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Nonnegative irreducible and primitive matrices

A = [a;] € RT*" induces digraph DG(A) = DG = (V, E)
V=[n:={1,....,n}, EC[n x[n], (I,j))€c E < a;>0

DG strongly connected, SC,
if for each pair i # j there exists a dipath from i to j

Claim: DG SC iff foreach 0 # 1 cC [n] 3 e [n\ st (i,j) € E
A -primitive if AV > 0 for some N > 0 <= AN(R? \ {0}) C int R

A primitive < Airreducible and g.c.d of all cycles in DG(A) is one
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Perron-Frobenius theorem

PF: A € R irreducible. Then 0 < p(A) € spec (A) algebraically simple
X,y >0 Ax = p(A)x, ATy = p(A)y.

A e R*" primitive iff in addition to above |A| < p(A) for
A € spec (A)\ {p(A)}

Collatz-Wielandt:

. A i i A i
p(A) = miny-o MaX;ec[, (;f) = MaXx>o MiNjc|p) ():)
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SVD

A e R™"N g(A) > ... > 0singular values
Ay; = oi(A)x;, ATx; = oi(A)y;

+0;(A),i =1,... are critical values of f(x,y) = x" Ay
restricted to [|x||2 = ||Y]|2 = 1

SVD of A closely related to spectral theory

B:{O%m oin}’ _A(B) = A(B)

positive singular values are the positive eigenvalues of B

a1(A) = MaX|x,=|y|,=1 ¥ ' AX

Shmuel Friedland Univ. lllinois at Chicago () Perron-Frobenius theorem for nonnegative mw



SVD of nonnegative matrices

Perron-Frobenius for A = [ag;] € R™™:
UeRT VERT, u'u=viv=1Av=0¢(Au, ATu=oc¢(AV
o1(A) = MaXyermyern xll—yl,—1 X Ay = U’ Av.

1 XERMyeR™|[X|o=lyl.=1X " AY

G(A) := DG(B) = G(B) = (V4 U Vo, E) bipartite graph on
Vi=[m|,Vo=[n|, (i,j) € E < a; > 0.

If G(A) connected. Then u, v unique, o2(A) < o1(A), ( as
B-irreducible).
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Irreducibility and weak irreducibility of nonnegative

tensors

F=[fi ] € ®L,RM = RM>*"xMd ig called d-tensor, (d > 3)

A EREER) Id
T >0if 7 e R >M
G(F) = (V,E(F)), V = UL, Vj, d-partite graph V; = [m}], ] € [d].

(ik, i) € Vie x Vi, k # lis in E(F)iff fi, ;, i, > 0for some d — 2 indices
{i1 yee ey id}\{ika II}

F weakly irreducible if G(F) is connected.

Firreducible: for each § # 1 G V,J := V\I there exists k € [d],
ik € INVgandij e JN V;foreach j € [d]\{k} suchthat f; _; > 0.

-----

Claim: irreducible implies weak irreducible
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Perron-Frobenius theorem for nonnegative tensors |

T = [t i,] € ®%,C" maps C" to itself
TX)i =24, iveln] liiarmiaXio - - Xig 1 € [N]
T has eigenvector X = (xy,...,X,)" € C" with eigenvalue A:
T(x); = A7 foralli € [n]
Assume: 7 > 0, T(R7 \ {0}) C R \ {0}
Ti:Np—= Ny X éL(T(x))d%1
S T

Brouwer fixed point: x = 0 eigenvector with A > 0 eigenvalue

Problem When there is a unique positive eigenvector with maximal
eigenvalue?
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Perron-Frobenius theorem for nonnegative tensors Il

Theorem Chang-Pearson-Zhang 2009 [2]

Assume T € (@9 ,R"), is irreducible.

Then there exists a unique nonnegative eigenvector which is positive
with the corresponding maximum eigenvalue .

Furthermore the Collatz-Wielandt characterization holds

A= minx>0 maxie[n] % maxx>0 m|nle[n] (T( ))/
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Rank one approximations for 3-tensors

Rmxnxl IPS: <A7 B> = Zfﬁ,’i’k a,-7j7kb,-7j7k, ”T”Q = <T, T)
xeyz,uaveow) = (u'x)(viy)(w'z)
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Rank one approximations for 3-tensors

Rmxnxl IPS: <A7 B> = Zfﬁ,’i’k a,-7j7kb,-7j7k, ”T”Q = <T, T)
xeyz,uaveow) = (u'x)(viy)(w'z)

X subspacedof R™*M -y Xy an orthc?normal basis of X
Px(T) = Si(T, X)X, |IPx(T)I5 = 2i4(T, &i)?

