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Abstract

In this paper we study the maximum value of the largest eigenvalue for
simple bipartite graphs, where the number of edges is given and the number of
vertices on each side of the bipartition is given. We state a conjectured solution,
which is an analog of the Brualdi- Hoffman conjecture for general graphs, and
prove the conjecture in some special cases.
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1 Introduction

The purpose of this paper to study the maximum value of the maximum eigenvalue
of certain classes of bipartite graphs. These problem are analogous to the problems
considered in the literature for general graphs and 0 — 1 matrices [1, 2, 3, 5, 8]. We
describe briefly the main problems and results obtained in this paper.

We consider only finite simple undirected graphs bipartite graphs G. Let G =
(VUW,E), where V. = {vy,...,0}, W = {wq,...,w,} are the two set of vertices
of G. We view the undirected edges E of G as a subset of V x W. Denote by
degv;, degw; the degrees of the vertices v;, w; respectively. Let D(G) = {d1(G) >
d2(G) = -+ =2 dn(G)} be the rearranged set of the degrees deg vy, ..., degvy,. Note
that e(G) = Y i, degv; is the number of edges in G. Denote by Apax(G) the
maximal eigenvalue of G. Denote by Gy; the induced subgraph of GG consisting of
nonisolated vertices of G. Note that e(G) = e(Gpni), Amax(G) = Amax(Gni). It is
straightforward to show, see Proposition 2.1, that

Amax(G) < /e(G). (1.1)

Furthermore the equality holds if and only if G,; is a complete bipartite graph. In
what follows we assume that G = Gy, unless stated otherwise.
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The majority of this paper is devoted to refinements of (1.1) for noncomplete
bipartite graphs. We now state the basic problem that this paper deal with. Denote
by K, = (VUW,E) the complete bipartite graph where #V = p, #W =¢,E =
V x W. We assume here the normalization 1 < p < ¢. Let e be a positive integer
satisfying e < pg. Denote by KC(p, g, e) the family of subgraphs K, ; with e edges
and with no isolated vertices and which are not complete bipartite graphs.

Problem 1.1 Let 2 < p < q,1 < e < pq be integers. Characterize the graphs
which solve the mazximal problem

max  Ama(G). 1.2
Gonax (G) (1.2)

We conjecture below an analog of the Brualdi-Hoffman conjecture for nonbipar-
tite graphs [1], which was proved by Rowlinson [5]. See [3, 8] for the proof of partial
cases of this conjecture.

Conjecture 1.2 Under the assumptions of Problem 1.1 an extremal graph that
solves the mazimal problem (1.2) is obtained from a complete bipartite graph by
adding one vertexr and a corresponding number of edges.

Our first result toward the solution of Problem 1.1 is of interest by itself. Let
D ={dy >dy > - > dp} be a set of positive integers, and let Zp be the class
of bipartite graphs G' with no isolated vertices, where D(G) = D. We show that
maxges, Amax(G) is achieved for a unique graph, up to isomorphism, which is the
chain graph [9], or the difference graph [7], corresponding to D. (See §2.) It follows
that an extremal graph solving the Problem 1.1 is a chain graph.

Our main result, Theorem 8.1, shows that Conjecture 1.2 holds in the following
cases. Fix r > 2 and assume that e = r — 1 mod r. Assume that [ = LEJ > r. Let
pelrl+1]and g€ [l +1,01+1+ -] So K,, has more than e edges. Then
the maximum (1.2) is achieved if and only if G is isomorphic to the following chain
graph Gy j11. Gy 41 obtained from K,_; ;41 = (V UW, E) by adding an additional
vertex v, to the set V', and connecting v, to the vertices wi,...,w; in W.

We now list briefly the contents of the paper. §2 is a preliminary section in which
we recall some known results on bipartite graphs and related results on nonnegative
matrices. In §3 we show that the maximum eigenvalue of a bipartite graph increases
if we replace it by the corresponding chain graph. §4 gives upper estimates on the
maximum eigenvalue of chain graphs. In §5 we discuss a minimal problem related to
the sharp estimate of chain graphs with two different degrees. §6 discuses a special
case of the above minimal problem over the integers. In §7 we introduce C-matrices,
which can be viewed as continuous analogs of the square of the adjacency matrix of
chain graphs. in §8 prove Theorem 8.1.

