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G = (V, E) undirected graph with vertices V', edges E
matchingin G: M C E

no two edges in M share a common endpoint

e = (u,v) € M is dimer

v not covered by M is monomer

M called monomer-dimer cover of G

M is perfect matching <—> no monomers

M is k-matching <— #M =k

¢ (G) number of k-matchings in G, ¢o(G) := 1

P (x) := >, dr(G)x" matching generating polyn.

roots of @ () nonpositive [17].

q)G1UG2 (iE) — (I)Gl (w)(I)Gz (m)

I'(d, n) set of d-regular bipartite graphs on 2n vertices




3 k-

A = A(G) € {0 — 1}"™*X™-adjacency matrix of
G = (V,E), #V =n.
¢r(G) = haff (A) :=

—k 92* T k n
2 Zl§i1<...<i2k§n O0x; (X A'X) 7k S 5

1 . ..Xizk

X = (T1ye00,Tpn)T

G = (V, E) bipartite V =V, U Vo, E C V7 X Vs,
B = B(G) - {0 — 1}m><n’ #Vl = m, Vz = nNn.
¢r(G) = perm B :=

ZQEQk,mnBEQk,n perm Bla, §].

for general G: ¢ (G) =

27 Y a€Qun BEQunanp=0, PETI Ala, O]
Qrn:={a={t1,...,%}:

1<1 <t < ... <1 <n}.




4 Upper bounds for matchings

A = [ai;]7 ;1 € {0 — 1}™*™ represents bipartite
graph GG on 1 vertices in each class, with degree

r; = Z;”zl aij,t =1,...,ninfirstclass
perm A — # perfect matchings.

1
Minc-Bregman inequality -73: perm A < [[iL, (ri!) ™

Cor: If (& is a bipartite graph on 7 vertices in each class,

each vertex in the first class of degree at most d then
dn(G) < (d!) 4 If d|n equality holds for

%Kd,d- union of % complete d-bipartite graphs

UMC: under the above conditions

n
ok(G) < cbk(EKd,d),k =1,... (41

SUMC: Let GG graph on 27 vertices and degree of each
vertex at most d. Then (4.1) holds

Open even for k = n.

Known for d = 2 Friedland-Krop-Markstrom
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Q, C Rixn set of doubly stochastic matrices

van der Waerden conjecture: for A € €2,
n!

perm A > perm J, = -+ ~ V27wne " > e

n

(Jn = [%] € (1,,) Friedland-79, Falikman, Egorichev-81.
Cor: ¢ (G) > (g)" forany G € T'(d, n).

—n

Tverberg conjecture (Friedland-82):

perm i (A) > perm (J,) = ( )zrlfl'{
Cor: o (G) > (% )2k'd forany G € T'(d, n).
Reason: EB(G) € Q,.

Voorhoeve-79 (d = 3) Schrijver-98

dn(G) > (D) for G € T(d, n)

Gurvits: A € ,,, each column has at most d nonzero
( d )d(d—l)(d—l)(d—l)n

d—1

entries: perm A Z 3

1 d(d—1 —1)4—1
Cor: pn(G) > & ()™ (W=D yn

= 44
for G € T'(d,n)

LMC: ¢k(G) > ( ) (nd k:)nd k(kd)k

d—1




6 d< 2

G-the degree of each vertex < 2 is union of cycles, paths

and isolated vertices (& bipartite if each cycle in G& is even

C'., Py, cycle and path of length k,

q)ck (w) — q)Pk: (ZE) + w(I)Pk—z (ZE)
Friedland-Krop-Markstrom for 2-reqular G, #V = n

Pc, (2)®c, (x) — ey, (z) = (—1)'z*Pc,_, (@)
Pc, (x)Pc; (x) = Pc,,,(x)ifieven (@ < ),
Pc, () Pc, () < Pc,,,;(x)ifiodd (2 < j)

Bo(z) 2 o, (2)Tif 4n
Do (z) < Bo, (2) T By () i f
Do (x) 2 B, ()T Py () i 1
Do (x) 2 B, (z) T D, () i f
B (z) = Bo,(z) if 3|n
Do (x) = e, (z) T D, () i f

Pg(x) = B, (v) T Bo,(z) if
<I>G(a3) ~ Pc,,. ifG € I‘(2,n)




K ,,, complete graph on m vertices

[ K,,, union of [ copies of K,,,

PROBLEM: Is ¢ () = Pk, , () = Pk, , ()"

for any d-regular graph on I(d + 1) vertices?

