition that leads to
the uniqueness? The answers are given below.

2 Standard Principal Component Analysis (PCA)

By Jolliffe [12], ‘Principal component analysis is probably the oldest and best known of the
techniques of multivariate analysis.” The PCA was discovered by Pearson [22] in 1901 and then
independently developed by Hotelling [10] in 1933, by Karhunen [13] in 1947 and by Loeéve [16]
in 1948. Owing to its versatility in applications, PCA has been extended in many directions (see,
in particular, [11, 21, 24, 33] and the corresponding bibliographies). In engineering literature,
PCA is normally called the Karhunen-Loeve transform.

Note that PCA can be reformulated as a technique which provides the best linear estimator
of a given rank for a random vector (see [11, 24]). The error associated with the estimators
[11, 12, 21] based on the PCA idea is the smallest in the corresponding class of linear estimators
with the same rank.

To represent the PCA, we begin with some notation which will be used here and in the fol-
lowing Sections. Let (€2, 3, u) signify a probability space, where Q = {w} is the set of outcomes,
¥ a o-field of measurable subsets in © and p: ¥ — [0, 1] an associated probability measure on
Y with u(Q) = 1.

Suppose that x € L2(Q,R™) and y € L?(2,R") are random vectors such that x = (xp,...,
X)) and y = (yq,...,y,)" with x;,y, € L2 (Q,R) fori =1,...,m and k = 1, ...,n, respec-
tively. Here, y is noisy observable data and x represents unknown random data to be estimated
from y. No special relationship between y and x is assumed except a covariance matrix formed
from y and x. In particular, y can be a sum of x and some additive noise. If hypothetically y
contains no noise then y = x.

We write

(xiy;) = /sz'(W)yj(W)dﬂ(W), Eyy = {(ay)}i3% and ||x|f3 = /Q (@) [ dpu(w)
where (x;y;) < oo and [[x(w)| is the Euclidean norm of x(w).

m
Let the eigendecomposition of E,, be given by E,, = Z )\jujujr, where u; and \; are eigen-
j=1
vectors and corresponding eigenvalues of E,,. Let A : L?(Q,R") — L?(Q,R™) be a linear
operator? defined by the matrix A € R™*" so that

[AW)](w) = Aly(@)]- (1)

The PCA can be represented in the following way. Given x € L?(€2,R™) and E,,, the PCA
produces a linear operator Pg : L?(2, R™) — L?(Q, R™) of maximum possible rank (< m) that
minimizes

J(P) = |x - P}

!Concrete application examples can be found, for example, in [2, 3, 15, 23, 34].
*Hereinafter, an operator defined similarly to that by (1) will be denoted with a calligraphic letter.



over all linear operators P : L?(2,R™) — L?(Q,R™) of the same rank r. Here, rank(P) =
dim P(L%(Q,R™)).
The matrix Fp, associated with operator Py, is given by

Py=U,UT,

where U, = [u1,us,...,u,]. Thus, Ul performs a determination of the principal components
in the form of a shorter vector in U! (x) € L*(Q,R") and U, performs a reconstruction of the
vector of principal components to x so that x = Py(x). The ratio

c=—, (2)

where r is the number of principal components of vector x and c is often called the compression
ratio.

3 Differences from known results. Statement of the problem

While, as we have mentioned above, the standard PCA has been extended in many directions,
we consider here the works that are directly concerned with the result derived in this paper.
Scharf [24] presented an extension of the standard PCA as a solution of the problem
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inx =P 3)
where x € L?(2,R™) and y € L?(2,R™). A difference of the PCA extension in [24] from the
standard PCA is that P transforms an arbitrary y, not x. The crucial assumption in [24] is that
the covariance matrix E[yy’] is nonsingular.

Yamashita and Ogawa [33] proposed a version of the PCA for the case where Elyy”] is
singular and y = x + w with w an additive noise.

Hua and Liu [11] outlined the generalized PCA with a replacement of the inverse of matrix
E[yy"] by its pseudo-inverse.

