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Overview

Perron-Frobenius theorem for irreducible nonnegative matrices
Irreducibility and weak irreducibility for tensors

Monotone homogeneous maps

Perron-Frobenius for irreducible tensors
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Friedland-Karlin characterization of spectral radius

Diagonal scaling
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Nonnegative multilinear forms
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Nonnegative irreducible and primitive matrices

A = [a;] € R7*" induces digraph DG(A) = DG = (V, E)
V=In:={1,....n}, EC[n] x[n], (i,j) € E <= a; >0

DG strongly connected, SC,
if for each pair i # j there exists a dipath from i to j

Claim: DG SC iff for each 0 # | C [n]
Jeln\landielst (i,j) € E

A -primitive if AV > 0 for some N > 0 <= AN(R? \ {0}) C int R

A primitive < Airreducible and g.c.d of all cycles in DG(A) is one
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Perron-Frobenius theorem

PF: A € R irreducible. Then 0 < p(A) € spec (A) algebraically simple
X,y >0 Ax = p(A)x, ATy = p(A)y.

A e R*" primitive iff in addition to above |A| < p(A) for
A € spec (A)\ {p(A)}

Collatz-Wielandt:

(Ax);

. , AX);
p(A) = Minyo MaX;cy “5 = MaXx>0 MiNjg[y) ():)
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Irreducibility and weak irreducibility of nonnegative

tensors

F =1l il —;, € (C")*%is called d-cube tensor, (d > 3)
F > 0 if all entries are nonnegative

F irreducible: for each ) # I G [n], there exists
icljp,....jJacd:=[n\Ist fi, ;i >0.

D(F) digraph ([n], A): (i,j) € Aif there exists jp,...jg € [n] s.1.
fippjy >0andje {jo,....Ja}-

F weakly irreducible if D(F) is strongly connected.
Claim: irreducible implies weak irreducible
For d = 2 irreducible and weak irreducible are equivalent

Example of weak irreducible and not irreducible n =2,d = 3,
fi12, 21,012,241 >0
and all other entries of F are zero
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Eigenvectors of homogeneous monotone maps on R’

Hiloert metric on PRZ ;: for x = (xq, ... X)Ly =W,y > 0.
Then dist(X,y) = maXic[; log £ — min;c(, log £.

F=(F,...,Fn)" : RZ;, —» R7, homogeneous:
F(tx) = tF(x) for t > 0,x > 0, and monotone F(y) > F(x) if y > x > 0.
Finduces F : PR, — PRZ,

F nonexpansive with respect to Hilbert metric
dist(F(x), F(y)) < dist(x,y).

amaxX <Y < BminX =
amaxF(X) = F(amaxX) < F(Y) < F(BminX) = BminF(X)
= dist(F(x), F(y)) < log £m> = dist(x, y)

x > 0 eigenvector of F if F(x) = AF(x).
So x € PR, fixed point of F|PR .
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Existence of positive eigenvectors of F

1. If F contraction: dist(F(x), F(y)) < Kdist(x,y) for K < 1,
then F has unique fixed point in PR’}
and power iterations converge to the fixed point

2. Use Brouwer fixed and irreducibility to deduce existence of positive
eigenvector

3. Gaubert-Gunawardena 2004:

foru e (0,00),J C [n] letuy = (uy,...,us)" >0: uj=uifi e Jand
ui=11ifi ¢ J. Fj(uy) nondecreasing in u.

di-graph G(F) C [n] x [n]: (i,j) € G(F) iff limy . Fi(ugy) = oo.

Thm: F: RZ, — RZ, homogeneous and monotone. If G(F) strongly
connected then F has positive eigenvector

Fi(x)
Xi

Collatz-Wielandt p(F) = miny-o Max;c(y

. Fi(x
= SUPx=(xq,...,xa) =0 MIN; x;>0 I)((,- )
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Uniqueness and convergence of power method for F

Thm 2.5, Nussbaum 88: F : R? ; — RZ, homogeneous and monotone.
Assume; u > 0 eigenvector F with the eigenvalue A > 0, Fis C' in
some open neighborhood of u, A = DF(u) € R7*" p(A)(= \) a simple
root of det(x/ — A). Then u is a unique eigenvector of Fin RZ .