2 Preliminaries

We now set up some notation and review basic results. Denote by R"*" the set of
mxn matrices with real entries. We view A € R™* " as A = (4; ;);7Z,. Let G = (VU
W, E) be a bipartite graph with V' = {vy,..., v}, W = {w1,...,wy}, possibly with
isolated vertices. We arrange the vertices V UW in the order v1,...,vm, w1, ..., wy,.

Then the adjacency matrix B of GG is of the form



Figure 1: The chain graph Gp for D = {5,2,2,1}.

U1 U2 U3 V4

B= <£T ‘3) , (2.1)

where A is an m X n matrix of 0’s and 1’s. We call A the representation matriz of
the bipartite graph G. Note that i —th row sum of A is degv; and the j — th column
sum of A is degw;. The graph G can be specified by specifying the matrix A. Then
G does not have isolated vertices if and only if A does not zero rows and columns.
Given D = {dy > dy > -+ > d,}, a set of positive integers, we construct from
D the following graph Gp € %Bp, well-known as a chain graph [9] or a difference
graph [7]. The vertices of Gp are partitioned into {vy,...,v,} and {wq,...,wy,},
n = dy, and the neighbors of v; are wy,ws, ..., wq,. This is illustrated in Figure 1.
We now recall the well known spectral properties of the symmetric matrix
B € Rm#n)x(min) of the form (2.1), where A € R7*", ie. A is m x n matrix
with nonnegative entries. The spectrum of B is real (by the symmetry of B) and
symmetric around the origin (because if (x,y) is an eigenvector for A, then (x, —y)
is an eigenvector for —\). Every real matrix possesses a singular value decomposi-
tion (SVD). Specifically, if A is m x n of rank r, then there exist positive numbers
o; = 0i(A), i =1,...,r (the singular values of A) and orthogonal matrices U,V of
orders m,n such that A = ULV, where ¥ = diag(oy,...,0,,0,...) is an m x n
matrix having the o; along the main diagonal and otherwise zeros. It is possible
and usually done to have the o¢; in non-increasing order. For symmetric matri-
ces the singular values are the absolute values of the eigenvalues. The matrix B
from (2.1) satisfies B? = (AAT 9 ), and so the eigenvalues of B? are those of AAT

0 ATA
together with those of ATA. Using the SVD for A we see that AAT has the m
eigenvalues o?,...,02,0,0,... and AT A has the n eigenvalues o?,...,0%0,0,....

The eigenvalues of B are therefore square roots of these numbers, and by the
symmetry of the spectrum of B, the eigenvalues of B are the m + n numbers
01y-+300,0,...,0,—0p,...,—0o1. In particular, the largest eigenvalue of B is o1(A).
We denote this eigenvalue by Apax(B) = 01(A). If B is the adjacency matrix of G
then Apax(G) = Amax(B) = 01(A).

For x = (z1,...,2,) € R" we denote by ||x|| = , DY w?, the Euclidean norm
of x. For A € R™*™ the operator norm of A is given by 01(A4) = /Amax(4AT) =



Amax(ATA). We can find o1(A) by the following maximum principle.

_ T _
o1(4) = max x Ay= pednax [Ay|l. (2.2)
YER™, |ly|l=1

To see this, consider the SVD A = UXV . Every x € R™ with ||x|| = 1 can be
written as x = Ua, a = (ay,...,a,) ', with ||al| = 1, and every y € R with |ly|| = 1
can be written as y = Vb, b = (by,...,b,)", with ||b|| = 1. Then

x'Ay=a'UTAVb=a'%b = aibio; < o1 _|a;hi| <
=1 =1
1
2

T T % m n
<o (z a?Zb?) <o (z a?Zb?) — ouflallb] = o1,
=1 =1 =1 =1

Equality is achieved when x is the first column of U and y is the first column of
V', and this proves the first equality of (2.2). The second equality is obtained by
observing that for a given y, the maximizing x is parallel to Ay.