An attractive feature of the methods [11, 33| is that they are constructed in terms of pseudo-
inverse matrices (i.e. invertibility of the covariance matrix E[yy”] is not assumed) and therefore,
they always exist. Some other known extensions of the PCA work under the condition that
E[yy”] is nonsingular, and this restriction can impose certain limitations on the applicability
of the method. In many practical situations, the matrix E[yy”] is singular. See, for example,
[27, 28] and [29] in this regard.

At the same time, the usage of pseudo-inverse matrices, as it proposed in [11, 33], requires
special techniques for its justification and implementation. In Sections 4 and 5 we present a
rigorous generalization of the methods [11, 24, 33] in terms of the pseudo-inverse matrices.

The problem we consider is as follows. Let W, € RP*™ Wp € RP*® and W, € R?”*" be
weighting matrices.® For x € L%(Q,R™), y € L?(2,R") and F € R**?, let

J(F) = [Walx) = Wr(FIW,5)DIE. @
We wish to find a linear operator FO. LZ(Q, RY) — LQ(Q7 R®) such that

J(F%) = min J(F). (5)

rank F'<k<min{m,n}

We say that F° provides the generic PCA.

3They are assumed to be known from particular problems such as those mentioned in references in Section 1.
For the sake of generality, here, the weighting matrices are assumed to be arbitrary.



Differences from [11, 24, 33] and an innovation are as follows.

First, we give a solution of the new low-rank matrix approximation problem (Theorem 1 in
Section 4) that provides a basis for the generic PCA. See Remark 4 in Section 5.1 for more
detail.

Second, the problem (5) is formulated in terms of weighting matrices. The motivation for
using the weighting matrices W,, W, and Wy follows from a number of applied problems
mentioned in Section 1. We note that weighted estimators are normally studied when s = m,
q=n, Wy = Wp and W, = I (see [18], for example). Such a simplified case follows directly
from (4)—(5).

The solution to the problem (5) is given in a completed form by Theorem 2. The generic
PCA follows from Theorem 2 and is described in Section 5.2.

4 Generic low-rank matrix approximation problem

A solution to the problem (4)—(5) is based on the results presented in this section.

Let C™*"™ be a set of m x n complex valued matrices, and denote by R(m,n, k) C C™*" the
variety of all m x n matrices of rank k£ at most. Fix A = [aij]:{;’zl € Cm*". Then A* € C™*"™ is
the conjugate transpose of A. Let the SVD of A be given by

A= UAEAV;L (6)

where Uy € C"™*™ and V4 € C™*"  are unitary matrices, X4 := diag(o1(4), ..., Omin(m,n)(4))
€ C™*™ is a generalized diagonal matrix, with the singular values o1(A4) > 02(4) > ... >0
on the main diagonal.

Let Ug = [ug u2 ...up) and V4 = [v; v2 ...v,] be the representations of U and V' in terms
of their m and n columns, respectively. Let

rank A rank A
Py = Z u;uf € C™™  and Py g = Z vl € C (7)
i=1 i—1

be the orthogonal projections on the range of A and A*, correspondingly. Define

A= (A = oi(Aup; = UnpSarViy € C™" (8)

=1
for k=1,...,rank A, where
UAk = [u1 ug .. .uk], EAk = diag(al(A), NN ,O'k(A)) and VAk = [’Ul vy .. .vk]. (9)

For k > rank A, we write Ay := A (= Apank 4). For 1 < k < rank A, the matrix Ay is
uniquely defined if and only if o3 (A) > ox41(A).
Recall that

AT = (Va)sank A(Z4) ranie 4 (UA)fank 4 (10)
is the Moore-Penrose generalized inverse.
Henceforth || - || designates the Frobenius norm.