True for d = 2 (FKM)




Prr, = 1415+ 75x% +145x3 +95x% +13x°
o, =1+ 15x + 7522 + 1453 + 96x* + 12x°




()3 graph of 3-dimensional cube

Upper Matching Conjecture for G € T'(3,n)

e Forn =0 (mod 3), g =X Prk, ,, equality
holding only if G = 3 K3,3.

e Forn =1 (mod 3), &g X Proay, 0.

equality holding only if G = 222 K3 3 U Q3.

e Forn =2 (mod 3), pg(k) <

max ( n=5 g UM (k), ¢ng5K3,3UG1 (k)>

fork =1,...,n.

10
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Gn,=(Vnp,E,) €eTl(d,n),n=1,2,...
sequence of d-regular bipartite graphs with #V,, — o0.

Let k,, € [O, #;/”], n = 1,2, ... sequence of integers
2k,
#Vn

(p)-asymptotic growth:

with 121, oo = p € (0, 1]. upper and lower

. 1 k.,
hua(p) : lim sup,,_, o, 252G (kn),

hla(p) : lim inf,, e, 2E2Cn En)

G, = szl,n X oo X szd,n and

lim,, ,oc m; , = oc0fore =1,...,d,

For

hug(p) = hlg(p) = hq(p) is p-dimer density
Hammersley-66

UMC, LMC yield AUMC, ALMC:

hugq(p) < hiay(pP), gha(p) < hla(p)
gha(p) := 3(plogd — plog p—
2(1 — p)log(1 —p) + (d —p)log (1 —5))

lo d_ (2 2k:!e,2kt
Pray(t) = gzk—oz(;) .t R

P(t) = Py gy (t), t(p) = (P;{(d))_l(p),
hk ) (P) = Pk(a)(t(p)) — t(p)p -Legendre trns
K (d) countable union of K g 4

11
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Figure 1: Monomer-dimer tiling of the 2-dimensional grid:
entropy as a function of dimer density. FT is the Friedland-
Tverberg lower bound, h2 is the true monomer-dimer entropy.
B are Baxter's computed values. ALMC is the Asymptotic
Lower Matching Conjecture. AUMC is the entropy of a count-
able union of K4,4, conjectured to be an upper bound by the

Asymptotic Upper Matching Conjecture.

12
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Figure 2: Monomer-dimer tiling of the 3-dimensional grid:
entropy as a function of dimer density. FT is the Friedland-
Tverberg lower bound, h3Low and h3High are the known
bounds for the monomer-dimer entropy. ALMC is the Asymp-

totic Lower Matching Conjecture. AUMC is the entropy of a

countable union of K6,6, conjectured to be an upper bound




12 The sharpness of the ALMC

Standard probabilistic model on I'(d, n):
o € S,,q4 permutation on nnd elements.
€1, ...y €ng-nd edges from {1, ...,n} to {1,...,n}.

gi)] fore = 1,...,nd. The

e; connects vertex [51 to [Z

probability of & is ﬁ.

v(d, n) the induced probability measure on I'(d, 1)

v(d, n) invariant under the action of .Sy, on V3 and V5

") 242k g1 (dn—k)!
E,(dn) (9x(G)) = (&) (dn)!

log Ey (d,nm) (Prm (G)) — ghd(P)'

2N,

lim,,, o

where lim,,, —, oo Z—Z = p € [0,1]

Same results holds for another probability on I'(d, n).
dentify G with A(G) € Z2™™.

m:T(1,n)? — I'(d,n),

(Piy...,Pg) — Py +...4+ Py

p(d, m) is the push forward of uniform probability 1q,,, on
L'(1,n)* u(d,n)(G) = nan(7~(G)) FKM

15



13 Lower asymptotic bounds

Using results on positive hyperbolic polynomials

Friedland-Gurvits showed:

Thm:r» > 3,s > 1,B,, € Q,,n=1,2,...each

column of B,, has at most -nonzero entries.

p € (0, 1] then

. . log perm B
lim inf,, ., —2P 5 kn—n >

5 (—plogp — 2(1 — p) log(1 — p)) +
%(r + s —1)log(1l — T_T_S)—
s(s —1+p)log(l — 132

S

Cor: d-ALMC holds for pg = d%_s, s=0,1,...