Cor 2.5, Nus88: In the above theorem assume A = DF(u) is primitive.
Lety >0, u=1.

Define G : R?, — R?, G(x) = ﬁF(X)F(x)

Then limpm_,., G°™(X) = u for each x € RZ,.
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Perron-Frobenius theorem for nonnegative tensors |

F =[fy.. i, € (C"® maps C" to itself

(‘Fx)l = fi,.x = Ziz,...,ide[n] fi7i2r“7idXi2 te )(id7 I € [n]
Note we can assume f;;, ;. is symmetricin b,. .., Iy.
F has eigenvector X = (xq,...,Xn)" € C" with eigenvalue X:
(Fx); = A2 foralli € [n]
Assume: F > 0, (FR7 \ {0}) C RT \ {0}
f1:nn—>nn7 XHﬁ(fX)d1
Zl 1(‘7:x)d
Brouwer fixed point: x = 0 eigenvector with A > 0 eigenvalue

Problem When there is a unique positive eigenvector with maximal
eigenvalue?
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Perron-Frobenius theorem for nonnegative tensors Il

Theorem Chang-Pearson-Zhang 2009 [2]

Assume F € ((R")®9), is irreducible.

Then there exists a unique nonnegative eigenvector which is positive
with the corresponding maximum eigenvalue .

Furthermore the Collatz-Wielandt characterization holds

A = Minyso MaXic[n] “~a (Fx)i ) = MaXy>o mm,e[,,] ( )’

Theorem Fnedland—Gaubert—Han 2011 [5]

Assume F € ((R")%9), is weakly irreducible.

Then there exists a unique positive eigenvector with the corresponding
maximum eigenvalue A.

Furthermore the Collatz-Wielandt characterization holds

Give short proofs from [FGH11]
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Generalization of Kingman inequality:

Friedland-Gaubert

Kingman’s inequality: D C R™ convex,

A: D — RIP" A(t) = [a;(1)], each log aj(t) € [—o0, ) is convex,
(entrywise logconvex)

then log p(A) : D — [—o0, 00) convex, (p(A(-)) logconvex)

Generalization: F : D — ((R")®9), entrywise logconvex
then p(7(+)) is logconvex (L. Qi & collaborators)

Proof Qutline:

............

GKI: p(F** 0 G%) < (p(F))*(p(9))?, @, B> 0,0+ B =1 (%)
Assume F,G >0, Fx = p(f)xo(d*‘l)? GX = p(g)yo(d—1)

Hoélder’s inequality for p = a~1, g = =1 yields

((F 0 GP)(x* 0 y°9)); < (FX)F(GX)] = (o(F))*(0(9))" (xy7)
Collatz-Wielandt implies (x)
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Karlin-Ost and Friedland inequalities-FG

p(]—'os)% non-increasing on (0, co) ()
Assume F > 0, s > 1 use ||y||s non-increasing

1
(f‘OSxOS)is S (.FX),‘ = p(f)Xid_1
use Collatz-Wielandt

prrop(F) = liMs_o0 p(]—"os)% - the tropical eigenvalue of F.

if 7 weakly irreducible then F has positive tropical eigenvector

a-1
maXi, iy fiioyigXip - - - Xiy = prop(F)X; ', i €[n, x>0

Cor:

P(F 0 G) < p(F2 0 G2) < p(F)p(G)

p(FoG) < p(FP)ep(G9)e, 1+ 1 =1

p=1,g=00 = p(FoG) < p(F)ptrop(G)

pat(G) pattern of G, tensor with 0/1 entries obtained by replacing
every non-zero entry of G by 1.