In this section, we consider a problem of finding a matrix Xy such that

|A - BXoC||= min |[|A— BXC||. (11)
XeER(p,q,k)

Theorem 1 below provides a solution to the problem (11) and is based on the fundamental
result in [5] (Theorem 2.1) which is a generalization of the well known Eckart-Young theorem



[4, 8]. The Eckart-Young theorem states that for the case when m =p, ¢ =n and B=C =1,
the solution is given by Xg = Ay, i.e.

A— Al = i A-X k=1,...,mi . 12
H kH Xe?rll%gl,n,k)“ H? ; 7m1n{mvn} ( )

Some related references are [6], [17]-[21], [26]-[33].
Theorem 1 Let A € C™*", B € C™*P and C' € CI*™ be given matrices. Let
K :=(I,—Ppr)S and L:=T(I,— FPcr) (13)

where S € CP*P and T € C9*9 any matrices, and I, is the p x p identity matriz. Then the
matric
Xo = (I, + K)B'(Pg L APor)xC(I, + L) (14)

is a minimizing matriz for the minimal problem (11). Any minimizing Xo has the above form
if and only if either
k > rank Pp 1 APc R (15)

or
1 <k < rank PB,LAPC,R and 0k<PB,LAPC,R) > Ok+1 (PB,LAPQR)- (16)

Proof. The proof follows a line of reasoning in [5]. We have ||A — BXC|| = IA-=SpX20|l,
where A := U5AVe and X := V3 XUc. Matrices X and X have the same rank and the same
Frobenius norm. Thus, it is enough to consider the minimal problem

_min [[A-SpXSo| (17)
XER(p,q,k)

in the following sense: we can first find X, that minimizes ||A — $XY¢|| and then find
Xo = VpXoU{ that minimizes ||[A — BXC||. Therefore, matrices B and C can be identified
with matrices X5 and X, respectively.

Let s = rank B and ¢t = rank C. Clearly if B or C is a zero matrix, then X = O is the
solution to the minimal problem (11). Here, O is the zero matrix. Let us consider the case
1 <s,1<t. Define By := diag(01(B),...,04(B)) € C***,C} := diag(o1(C), ...,0:(C)) € C**.
Partition A and X into four block matrices A;; and X;; with ¢, 7 = 1,2 so that A = [Aij]zz,jzl and
X = [Xl-j]%j:l, where Aq1, X11 € C5*t. Next, observe that Z := S XX = [ Z(S)l 8 ], where
Z11 :~BlX11C’1. Since B; and (1 are invertible we deduce rank Z = rank Z1; = rank X1; <
rank X < k.

The approximation property of (A1) yields the inequality ||A11 — Z11|| > [|A11 — (A11)kl|
for any Z1; of rank k at most. Thus
(18)

)N(O:[XH X12}’

Xo1 Xoo

where X1 = Bl_l(Au)kCl_l, and X2, X9, Xoo are arbitrary such that )?0 € R(p,q,k), is a
solution to the problem (17). Any solution to this problem has such a presentation if and only

if the solution Z1; = (A11)g is the unique solution to the problem  min  ||A17 — Z11]|. This
Z11ER(s,t,k)

happens if either k > rank Ay; or 1 <k <rank Ay and ox(A11) > ok11(A11).
Next, to preserve rank Xy = k we must have

X12 = X11G12, Xo1 = HunX11 and Xop = Ho1 X11Gh2, (19)



where G1a and Ha; are arbitrary matrices. Let us show that X by (18)-(19) can equivalently
be represented in the form

Xo = (I, + K)S5( Py, . AP p)kE5(I + L), (20)
where K = (I, — Ps, g)S and L = T(I, — Ps, 1) with S and T arbitrary.