Another useful fact that can be derived from the SVD A = ULV is the fol-
lowing: if (x,y) is an eigenvector of (AOT ‘3) belonging to o1 > 0, then ||x|| = ||ly]|.
To see this, observe that Ay = o1x and ATx = o1y. Define vectors a = U Tx and
b= VTy. Then

Sb=XV'y=UTAy=0U'x=0,2a
STa=STUTx=VTATx=01V'y =0o1b.

It follows that for all i we have 0;b; = 01a; and 0;a; = o1b;. Thus (o1 +0;)(b; —a;) =
0. Since o1 +0; > 0, it follows that a; = b; for all i, and soa=b, ie., U'x=Vy.
The orthogonal matrices U and VT preserve the norms, and therefore ||x|| = [y||.

Recall the Rayleigh quotient characterization of the largest eigenvalue of a sym-
metric matric M € R"™™: Apax (M) = maxy|—; x " Mx. Every x achieving the
maximum is an eigenvector of M belonging to Apax(M). If the entries of M
are non-negative (M > 0), the maximization can be restricted to vectors x with
non-negative entries (x > 0) because x' Mx < |x|"M|x| and |||x||| = ||x||, where
x| = (Jz1],- - lzm]) T

Recall that a square non-negative matrix C' is said to be irreducible when some
power of I + C is positive (has positive entries). Equivalently the digraph induced
by C'is strongly connected. Thus a symmetric non-negative matrix B is irreducible
when the graph induced by B is connected. For a rectangular non-negative matrix
A, AAT is irreducible if and only if the bipartite graph with adjacency matrix B
given by (2.1) is connected.

If a symmetric non-negative matrix B is irreducible, then the Perron-Frobenius
theorem implies that the spectral radius of B is a simple root of the characteristic
polynomial of B and the corresponding eigenvector can be chosen to be positive.
The following result is well known and we bring its proof for completeness.

Proposition 2.1 A = (4;;);72; € R and assume that B is of the form
(2.1). Then

)\max(B) <




Equality holds if and only if either A =0 or A is a rank one matriz. In particular,
if G is a bipartite graph with e(G) > 1 edges then

Amar(G) < V/e(G), (2.4)
and equality holds if and only if Gy is K, 4, where pg = e(Q).

PROOF Let r be the rank of A. Recall that the positive eigenvalues of AAT are
01(A)?,...,0,.(A)% Hence trace AAT = ZZ;’" A?j = 1_10k(A)? > 01(A)?. Com-
bine this equality with the equality Amax(B) = 01(A4) to deduce (2.3). Clearly,
equality holds if and only if either »r =0, i.e. A=0, or r = 1.

Assume now that G is a bipartite graph. Let A be the representation matrix of
G. Then trace AAT = e(G). Hence (2.3) implies (2.4).

Assume that G = K, ;. Then the entries of the representation matrix A consist
of all 1. So rank of A is one and e(K), ;) = pg, i.e. equality holds in (2.4). Conversely,
suppose that Apax(G) = v/e(G). Hence Apax(Gni) = /e(Gni). Let C € RP*7 be
the representation matrix of Gp;. Since satisfies equality in (2.3) we deduce that C'
is a rank one matrix. But C is 0—1 matrix that does not have a zero row or column.
Hence all the rows and columns of C' must be identical. Hence all the entries of C
are 1, i.e. Gy is a complete bipartite graph with e(G) edges. n

3 The Optimal Graphs

The aim of this section to prove the following theorem.

Theorem 3.1 Let D = {dy > ds > --- > dp,} be a set of positive integers.
Then the chain graph Gp is the unique graph in Bp, (up to isomorphism), which
solves the mazimum problem maxgez,, Amaz(G).

Let us call a graph G € Zp optimal if it solves the maximum problem of the above
theorem. Our first goal is to prove that every optimal graph is connected. For that
purpose we partially order the finite sets of positive integers as follows.