F = pat(G) = p(G) < p(Pat(G))piop(G)
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Characterization of pyop(F) — |

Friedland 1986: for A € R7*" lims_, o p(A°S)s = Mo(A)
is the maximum geometric average of cycle products of A € R}*"
hence is A\g(A) = prrop(A) (Cunnigham-Green)

D(F) :=([n], Arc), (i.)) € Arcift 30, . fij jaXp - - - Xj; CONtAINS X;.
d — 1 cycle on [m] vertices is d — 1 outregular strongly connected
subdigraph D = ([m], Arc) of D(F),

i.e. the digraph adjacency matrix A(D) = [a;]) €
irreducible with each row sum d — 1.
AD1=(d-1)1VvTAD)=(d—-1)v',v=(vy,...,vm)" >0
probability vector

Assume for simplicity d — 1 cycle on [m)]

weighted-geometric average: [, (£ jo(i)seenria()”

of subgraph is

mxm
Ly

Friedland-Gaubert: pyop(F) is the maximum weighted-geometric
average of d — 1 cycle products of F € ((R")®9),

Cor. pwop(F) is logconvex in entries of T.
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Outline of proof

Assume 7 >0

x = (xy,...,Xn) > 0 is a tropical eigenvector. Rename the indices so
x; > 0forie[m]and x; =0 for i > m.

Fiaeds %) - Xy = AXT 1T € [m] ()

Let D = ([m], Arc) be defined: the directed arcs from i are
(1,42(1)), - - (7, Ja (7))

Note that if jp(i) = jg(i) = for p < q then the arc (i, k) is multiple.
Assume first A(D) irreducible:

AD)Y1 =(d—-1)1,vTAD)=(d—1)vT >0

(*) equivalent

>y ajlogx = (d —1)log x; +log A —log fi ;... ju(i)> I € [mM]-
multiply by v; sum on i: log A = Y214 vilog f; iy, .. js(i)

If A(D) reducible take the terminal strongly connected component

Choosing all other entries of F very small positive we get

pirop(F) is maximum of T, f/\,/f2(/),...,jd(i)

A Summer School by Shmuel Friedland July 6 Topics in Tensors Ill Nonnegative tensors 14/31



Characterization of piop(F) I

More general results Akian-Gaubert [1]

Z=(z,.,) € ((R")®9) . occupation measure:

Zi1:-~~:id zj,...iy = 1andforall k € [n]

Zi,{jg,...,jd}ak zi7j27"~7id = (d - 1) ZmZ’“wmd zk,mg,...,md
firstsumisoverie [njandall jo,...,jg€[n]s. t. k€ {jo,...,Ja}
Def: Z, 4 all occupation measures

Thm: Iog ptfop(]:) = maXZEZn’d Zh,...,jdé[”] Zj17"'7jd Iog fi17'"7id

Proof: The extreme points of occupational measures correspond to
geometric average
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Diagonal similarity of nonnegative tensors

F=[f, .i,] € (RM®9) is diagonally similar to
G =0i,...i,] € (RM®I) if

(A=t +> 0, t;

O i,=€ if, i, forsomet=(t,...,t,)" €R"

Diagonally similar tensors have the same eigenvalues and specitral
radius

generalization of Engel-Schneider [3], (Collatz-Wielandt)

. —(d-Nt,+3°9 ¢,
prrop(F) = infy i yTernMax;, i, € (=10t +2je i
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Generalized Friedland-Karlin inequality |

Friedland-Karlin 1975: A € R irreducible, Au = p(A)u, ATv = p(A)v,
uov = (uyvy,...,UnVvs) > 0 probability vector:

log p(diag(€")A) > log p(A) + >_7Ly Uit

(graph of convex function above its supporting hyperplane)

(et]-"),-1 ~~~~~ g = el fi1

GFKI: F is weakly irreducible.
A= D(u)~(@=2)9(Fx)(u), Au= p(A)u,A"v = p(A)vanduov >0
probability vector

log p(diag(e")F) > log p(F) + DI uivit;
F super-symmetric: Fx = V¢(X), ¢ homog. pol. degree d
log p(diag(€')F) > log p(F) + S/, uft, S°7 uf =1
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Generalized Friedland-Karlin inequality 11

Minys.o Y_iLy Uvilog 5 X = log p(F) ()
equality iff x the posmve eigenvector of F.