Con: under Thm assumptions

lim inf,_ oo BRI kBa 5 g () _ Plogy

T

r—+s
There is a finite version of above Thm

For ps = , s =0,1,...,conjecture holds

Above Thm gives a better lower bound for hg

16
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For G = (V, E), I C V independentif I anticlique
L (G)-number of independent sets of cardinality k
Ie(z) := ZkeZJr e (G)x”

Iciue: (%) = Ia, (x)Ia, (o)

Con: Zg(xz) =X Ik, (z) for G € I'(d, md) (Any

d-regular G on 2md vertices?)

THM[15] Zg(x) < Ik, () for
G eT'(d,md),z>1

Line Graph G’ := (V/, E’) of G = (V, E) given

V' = FE, (e1,e2) € E’iff e1, ea have common vertex

IG/ — @G(CI))

v € V induces clique of order deg v in G’ Hence
degwv > 3,v € V then G’ has triangle, not bipartite. If
degv < 2,Vv € G then G' sametype G' ~ Gif G
2-regular

Con. holds for 2-regular graphs
FKM imply lower bounds for Lg(k) 2-regular
Lower bounds for tg(k), G € T'(d,n)?

17
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PROBLEM: Is

Ic(z) = Tirk,,, (x) = 1+ (d+ D)z)’
for any d-regular graph on I(d + 1) vertices?

True ford = 2 (FKM)

18



. polynomial
p=px) =p(x1y...,Tn) : R® — Ris
positive hyperbolic (php) if:
e p homogeneous polynomial of degree m > 0.
e p(x) > Oforalx > 0.
o ¢(t) :=p(x+tu),teR

has -real t-roots forallu > Q0 and x € R™,

. For
p:R* - R,0#4u=(ug,...,u,) €R"
et pu = pu(X) 1= > 1, uig—ig(x).

. deg; p the degree of p(x) with respect to variable x;

. e; t= (5z’1,...,5in)—r eER™, 1=1,...,n

= (1,...,1)T € R"

19



17 Properties positive hyperbolic pol.

p

1.

: R™ — R is php of degree m:

Foru 2 0, x fixed ¢(t) = p(x + tu). If
p(u) > 0then ¢(t) has m real t roots
and py (x) is php of degree m — 1.

y > x> 0= ply) > px) >0

.uz0,x 2 0andp(u) =0.

either p(t) > OVt > 0

orp(x) = 0and ¢p(t) = 0.

If p(x) > 0and ¢(t) # Const then all roots of
¢(t) real and negative.

if pu # 0 then py, is a php of degree m — 1.

f q((:z:l, cooy wn_l)) =

p((wl’wz? s 3wn—190)) # 0
then q is php of degree 1 in R™? 1.

In particular, P ((T1y .+« oy Tp—1)) :=

gﬁc—i((wla ceey®p_1,0)) is either O or phpin

1. — 1 variables of degree 1 — 1.

. The coefficient of each monomial in php is nonnegative.

20
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1.

A = (aij)i=i_q € R™*™ (A > 0)and each
row of A is nonzero

k
Pr,A(T) = Zl§i1<...<ik§m Hj=1(AX)ij
is php of degree k € [1, m|:

Pr,A =
8m—k

0Y1...0Ym—_1L Hg 1((AX)J _I_Zz 1 y’b)

L Aq,..., A, € C™X™ hermitian, nonnegative

definite and A1 + ... + A,, is positive definite
A(x) == 30,0, T Ay
e p(x) = det A(x) is php
e pr(x)-the sum of all k X k principle minors of
A(x)is php'
PE(x) = k, Btk’ ® det (A(x) 4+ tlyn)(x,0)

21
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Capacity for php p(x) : R™ — R:

Cap P — infx>0,a:1...wn=1 p(X) —
infx>0( p(x) T 2 0

T1...Tp) M

1. Cap (p) = Oforp = ;™" ...
0= (Myy...,my) #Ek1

2. A = [aij] € R:_nxn doubly stochastic:

each row has sum 1 each column has sum %

@) Pm,a = [[;=1 O ;1 aijzs) >
| H?:l ;Y = (1...Tp)" =
Cap (pm,a) > 1
Pm,a(1) =1 = Cap (pm,a) =1

(b) (’Z&)_lpk,A > Pﬁ,A > (x1..- wn)% —
Cap (pk,a) = ()

3. A € R} irreducible A := Dy BD3, B doubly

stochastic matrix and D)7, D5 diagonal pos. def.
Sinkhorn.