Definition 3.2 Let D={dy > do > --- > dp} and D' ={dy > dy > --- > d, ,}
be sets of m and m' positive integers. Then D > D’ means that m > m’, and
di=>dy,do>dy, ..., dy >d_,, and D # D'

m'’

Theorem 3.3 If D > D', then \poe(Gp) > Mpaz(Gpr).-

PROOF Let A be the m x d; matrix of 0’s and 1’s with row sums dy > do > -+ - > d,p,
and columns ordered so that each row is left-justified (1’s first, then 0’s). Then
B = (AOT ’3) of order m + d; is the adjacency matrix of Gp. Let A’ and B’ be
defined similarly for Gp.

Let M = BBT and M’ = B'B'". Then M and M’ are symmetric non-negative

irreducible matrices of orders m and m/, and Apax(Gp) = Amax(M), Amax(Grr) =

Amax (M').
Case 1: m = m/. In this case, by Definition 3.2, at least one of the inequalities
di > dy,dy > d,, ..., dy, >d, holds with strict inequality. It follows that M > M’

(i.e., M — M’ is a non-negative matrix), and some integer ¢ € [1,m] satisfies M;; >
MZ’Z Therefore every positive vector y satisfies y ' My >y M'y. Let y = x’ be the



positive Perron-Frobenius eigenvector of the irreducible matrix M’, with ||x'|| = 1.
Then by the Rayleigh quotient we have

Amax(M) = %' T Mx' > x'T M'x" = Apax (M),

as required.

Case 2: m > m/. In this case, let L be the principal submatrix of M consisting
of its first m’ rows and columns. By Definition 3.2 we have d; > d}, do > d,, ...,
dmy > d),. Therefore L > M’, and hence Apax(L) = Amax(M').

Since L is symmetric and non-negative, there exists a vector y € R™ withy > 0,
lyll = 1 satisfying Apax(L) = y' Ly. Extend y with zeros to a vector x € R™.
Then x > 0 and ||x|| = 1 and y" Ly = x" Mx < Apax(M). Equality cannot occur
here, for if it did, then x would be the unique Perron-Frobenius eigenvector of the
irreducible matrix M and x would be positive, whereas z; = 0 for ¢ > m’. Thus
Amax (M) > Amax(L) = Amax (M), as required. -

Lemma 3.4 If G € Bp is connected, then Apaz(G) < Anaz(GD).-

PROOF Let D ={d; > --- > d;,} and n > dy. Let B = (AOT ‘6‘) be the adjacency
matrix of G, where A is m x n with row sums given by D. Since G is connected, B is
irreducible. Let (x,y) be the positive Perron-Frobenius eigenvector of B belonging
t0 Amax(G) = 01(A4), with x = (z1,...,2m), y = (Y1, -+, Yn):

A
o1(A)(F) = (4 5) (), (3.1)
and so Ay = o1(A)x.
As we observed in Section 2, we have ||x|| = ||y||, and so we may choose a
normalization such that ||x|| = ||y| = 1.

We reorder the columns of A so that y; > y2 > -+ > y, > 0. The rows are still
in their original order, and so the row sums are d; > - -+ > d,,, in this order.

Let A be the matrix obtained from A by left-justifying each row, i.e., moving
all the 1’s of the row to the beginning of the row. Then ((ZOT ?) is the adjacency
matrix of Gp wi‘(cE n —dy zero rows and columns appended at the end, and therefore
Amax(Gp) = 01(A). -

Since y1 = y2 = --+ = y, = 0 and since A is obtained from A by left-justifying

>
> Ay. Since x > 0, we have xTZy > x" Ay. (2.2) yields

-
each row, we have Ay

— — —

Amax(Gp) = 01(A) = Jmax u Av>x' Ay >x"Ay
u€eR™ ||ul|=1
VER™, [[v|=1

=x ' 01(A)x = 01(A) = Anax(G).  (3.2)
|

Lemma 3.5 An optimal graph must be connected.

PROOF Let G € Zp be an optimal graph. The graph G is bipartite, and one side
of the bipartition (call it the first side) has degrees given by D. Let Gy, ..., Gy be
the connected components of G. Then Apax(G) = Amax(G;) for some i.

Like G, the component G; is also bipartite with the bipartition inherited from
that of G. Let D; be the set of degrees of G; on the first side of the bipartition.