Gen. Donsker-Varadhan: p(F) = maxpen, iNfx=0 > - 1Pisa (f")' ()
Prf: For x = u RHS (%) < p(7T). K

Forp =uoV (x) = RHS (xx) = p(F).

Gen. Cohen: p(F) convexin (f;__ 1,...,f,. . n):

p(F + D) = maxpen, (Z, 1 Pid; i +infysg Z: 1P:(Fx )

GFK: F weakly irreducible, positive diagonal, u,v > 0,uov € Iy,
Jt,s € R"s.t. eify ;&% % with eigenvector u
and v left eigenvector of D(u)~ (=29 Fx(u)

PRF: Strict convex function g(z) = >°7_; u;v,(log F€* — (d — 1)z))

achieves unique minimum for some z = logx, as g(9(R} \ {0}) = oo

F super-symmetric and v =u?""'thent=s
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 <7 = [t;j«] € R™"™! has given row, column and depth sums:
r=(r,....rm)",c=(cy,...,cn) ", d=(dy,...,d)" >0:
Dokl =1>0, 3 tijk=0>0,>tijx=0d>0
Silin= 27:1 G = > ket Ak

Find nec. and suf. conditions for scaling:
T' = [tij k€5 t¥iT2],x,y,2 such that 7" has given row, column and
depth sum
Solution: Convert to the minimal problem:
minrrx:cTy:dezo fr(x,y,2), fr(x,y,z)= Zi,j,k t’.7j7keXi+y/‘+Zk
Any critical point of fr on S := {r’'x =¢'y =d'z = 0} givesrise to a
solution of the scaling problem (Lagrange multipliers)
fr is convex
fr is strictly convex implies T is not decomposable: T # 71 @ T».
For matrices indecomposability is equivalent to strict. convexity
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Scaling of nonnegative tensors |l

if fr is strictly convex and is co on 9S8, fr- achieves its unique minimum

Equivalent to: the inequalities x; + y; + zx < 0 if ; j x > 0 and equalities
r'x=c’'y=d’'z=0implyx=0,,y=0,2=0,.

Fact: Forr =1,,¢ =1,,d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too

Are variants of Menon and Brualdi theorems hold in the tensor case?
Yes for Menon, unknown for Brualdi
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SVD

A e R™"N g(A) > ... > 0singular values
Ay; = oi(A)x;, ATx; = oi(A)y;

+0;(A),i =1,... are critical values of f(x,y) = x" Ay
restricted to [|x||2 = ||Y]|2 = 1

SVD of A closely related to spectral theory
o Omxm A . _
R I S C R

positive singular values are the positive eigenvalues of B

a1(A) = MaX|x,=|y|,=1 ¥ ' AX
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SVD of nonnegative matrices

Perron-Frobenius for A = [ag;] € R™™:
UeRT VERT, u'u=viv=1Av=0¢(Au, ATu=oc¢(AV
o1(A) = MaXyermyern xll—yl,—1 X Ay = U’ Av.

1 XERMyeR™|[X|o=lyl.=1X " AY

G(A) := DG(B) = G(B) = (V4 U Vo, E) bipartite graph on
Vi=[m|,Vo=[n|, (i,j) € E < a; > 0.

