
APPLICATIONS OF LINEAR ALGEBRA

TO DNA MICROARRAYS

Amir Niknejad Shmuel Friedland



In memory of our parents: Asghar Niknejad, Aron and Golda Friedland



Preface

Linear Algebra has been used in many scientific and engineering disciplines: computer
science, as computer graphics; physics, as quantum mechanics; electrical engineering, as signal
processing; mechanical engineering, as robotics. Most recently, Linearly Algebra emerged in
life science as in computational molecular biology.

The main motivation of this monograph is condensing the information which arises in
molecular biology in general, and in gene expression data imbedded in DNA microarrays in
particular. The second motivation is to complete the missing data in the above instances. Our
main tools are coming from the linear algebra, in particular approximation of matrices by low
rank matrices, as given by Singular Value Decomposition, abbreviated as SVD, or other appro-
priate matrix decompositions.

In the last few years it became clear that a more general way to approach multidimensional
in biological data, as well as an engineering data, is to use tensors analysis, rather than matrix
analysis. The last Chapter of this monograph deals with basic aspects of tensors, as low rank
approximations, which is the analog of low rank approximations of matrices discussed in details
in this monograph. Most of the material in this monograph is based on the Ph.D. thesis of the
first named author [36].

We now summarize briefly the contents of this monograph. In Chapter 1 we give first
some biological background for gene expressions and DNA microarrays. Next we introduce
the singular value decomposition (SVD) of matrices and its extensions. We then mention some
applications of SVD in analyzing gene expression data, image processing and information re-
trieval.

In Chapter 2 we introduce randomized low rank approximations of matrices which do not
use SVD. We present our Monte Carlo algorithm to achieve such an approximation, along with
other algorithms.

Chapter 3 deals with clustering methods and their application in the analysis of the gene
expression data. We introduce several clustering methods such as the ε-clustering, K-means
clustering, spectral clustering and EM clustering algorithm.

Chapter 4 deals with imputing missing data in gene expression of micro-arrays. We intro-
duce our fixed rank approximation algorithm (FRAA) for imputing missing data in the DNA
gene expression array. Finally, we use simulation to compare FRAA versus other methods and
indicate the advantages and its shortcomings, and how to overcome the shortcomings of FRAA.

Chapter 5 deals with basic concepts of tensors, which are related to the topics discussed in
Chapters 1 - 4, mostly low rank approximations of tensors.

Amir Niknejad, College of Mount Saint Vincent,
Shmuel Friedland, University of Illinois at Chicago.
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Notations
F: the field of real numbers R or the field of complex numbers C.
Fm×n: the space of all m× n matrices with entries in F.
Sm(R): the set of n× n real symmetric matrices.
Im: the m×m identity matrix.
Omk(R): the set of m× k real matrices O satisfying OTO = Ik.
Fm×n×l: the space of all m× n× l tensors with entries in F.
U: or other bold capital letter denotes a vector space.
u: or other bold lower case denotes a vector space.
a: or other lower case may denote scalar.
α: or other lower case Greek letter may denote scalar.
A: or other capital letter denotes matrix, with the entries aij .
A: or other calligraphic capital letter denotes 3-tensor, with the entries aijk.
⊗: tensor product.
〈x,y〉: inner product of the vectors x,y.
‖x‖: norm of x, usually Hilbert norm ‖x‖ =

√
〈x,x〉.

‖A‖F : The Frobenius norm of A, where A viewed as a vector with mn coordinates.
xT, AT: the transpose of a vector and a matrix, respectively.
A > 0, A ≥ 0: a symmetric positive definite matrix, nonnegative definite matrix, respectively.
A[I, J ], AI,J , AIJ : the submatrix of A with the rows and columns in the sets I, J respectively.
AIJK : the 3-subtensor of A with the indices in the sets I, J,K respectively.
R(E),N (E): the range and the null space of E respectively.
span(x1, . . . ,xk) the subspace spanned by x1, . . . ,xk.
rank A: the rank of A.
σi(A): the i− th singular value of A.
λi(A): the i− th eigenvalue of symmetric A.
diag(d1, . . . , dm): diagonal matrix with d1, . . . , dm on the diagonal.
T ∗: is T

T
for a matrix T , and the adjoint operator for an operator T .

R(n,m, k): the set of all m× n matrices of rank k at most.
E†: Moore-Penrose generalized inverse of E.
〈m〉: the set of integers from 1 to m, where m is a positive integer.
Gr(q,Fm): The set of all q-dimensional subspaces in Fm.
KNN: K-nearest neighbor clustering algorithm.
IPS: abbreviation for Inner Product space

SVD: abbreviation for Singular Value Decomposition.
ESVD: Extended Singular Value Decomposition

BPCA: Bayesian Principal Component Analysis.
FRAA: Fixed Rank Approximation Algorithm.
IFRAA: Improved Fixed Rank Approximation Algorithm.
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LLSimpute: Local Least Squares imputation.
NRMSE: Normalized Root Mean Square Error.
RMSE: Root Mean Square Error.
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