If G is disconnected, then D > D;, and therefore Ayax(G) = Amax(Gp) >
Amax(GD;) 2 Amax(Gi), where the first inequality is by the optimality of G, the
second by Theorem 3.3, and the third by Lemma 3.4 and the connectivity of Gj.
This contradicts the equality above and proves that G must be connected. ]

We are now ready to prove our main theorem.

PROOF (of Theorem 3.1). Let G € %Bp be optimal with adjacency matrix B =
(AOT ’3). By Lemma 3.5 GG is connected. We begin as in the proof of Lemma 3.4. We
let (x,y) be the positive Perron-Frobenius eigenvector of B belonging to Apax(G) =
o1(A), with x = (21,...,2,) ", ¥y = (y1,.--,un) ", IX|| = [ly]| = 1. In other words,

(3.1) holds, or equivalently

Ay = o01(A)x (3.3)
ATx =01(A)y (3.4)

However, this time we reorder both the rows and the columns of A so that xq >
To = 2xy,m>0andy =y = - =y, > 0, so now the row sums of A, which
we still denote by di,ds, ..., d,, are not necessarily non-decreasing. As before, we
let A be the matrix obtained from A by left-justifying each row. The graph with

adjacency matrix (710T g‘) is still isomorphic to Gp plus n — d;y isolated vertices,

and therefore Ayax(Gp) = 01(2). For the same reasons as before we have Zy >
Ay, and therefore (3.2) holds. Moreover, by the optimality of G we have equality
throughout (3.2). In particular Gp is optimal and Apax(Gp) = 01(A), so from now
«— — —
on we abbreviate 01(A) = 01(A) = 1. Now Ay > Ay and x" Ay = x' Ay and
x > 0 give
-

The first two rows of (3.5) and z1 > x2 now give
Y1+ -+ Ya, = 0101 2 012 = Y1+ -+ Ydy,s

and since y > 0 we must have d; > do. The same argument with rows 2 and 3 shows
ds > dg, and so on. We have established that the row sums of A are non-decreasing,
ie.,

dy =2 dy =+ = dpy. (3.6)

Note that by (3.6), the columns of A are top-justified, i.e., the 1’s are above the
«— —
0’s. For this reason and x > 0 we have A 'x > ATx, and hencey' A'x >y ATx
—
by y > 0. The analog of (3.2) for AT now holds with equality throughout and we

obtain -
ATx=ATx =oyy. (3.7)

-
Our remaining task is to show that dy = n and A = A, and tgerefore G is
isomorphic to Gp. For that purpose we need notation for rows of A with equal
sums, and similarly for columns.
-
We introduce the following notation for the row sums of A:
Tl:dlz...:dml >r2:dm1+1:...:dml+m2 >>

(3.9)
>Trp = dm1+---+mh,1+1 == dm1+...+mh,



where

mi+---+my =m.

This is illustrated in Figure 2.

Figure 2: The notation for the row sums of A.

mi 1

ma2 T2

From (3.5) we have oy2; = (Zy)z =y1+---+yq,. Therefore by (3.8) andy > 0
we obtain

xl —a :xml >xm1+1 :...:xm1+m2 > >
(3.9)
Tytetmp_1+1 = ° = Tmypetmy, > 0
Analogously using (3.7) and (3.8) and x > 0 we obtain
—_ ... = > _ ... = > >
Y1 yTh yrh-i-l yT’;L,l (310)
Yrgt1 = =Yr, > 0=Yp 41 =Yri42 =" = Yn.

From (3.10) and y > 0, we conclude that
dl =Ty =n.

We are now ready to show that A = A gince d1 = r1 = n, the first mq rows of
A are all-1, and so are the first m; rows of A. Now let m1 +1 <7 < mq + mg be
an index of one of the next ms rows. Both A and Z have d; = ro 1’s in row i. Let
the 1’s in row i of A lie in columns k1, ..., k.. Then by (3.5) we have

S, = (Ay)i = (Ay)i= > u;. (3.11)
j=1 i=1

However, by (3.10) the last r; — 79 components of y are smaller than all other
components. Therefore if any k; lies in the range {ro +1,...,71}, it would follow
that 222:1 Yk, < 252:1 yj, contradicting (3.11). Therefore k; = j for j = 1... 79,
in other words rows i of A and A are the same.