ITIZ = IPx(T)IIZ + 17— Px(T)I3

Best rank one approximation of 7:
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Rank one approximations for 3-tensors

Rmxnxl IPS: <A7 B> = Zg/n;lk a,-7j7kb,-7j7k, HT”Q = <T, T)
xeyz,uaveow) = (u'x)(viy)(w'z)

X subspacedof R™*M -y Xy an orthc?normal basis of X
Px(T) = Si(T, X)X, |IPx(T)I5 = 2i4(T, &i)?

ITIZ = IPx(T)IIZ + 17— Px(T)I3

Best rank one approximation of 7:
MiNxyz |7 =X ® Y @ 2l]2 = My =y ,=|z],=12 | T —@X @Y @22

; . m,n,/
Equivalent: max| x| ,—|iy|l=|jzllo=1 2_i=j—k lijkXi¥jZk

Lagrange multipliers: T xy®z := Zj:k:1 lijkYjZk = AX
TXXQ@Z=XY, T XXRQY =Mz
A singular value, x,y, z singular vectors
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Nonnegative multilinear forms

Associate with 7 = [t;, ;] € R ~>Md
a multilinear form f(Xy,...Xg) : RM>*--*Mas — R

f(Xq,...,Xq) = Zije[mj],je[d] iy .o Xis 1 -+ - Xig >
Xj = (X1,i- -, Xm;,j € R™

and

TI=

Foru e R™, p € (0,00] let [luflp := (3124 |uilP)
Spili={0<ueR™ |ul,=1}
For p1,...,pq € (1,00) critical point (&4,...,&4) € Sgﬂf X ... x SMa1

Pd+

my—1 mg—1 T . .

of fISp' L x ... x Sp7. " satisfies Lim [1]: 1
WP~

D g X 1 X A X 1 e Xigd = AN

Ij?j
, pi—1 .
ij € [mjl,x; €Sy, () € [d]
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Perron-Frobenius theorem for nonnegative multilinear

forms

Theorem- Friedland-Gauber-Han [3]
f:R™M x ... x RM — R, a nonnegative multilinear form,
T weakly irreducible and p; > d for j € [d].

Then f has unique positive critical point on ST~ " x ... x 87",
If F is irreducible then f has a unique nonnegative critical point which
is necessarily positive
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Eigenvectors of homogeneous monotone maps on R’

Hiloert metric on PRZ ;: for x = (xq, ... X)Ly =W,y > 0.
Then dist(X,y) = maXic[; log £ — min;c(, log £.

F=(F,...,Fn)" : RZ;, —» R7, homogeneous:
F(tx) = tF(x) for t > 0,x > 0, and monotone F(y) > F(x) if y > x > 0.
Finduces F : PR, — PRZ,

F nonexpansive with respect to Hilbert metric
dist(F(x), F(y)) < dist(x,y).

amaxX <Y < BminX =
amaxF(X) = F(amaxX) < F(Y) < F(BminX) = BminF(X)
= dist(F(x), F(y)) < log £m> = dist(x, y)

x > 0 eigenvector of F if F(x) = AF(x).
So x € PR, fixed point of F|PR .
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Existence of positive eigenvectors of F

1. If F contraction: dist(F(x), F(y)) < Kdist(x,y) for K < 1,
then F has unique fixed point in PR7
and power iterations converge to the fixed point

2. Use Brouwer fixed and irreducibility to deduce existence of positive
eigenvector

3. [4, Theorem 2]: for u € (0,00),J C [n] letuy = (uy,...,up)" > O:
u=uifiedandu=1ifi ¢ J. Fi(uy) nondecreasing in u.
di-graph G(F) C [n] x [n]: (i,)) € G(F) iff limy_,oe Fi(Ujy) = oo

Thm: F:RZ, — RZ, homogeneous and monotone. If G(F) strongly
connected then F has positive eigenvector
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Uniqueness and convergence of power method for F

Thm 2.5, Nussbaum 88: F : R? ; — RZ, homogeneous and monotone.
Assume; u > 0 eigenvector F with the eigenvalue A > 0, Fis C' in
some open neighborhood of u, A = DF(u) € R7*" p(A)(= \) a simple
root of det(x/ — A). Then u is a unique eigenvector of Fin RZ .