If G(A) connected. Then u, v unique, o2(A) < o1(A), ( as
B-irreducible).
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Rank one approximations for 3-tensors

RanX/ IPS <A7 B> = an]n lk ah/ kbi,j,ka ”7-” - <T7 T>
xeyz,uaveow) = (u'x)(viy)(w'z)

X subspace of R™ <! x, ... X, an orthonormal basis of X
Px(7) = Iy 1”;’ ), [P(T)P = S (T, )2
[T1= = [IPx(T)I= + |7 — Px(T)l

Best rank one approximation of 7:
Minkyz |7 —X® Y @2 = Minjyx—y|=jz|=1.alIT —ax oy 22|

. . m,n,/
Equivalent: maXj—y| =zt 2i—jx i kXi¥jZk

Lagrange multipliers: T xy®z := Zj:k:1 tijkYiZk = AX
TXXRZ=AY, T XXQY=A2

A singular value, X, Yy, z singular vectors

How many distinct singular values are for a generic tensor?
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¢, maximal problem and Perron-Frobenius

1
1, %) lp == (7 XilP)P
. ,n,l
Problem: maxj,—yj,=zlo=1 2ok i kXi¥iZk

Lagrange multipliers: T xy®z := Zj:k:1 tijkYjZk = AxP—T

Txx@z=XyP", T xx@y=X2""(p=525tseN)

p = 3 is most natural in view of homogeneity
Assume that 7 > 0. Then x,y,z> 0

For which values of p we have an analog of Perron-Frobenius
theorem?

Yes, for p > 3, No, for p < 3,
Friedland-Gauber-Han [5]
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Numerical counterexamples

F = [fijx] € R&®*2: fy 11 = fhpp = a> 0 otherwise, fijx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P 05"/P)T,

Fora=1.2,b = 0.2 and p = 2 additional positive singular vectors:
X=y =2~ (0.9342,0.3568)",
X =y =2~ (0.3568,0.9342) .

Fora=1.001,b = 0.001 and p = 2.99 additional positive singular
vectors:

X =y =2z~ (0.9667,0.4570)7,

X =y =2~ (0.4570,0.9667)"
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Nonnegative multilinear forms

Associate with 7 = [t;, ;] € R ~>Md
a multilinear form f(Xy,...Xg) : RM>*--*Mas — R

f(Xq,...,Xq) = Zije[mj],je[d] iy .o Xis 1 -+ - Xig >
Xj = (X1,i- -, Xm;,j € R™

and

TI=

Foru e R™, p € (0,00] let [luflp := (3124 |uilP)
Spili={0<ueR™ |ul,=1}
For p1,...,pq € (1,00) critical point (&4,...,&4) € Sgﬂf X ... x SMa1

Pd+

my—1 mg—1 T . .

of fISp' L x ... x Sy 70" satisfies Lim [4]: 1
WP~

D g X 1 X A X 1 e Xigd = AN

Ij?j
, pi—1 .
ij € [mjl,x; €Sy, () € [d]
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Perron-Frobenius theorem for nonnegative multilinear

forms

Theorem- Friedland-Gauber-Han [5]
f:R™M x ... x RM — R, a nonnegative multilinear form,
T weakly irreducible and p; > d for j € [d].

Then f has unique positive critical point on ST~ " x ... x 87",
If F is irreducible then f has a unique nonnegative critical point which
is necessarily positive
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Outline of the uniqueness of pos. crit. point of f

Define: F: RT x R7 x R, — R x R? x R/ :

1

F(Oy.2))i = (X8 S tipysz) ™ i=1,0..om
1
F((X7Vaz))j,2 = (Hyngis Z/ k=1 tl,j kXIZk>p 1 7j = 17‘ ., n

-3
F(O Y. 2)s = (121575 Sy tjwxiyy) ™" ok =1,
Assume Zj’.’;'kﬂ tijk>0i=1,...,m,

272221 t,'J’k >0,j=1,...,n, Zﬁj’-’:1 ti,j,k >0k=1,...,/

F 1-homogeneous monotone, maps open positive cone R x R7 x R’+
to itself.

T = [tij «] induces tri-partite graph on (m), (n), (/):

i€ {m) connected to j € (n) and k < (/) iff f; j x > 0, sim. for j, k

If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors
to positive, nonnegative eigenvector is unique and positive
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