Cap pi, a4 = (det D;D3)x

22
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(A1,...,A,) € HY | doubly stochastic tuple:

trA; = 75,1 = 1,...,m,andy . A; = L.

if B; = diag(bl,,;, cee bm,,,),z =1,...,n,then
B = (bj;)772 € RT"™ ™ isds.

jai:

Ford.s. tuple (A1,...,Ap)

Cap (pr) > (7

If each A; > 0 equality holds iff

A; = %Im,i =1,...,n.

Prf:

U*(x)A(x)U (x) = diag(A1(x),..., A (X)),
A1(X)y.ee s An(x) > 0.

C, =U*A;U = (cjk,z-);f”kzl fore =1,...,n.
Then (C1,...,Cy) ds. tuple. (Cj4,15+«+5Cjjn)
prob. vec. Aj(x) = ) ._, T;Cjj ;. arithmetic-geometric
in. Aj(x) > [[ie, ;% forj =1,...,m

det A(x) > [[iL, xi"™ = (x1...Xpn) " Hence
Cap (p) > 1.

23
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Gurvits: Let (U1 ey Up)y (V1yeee,yUy) > 0,
F(#) 1= TTi=y (ust + v5), K(f) = infyso £
Then f/(0) = K fork = 1 and

f’(0)>( De—1K fork > 2.

For kK > 2 equality holds iff u—l =

FG:p: R" — Rphddegp = m €
[1,n],deg;,p <r; € [1l,m],i=1,...,n

Rearrange P1,...,Tpt0 1 <7y < r; <...<7r

sk
—_ —_ — n'

k € [1, n] is the smallest integer r, > m — k.
Bm
Zl<’&1< Lim<n Ox;, . Bw-mp(o’ ) O) 2

n"t—m™m n—k+1)!
(n—m)! (n(k+1;|;" )k+1 X (FG)

H ("“ +n—m— 1)r;-‘-|—n—m—1 Capp

*—|—n m

Gurvits: A € Rix d.s. each column contains at most
r € [1,n] nonzero entries:
_1)(r—1>(n—r> _

r

-1 ) (r—1)n

rr \r—1 r

Improvement of Schrijver for perfect matchings in I'(7, 1)

24
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(FG) yields the Tverberg conjecture with pg, 4 (X)

(FG) does not yield ALMC

Reason: (FG) proven using p(x) (331+o7-?:+wn )’n—m

FG:p: R®" — Rphpdegp = m €
[1,n),deg; p < 7r; € [1,m],2 =1,
Rearrange 1, ...,7p 01 < 77 <r2< L. rr.

fors € Nletk € [1,n] firstinteger 7} + s > n — k:
am
Zl<z1< L <n Ox;y...0x mp(()? e O) 2

(sm)! - (n—k+1)!
sn—m(n—m)!((s—1)n+m)! (n—k+1)n—k+1

[1;- (r"fj_s )"it*~1Cap p

Prf: apply (FG) to PP,y 1 4 for A(G), G € T'(s,n)

and average on I'(s, 1)

Corrdeg;,p<rel[l,m],t=1,...,n,8 €

NNe=n—r—s+12>1
Bm

Zl<z1< Lim<n oz, ..
(sn)!
s~ m(n—m)!((s—1)n+m)! (r+s)rts

(ri—j_; )(r—l—s—l)(n r— S)Capp

25
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G = (V, E) non bipartite graph B = B(G)
number of m-matchings: haff ,, B = 2™™

Za,,BC{l,...,Zn},#a:#,ﬂzm,aﬂ,ﬂz(b perm B[a7 /3] —
(xT' Bx)™

82m

2_m Zl§i1<...<i2m§2n Bwil...awizm
for0 # B € Sp,(Ry) xT Bx phpiff A2(B) < 0

Thm: B € Sa,, (R4) irreducible, A2(B) < 0. Let
K := Cap (xI'Bx). Thenform € [1,n]

haff B > (37) Gwanyt-

Lem: 0 # B € S, (R) irreducible.

0 < K := min xT Bx, subject

X = (T1y.+,Tn)L > 0,21 ... 2, = 1, achieved
at unique

d:= (dyy...,d,) >0,dy...d, =1, > 2:
D := diag(dy,...,dy,) Then zDBD ds.

Thm G = (V, E) connected, xT'A(G)x php iff G is

complete k-partite

26
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