An analogous argument can be applied to the next ms rows, and so on, and it
follows that A = A. n



The arguments of the proof of the above theorem yield.

Corollary 3.6 Let the assumptions of Problem 1.1 holds. Then any H € K(p, q,¢€)
satisfying maXgei(p,q,e) Amaz(G) = Amaz(H) is isomorphic to Gp, for some D =
{dy > do > -+ > dp,}, where m < p and dy < q.

4 Estimations of the Largest Eigenvalue

In this section we give lower and upper bounds for Ay.x(G), where G is an optimal
graph with a given adjacency matrix ( AOT 8). (Our upper bound improves the upper
bound (2.4).)

Recall the concept of the second compound matrix AsA of an m X n matrix A =
(A;j) [6]: AgAis an (}) x (5) matrix with rows indexed by (i1,i2), 1 <41 < iz <m
and columns indexed by (j1,72), 1 < j1 < j2 < n. The entry in row (i1,i2) and

column (j1,72) of AgA is given by

Ao g = et (291402, (4.)
ig,51 442,52
Note that (AgA)T = AsAT. Tt follows from the Cauchy-Binet theorem that for
matrices A, B of compatible dimensions one has Ay(AB) = (A2 A)(A2B). One also
has Aol = I and therefore ApA~! = (A A)~! for nonsingular A. In particular, the
second compound matrix of an orthogonal matrix is orthogonal, and therefore the
SVD carries over to the second compound: if the SVD of Ais A =UXV ', then the
SVD of Ay A is (A2 A) = (AU)(A2X)(A2V)T. Tt follows that if the singular values of

A are o1 = 09 > ---, then the singular values of Ay A are 0,05, @ < j. In particular,
when the rank of A is larger than 1, equivalently As A # 0, we have
[(A2A)w]|

0109 = Ul(AQA) = Imax s (4.2)

w20 |[w]]
where the second equality follows by applying (2.2) to Ay A.

We now specialize to A given by (2.1), which is the adjacency matrix of an
optimal graph. Thus A is a matrix of 0’s and 1’s whose rows are left-justified and
whose columns are top-justified. We use the notation (3.8) for the row sums of A.
For such A the entries of AyA can only be 0 or —1. Indeed, if in (4.1) A;, j, = 1,
then A;, ;, = Ai, j; = Aiyj, = 1 and the determinant vanishes. If A;, ;, = 0 and
the determinant does not vanish, then again A; ;, = A;, j, = A;j, = 1 and the
determinant equals —1. In the latter case we say that (i1,i2) and (j1,j2) are in a
I'-configuration.

To estimate o109 from below, we take a particular column vector w in (4.2): the
(J1,72), 71 < jo entry of w is 1 if column (j1,j2) of A2 A is nonzero; otherwise this
entry of w is zero. (The assumption Ay A # 0 implies that w # 0.) By (4.2) we
have
itA24)wi]

[[wli

0102 2 (4.3)

Since w is a vector of 0’s and 1’s, ||w]|? is the number of nonzero entries of
w, that is to say, the number of nonzero columns of AsA. We count the nonzero
columns (j1, j2), j1 < jo of Ao A as follows. Fix js. There is a unique k =1,...,h—1



such that g1 +1 < jo < 7. If 71 is chosen among 1,..., 751, then there exist
(i1,12) such that (i1,42) and (ji1,j2) are in a I'-configuration, and otherwise not. It
follows that for our fixed ja, there are r;11 values of j; such that column (ji, j2) of
A2 A is nonzero. We can vary jo without changing k in ry — 7511 ways, so A2 A has
Tk+1(rk — Tk+1) nonzero columns corresponding to the same k. Summing over k, we
conclude that

h—1
[w|* = Zrk—l—l(rk — Tht1)- (4.4)
k=1

By similar arguments we see that for 1 < k < < h, the vector (A2 A)w has mpmy
entries equal to —r;(ry —r7), and that all other entries of (A2 A)w vanish. Therefore

H(A2A)WH2 = Z mymy[ry(ry — 7’1)]2- (4.5)

1<k<i<h

From (4.3), (4.4) and (4.5), we obtain

> <kercn Mma[r(ry — 1))

2 2 _
0705 2w =
T ZZ;%WH(W — Tkt1)

(4.6)

As we have noted above, we assume that h > 1, for otherwise A hasrank 1. If h =1
we define w = 0.