Cor 2.5, Nus88: In the above theorem assume A = DF(u) is primitive.
Lety >0, u=1.

Define G : R?, — R?, G(x) = ﬁF(X)F(x)

Then limpm_,., G°™(X) = u for each x € RZ,.
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Outline of the uniqueness of pos. crit. point of f

Define: F: RT x R7 x R, — R x R? x R/ :

1

F(Oy.2))i = (X8 S tipysz) ™ i=1,0..om
1
F((X7Vaz))j,2 = (Hyngis Z/ k=1 tl,j kXIZk>p 1 7j = 17‘ ., n

-3
F(O Y. 2)s = (121575 Sy tjwxiyy) ™" ok =1,
Assume Zj’.’;'kﬂ tijk>0i=1,...,m,

272221 t,'J’k >0,j=1,...,n, Zﬁj’-’:1 ti,j,k >0k=1,...,/

F 1-homogeneous monotone, maps open positive cone R x R7 x R’+
to itself.

T = [tij «] induces tri-partite graph on (m), (n), (/):

i€ {m) connected to j € (n) and k < (/) iff f; j x > 0, sim. for j, k

If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors
to positive, nonnegative eigenvector is unique and positive
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Perron-Frobenius theorem for nonnegative polynomial

maps

P=(Py,...,P,)T : R" — R" polynomial map deg P; = d; > 1 with
nonnegative coefficients. Let ¢; > d;, i € [n].

Consider the system P;(x) = Ax”,i € [n],x > 0

Assume P weakly irreducible. Then for each a,p > 0 3!'x > 0,
depending on a, p, satisfying above equation and ||x||, = a.

If P irreducible then above system has a unique solution, depending on
a, p satisfying ||x||, = a, with all coordinates positive
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Collatz-Wielandt

Collatz-Wielandt [1, Lemma 2.8]:

P=(Py,...,P,)T : R" = R", P, homogeneous polynomial of degree
d > 1 with nonnegative coefficients.

Assume P weakly irreducible. Then there exists unique scalar A, u with
Pi(u) = Auf, i € [n] which satisfies

Pi(:)
X

A= infxeinterior R MmaXic(n

. P;
SUPxcrr (0} MiNicn] a3
xi#Z0 !

i
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Geometric convergence of power algorithm

P weakly primitive if the di-graph G(P) is strongly connected and if the
gcd of the lengths of its circuits is equal to one.
Cor. 2.5, Nussbaum 88 yields
Thm: Let P and d be above and assume that P is weakly primitive.
Then
(D = (TRR) T R(x) k=1,
converges to the unique vector u € interior R satisfying
Pi(u) = Auf,i € [n], where ¢ Tu = 1
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Numerical counterexamples
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Numerical counterexamples

F = [fijx] € R&®*2: fy 11 = fhpp = a> 0 otherwise, fjx = b > 0.

f(x,y,2) = b(x1 + x2)(y1 + ¥2)(21 + 22) + (@ — b)(X1y121 + XoY222).
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Numerical counterexamples

F = [fijx] € R&®*2: fy 11 = fhpp = a> 0 otherwise, fjx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P0.5"/P)T,
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Numerical counterexamples

F = [fijx] € R&®*2: fy 11 = fhpp = a> 0 otherwise, fjx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P0.5"/P)T,

Fora=1.2,b = 0.2 and p = 2 additional positive singular vectors:
X=y =12~ (0.9342,0.3568)",
X =y =2~ (0.3568,0.9342) .
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Numerical counterexamples

F = [fijx] € R&®*2: fy 11 = fhpp = a> 0 otherwise, fjx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P0.5"/P)T,

Fora=1.2,b = 0.2 and p = 2 additional positive singular vectors:
X=y =12~ (0.9342,0.3568)",
X =y =2~ (0.3568,0.9342) .

Fora=1.001,b = 0.001 and p = 2.99 additional positive singular
vectors:

X =y =2z~ (0.9667,0.4570)7,

X =y =2~ (0.4570,0.9667)"
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