First, we observe that Ps, p = [ és) g } and Py, = [ (g 8 ] Partition S and T

into four block matrices S;; and T;; with ¢,7 = 1,2, respectively, so that S = [Sij]?,jzl and
T = [TZJ]? ._1, where Sj; € C*** and Ti; € C™'. Then we have K = [ 0o 0 } and
J So1 Sao
= | O Tio
L= [ O Ty } We also have
-1 -1
+ ~ o B O AH ©) C @) o Xll O
Zh (Pop.rAPoc, )iS0 _{ o 0 H o o]| o o/7| 0 o 1)
(Ai)r O [ An O L
because [ 0 o]l o o] Then (20) implies
> X11 X11T12
Xo = . 22
0 [ S91X11 S21X11T12 } (22)

In (19), G12 and Hy; are arbitrary, therefore, (20)-(22) implies (18)-(19) with G2 = T12 and
Hy = So.
Conversely, on the basis of (21), it is shown that (18)-(19) implies (20) as follows:

)Nfoz{ X1 X11G12 }:{ I O }{Xn @}
Hy1 X111 H21X11Gr2 Hy I+ Hy O 0

y I G2
(@) Iq_t+G22

I, () t = t | It G2
= >in (P AP, b
[ H21 Ipfs ‘|‘H22 :| B( zs,L EC’R)k ¢ [ O qut +G22 :|

with Gaog and Hog arbitrary. Putting Hoy = S91, Has = S92, G1o = T12 and Gag = Tho, we have

I O _ - I T2 _ =
[ So1 Ips + Sz } =1, + K and [ O I+ |~ I, + L, and then (20) follows.

Thus, if we denote Z := X (Ps,, 1 AP, g)i55 then
Xo = VXoUg = VZUE 4+ Ve Z LU + Ve K ZU + Vg K ZLU,. (24)
Here, V5 ZU} = X, where X = BT (P APc g)CT, and
VBZLUE = Vg ZULUCLUY = XL,

(23)

where
Uc LU = UcTUEUG(I; — Pse.n)US = L.
Similarly, . o
VeKZUlH =KX and VpKZLUS: = KXL.
Therefore, (24) implies (14).
The representation (14) is unique if either (15) or (16) is true. |

Corollary 1 If p = m, g = n and B, C are non-singular then the solution to (11) is unique
and given by Xg = B~1A,C~1.

Proof. Under the conditions of the Corollary, rank (BXC') = rank X. In this case, also
Ppr=1In, Pop=1,and K =L =0. Then Xy = B~1A,C~! follows from (14). [ |



5 Generic PCA

5.1 Solution to the problem (4)—(5)

Now, we are in the position to give a solution to the problem (4)—(5). To formulate and prove
our main result in Theorem 2 below, we need the following notation:

A=W,Ew(E)), B=Wp and C=W,E}* (25)
Theorem 2 Let . . ) 3
K:=(Is-P,.)S and L:=T(,—P,)) (26)

where S € R¥*® and T € R™" any matrices. Then the matriz

FO:= (I, + K)BY(P, , AP, )wC'(I,+ L) (27)

provides the generic PCA, i.e. is a minimizing matriz for the problem (4)—(5). Any generic
PCA FY has the above form if and only if either

k > rank (P, LAPC’ ») (28)

or
1<k <rank (P, AP. ) and on(P, AP, )>op(P, AP, ). (29)

Proof. Let us denote Ayy = Wy (x) — Wr{FW,y(y)]}. We have

1Auyl2 = tr{E[Ay,AL ]}
= t{WoEpuW, — WoEoy W, FT Wi — WpFWyEyo W,
AW FWyEy, W, FTW[}
= ||W1’E%2H2 - HWxEJ:y(E;éQ)THQ + HWxEmy(E%Q)T - VVFFW/V@/E%Z”2 (30)

because EgyE;f = (E;f)T and EzyEZ,yEyy = E,y. The latter expression is true by Lemma

2 in [27].
In (30), the only term that depends on F' is ||WxExy(E;
(25), this term is represented as

162)T - WFFWyE;é2||2- In notation

W By () — WeFW, EY?|? = | A~ BEC|P. (31)

Let R(m,n, k) C R™ "™ be the variety of all m x n matrices of rank k at most. It follows from
Theorem 1 that a solution to the minimal problem

min ||A — BFC|?
FeR(m,n,k)

is given by (27)—(29). |

Remark 1 It follows from (27)—~(29) that, for arbitrary Wy, Wg and Wy, the solution to
the problem (4)—(5) is still not unique even if Ey, is non-singular. In such a case, A =

ngExy(E;f)_l. If p=m, g =n and B, ~CN’ are non-singular then the solution to the prob-
lem (4)—(5) is unique and is given by F° = B~ A,C~'. This is true by Corollary 1.