We can improve the lower bound (4.6) by the following consideration. The
graph with adjacency matrix (91 AOT ) is isomorphic to the one with adjacency matrix
( AOT ‘3). Therefore we can repeat the work in this section with A" replacing A. This
amounts to transposing the Ferrers diagram illustrated in Figure 2. Instead of (4.6)

we now have o o
Zl<k<l<h mymylry(ry, — )]

olol > W = P — , (4.7)
k=1 Tha1 (T = Thg1)
where for i = 1,...,h we have r, = my + -+ +mp_;i41 and m, = rp_j11 — rp_iyo
(rh+1 =0).
Combining (4.6) and (4.7) we obtain
0302 > w* = max{w,w'}. (4.8)

We are now ready to estimate o7 from above.

Theorem 4.1 Let D = {dy > ds > --- > dn,} be a set of positive integers,
where di > d,,. Then

e(Gp) + v/e(Gp)? — 4w*(Gp)
2 9y

Amaz(GD)z < (49)

where w*(Gp) is defined in (4.8). Assume that in the Ferrers diagram given in

Figure 2 h = 2. Le. the degree of the vertices in each group of Gp have exactly two
distinct values. Then equalities hold in (4.6), (4.7), (4.8) and (4.9). In particular

w*(D) = w =W = mymaora(ry —ra). (4.10)

10



PROOF Since the eigenvalues of AT A are A\pax(Gp)? = 07,02,...,02,0,0,..., we

have Y7 02 = trace AT A = D Azz,j = e. Let us denote a = 0% + 03, so that
a <e=e(Gp), and b = 0202, so that b > w* by (4.8). Solving for o7 we obtain
o2 = a+@ < e+¢e;_w .

Assume that h = 2. Then A has rank 2, As A has rank 1, and a = e. Furthermore
the definitions of w,w’ yield the equalities (4.10). To complete the proof, we show
that equality holds in (4.3) and therefore also in (4.6), i.e., b = w.

Since As A has rank 1 and its elements are only 0 and —1, all its nonzero rows
are equal. Say it has ¢ nonzero rows, each with d elements of —1. The trace of
(A2A)T(A2A) is the sum of squares of the singular values of ApA, which equals
(01(A2A))? = 0203 in our case. This trace also equals the sum of squares of the
elements of A A, namely cd.

On the other hand, our chosen vector w satisfies |[w||?> = d and ||(A2A)w|? = cd?
(because each of the ¢ nonzero rows of Ay A multiplied by w gives —d). Hence

[ Dwl® _ g Thus both sides of (4.3) are equal to vcd. n

f[wil®

We suspect that under the conditions of Theorem 4.1 for h > 3 one has strict
inequality in (4.9).

5 A Minimization Problem

The first step in proving Conjecture 1.2 is to show its validity in the case h = 2 in
Figure 2. We note that for h = 2, (4.9) is tight by Theorem 4.1. Theorem 4.1 also
implies that equality holds in (4.6), (4.7) and (4.8). This motivates us to consider
the problem of minimizing w*(G).
Let nq := 79, ng := r1 — ro. Then the condition that the chain graph G has e
edges is equivalent to
miny + ming + mony = e. (5.1)

Formula (4.6) for the case h = 2 gives

W = mimanina. (5.2)

Let K2(p,q,e) € K(p,q,e) be set of all subgraphs of K, , isomorphic to some Gp
whose Ferrers diagram, given in Figure 2, satisfies the condition h = 2. By the above
discussion for h = 2, the problem of finding maxgex, Amax(G) is equivalent to
the following minimization problem over the integers.

p,q,€e)

Problem 5.1 Let p, q and e be integers satisfying 2 < p < q and 3 < e < pq.
Find the minimum of mimenine in positive integers my, ms, ni and no satisfying
my +mg < p, n1 +n2 < q and the constraint (5.1).