5.2 Structure of generic PCA

By Theorem 2, F° determined by (26)—(29) provides the generic Principal Component Analysis.
For G = Pp AP p, we write G = UgSaVy and Gy = UgkSar Vi, where UgSaVE and
UckXcr Ve, are the SVD and the truncated SVD defined similarly to (6) and (8), respectively.
Compression of vector y (in fact, the simultaneous filtering and compression of data y) by
the generic PCA is provided by the matrix V2, C't(I,, + L) or by the matrix g VZ, CT (I, + L).
Reconstruction of the compressed vector is performed by the matrix (I, + K)BTUgr X or by
the matrix (I + K YB'Ugqy, respectively. The compression ratio is given by

c=—
m

where k is the number of principal components, i.e. the number of components in the compressed
vector z(1) = ngéTy or 2 = EGngkC’Ty with 2, 22 ¢ R¥.

As we have pointed out above, the generic PCA always exists since F° is constructed from
the pseudo-inverse matrices.

5.3 Description of algorithm

It follows from the above that the numerical realization of the generic PCA consists of compu-
tation of its components presented in Theorem 2 and Section 5.2.
The device of numerical realization for the generic PCA is summarized as follows.

Initial parameters: x € L?(Q,R™), y € L*(Q,R"), p € N.

Final parameters: ¥V, #3231  #2),

Algorithm.:
Compute:
A= WmEmy(E;f)T; B:=Wp; C:= WyE;f;
K= (I, - P, R)S; L:=1T(I, - P. )
% The truncated SVD for G = Pj ; AP , defined similarly to (6) and (8):
Gr, == UgrSanViy;
% Compression of data y:
i = VE O (I, + L)yy; or 2@ =% V4 CHI, + L)y;
% Reconstruction of the compressed data:
) = (I, + K)BlU 2z or ¥ = (I, + K)BtUg,® ;
end.
Remark 2 Here, as has been mentioned in Section 5.2, the compressed data can be represented

either by Y or by 2. Consequently, the reconstructed data can be represented either by &)
or by ) respectively.



5.4 The minimum norm generic PCA

The generic PCA presented by (26)-(29) depends on arbitrary matrices S and T and therefore,
it is not unique. This implies a natural question: What kind of condition should be imposed
on the statement of the problem (4)—(5) and the solution (26)—(29) to make it unique?

The answer follows from imposing an additional constraint of the minimum norm for F° and
is based on the main result in [5].

Theorem 3 [5] The minimal norm solution to the problem (11) follows when X;; = O in (18)
for (i,7) # (1,1) and it is given by

Xo = B'(Pp,.APoR)1CT. (32)
The solution is unique if and only if either (15) or (16) is true.
A related solution to the problem (4)—(5) is as follows.
Corollary 2 The solution to the problem (4)—(5) having the minimal ||F°|| is given by
F® = B(Pg AP g)iCT, (33)

and it is unique if and only if either

k > rank (P LflPé r) (34)

or ) . .
1 <k <rank (PB,LAPC',R) and Uk(PBLAPC’,R) > O-k+1(PE,LAPC~’,R)' (35)
Proof. The proof follows when Theorem 3 [5] is applied to the term (31) in (30). |

5.5 A particular case: generalized PCA

Now, we wish to represent a solution of the particular case of the problem (4)—(5) when ¢ = n,
s=p=mand W, = Wr =W, = I, i.e. when the problem is to find FO such that

0y _ : 6
J(F ) rank Fgglglgin{m,n} J(F) (3 )

where J(F') has the form
J(F) =[x = F(y)lI2- (37)

The problem (36)—(37) relates to the generalized PCA considered, for example, in [11, 33]. A
particular associated feature is that the generalized PCA is constructed in terms of the pseudo-
inverse matrix, i.e. it always exists. Here, we show that the solution to the problem (36)—(37)
is given by (40) (see Theorem 4 below), and its related analysis requires Theorem 1 and the
following Lemma 1.

Lemma 1 Let A = EgcyE;é2T and Ay, still denote the truncated SVD defined similarly to (8).
Then

Ap(EyHTEY? = Ay (38)



Proof. As an extension of the technique presented in proving Lemmas 1 and 2 in [27], it can
be shown that for any matrices Q1, Q2 € R™*",

N(@Q)CN(@Q) = Q-QiQ) =0, (39)

where NV (Q;) is the null space of Q; for i = 1,2. In regard of the equation under consideration,
N([E;éQ]T) CN(E|E 1/2] ). The definition of Ay, implies that

N (EwyEfPN) CN(Ap) and N ([EJAT) C N (Ay).

On the basis of (39), the latter implies

i.e. (38) is true. |

Now, we are in the position to give a rigorous justification of the generalized PCA. In this
regard, also see Remark 4 below.

Theorem 4 Let A = EmyE;:ZQT and C = E;@/,Q, and let L = T(I, — P, ) where T € R™" any
matriz. Then the matriz o B
FO = A,CY (I, + L) (40)

provides the generalized PCA, i.e. is a minimizing matriz for the problem (36)—(37). The error
associated with the generalized PCA is given by

Ix = F )12 = 12217 — fo (41)

Proof. Similarly to (30),
Ix = F)I1Z = 1EL)7 — | A)° + | A - FC)*. (42)

Then (40) follows when Theorem 1 is applied to ||A — FC||?. We note that AP,

Next, let rank A = ¢. Then on the basis of Lemma 1 and the relation P C’ C, we
Fl/2 1/2 1/2 2

have |[Eoy (B2 — FOBY2I® = | By (B2 — Al = S0, 0y o2(A). Since | Eny (B =

Eé 1 ](A) then (42) 1mphes (41). |

We note that the generalized PCA given by (40) is not unique because F° depends on the
arbitrary matrix 7.

Remark 3 The expression (41) justifies a natural observation that the accuracy of the vector x
estimation increases if k increases.

Corollary 3 The minimum norm generalized PCA FO is unique and it is given by
FO = (Boy EY*NE?. (43)
The error associated with FO is still presented by (41).

Proof. The proof of (43) follows from the proof of Corollary 2 when B is the identity matrix,
A=A and C = C. The error representation follows directly from the proof of Theorem 4. H

10



Remark 4 In references [11, 33] where the solution to the problem (36)—(37) in the form (43)
has been outlined, it is proposed to determine rank-constrained minimum of the term (42) from
the Eckart-Young theorem (see [4, 8] and (12)). Nevertheless, the Eckart-Young theorem can be

applied to the term (42) only if rank (FE;;Z) =rank F'. The latter is true if E;f is nonsingular
which is not a case. Thus, Theorem 1 is needed for establishing the solution. Besides, the
Justification of the related error requires Lemma 1 above.

Remark 5 To make the solution of the problem (36)—(37) unique, an alternative condition could
seemingly be a minimization of ||.77-"O ()12 with F° given by (40). Nevertheless, a minimization of

H]_-“O(y)Hz does not affect the uniqueness issue because H.7_-“O(y)||z does not depend on an arbitrary
matriz T. Indeed, we have

IF@)I2 = tr E[AC)(L + Dyy™ (I + LT)C[" Af]
= tr [A,C By, O AT + A, I LT CIT AT + A, ClLOiT AT + A, ClLLT " AT
= | AERTELIP = | Al

where C’,iLT = O because of C’ZPgL = C’Z.
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