Note if p = ¢, then Problem 5.1 remains invariant under the duality of exchang-
ing (mq1,mg) with (n1,ng). Conjecture 1.2 implies that any minimal solution of
Problem 5.1 satisfies the condition min(ma,ng) = 1.

In order to prove Conjecture 1.2 in the cases discussed in Theorem 8.1 we need
to consider a problem of minimizing mqmeonine under certain constraints, where
m1, ma, ni and ny are real numbers. We start with the following simple lemma.

11



Lemma 5.2 Let b, b and e be positive real numbers satisfying e > a+b. Assume
that
ar+by=e, 1<z, 1<y. (5.3)

- -b
:Ey)min(e ba,ea > (5.4)

Then

Equality holds if and only if
1. x =1 when a < b;
2. y=1 when b < a;
8. x=1o0ory=1 when a=>».

PROOF Set by = e — ax and observe that f(z) := byx = (e — ax)z. Note that f
is a parabola, with its maximum at x¢ := 5.. So f is decreasing for x > z¢ and
increasing for x < xg. The minimum of zy = %, given the constraints z > 1, y > 1
is achieved only when x = 1 and y = %3® > 1 (the minimum possible value of x), or
when y =1 and z = ET_b > 1 (where z is the maximum possible value). For a < b
and z = 1 we have xy = %, which is the LHS of (5.4). For b < a and y = 1 we
have xy = %b, which is the RHS of (5.4). m

Proposition 5.3 Let 2 < r,e € N and assume that

e=lr+r—1,r<p,g<l+1+ ll. (5.5)
Let G = (V,W,E) € K(p,q,e). Then #V =1r and #W >r.

PROOF Assume to the contrary that #V < r—1. Since G is not a complete bipartite
graph,
l
e<(r—1)g<(r—1) <l+1+—1> =lr+r—1=e,
r—

which is impossible. Replacing ¢ by p we deduce that #W > r. ]

Hence if p, ¢ and e satisty (5.5), then for D € Ky(p, ¢, e) we must have my +mgy > r
and ni+mng = r. Since my, mo, ni, No are positive integers, they satisfy the following
constraints

m>1, mag>1, 1 21, no =21, mi+mg>=2r, ng+ng>r. (5.6)

Theorem 5.4 Let 2 < r € N, e € [r2 4 1,00) and consider the minimum of
w = mymaoning subject to my, ma, ny, ne € R, (5.1) and (5.6). Then the minimum

18 (71_1)(:;7*1), and it is achieved only in one of the two cases

(m1,ma) = (r — 1,1), (n1,ny) = (l“g (5.7)

T
e—r+1
T

(m1,mg) = ( 71> ; (n1,n2) = (r—1,1). (5.8)
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PROOF Let @ be the minimum value of w subject (5.1) and (5.6). Note that since for

the values of my, mao, ny, ny given in (5.7) we have w = (71_1)(;;”1)

T < (r—1)(e—r+1)

, we deduce that

- . Since all the functions are symmetric in (mj, ms) and (n1,n2),
we will always assume that mq 4+ mo < n1 +no. Asm; > 1 and mg > 1, we have
(my — 1)(mg — 1) > 0, which implies miyms > my + mg — 1. Similarly niny >
ni1 + no — 1. Thus

w=mimoning = (m1 +me — 1)(ny +ng — 1) = (mq + mg — 1)

e

Suppose that m1 + mg > £. Then

r’

2 _»\2
w)(m1+m2—1)2><f—1> :w.
T r

Since e > 72 + 1 and r > 2, we obtain
(e—r)2—r(r—De—r+1)=(—r*=)r*—r+2)+1>0-0+1.

that my + mo < f.
Fix mq, mo that satisfy the conditions

if m1 +mg > 7. Thus to find the value of W, we may assume

my > 1, m2>1,§>m1+m2>7‘. (59)

Now let us find the minimum of nijny subject to n; > 1, ng > 1 and (5.1). The
constraint (5.1) is equivalent to (5.3) with a = mj+msg, b = mq, x = nq and y = nas.
Also a +b = 2m; + mg < r(my + m2) < e. Since a > b, Lemma 5.2 implies that
ning is at a minimum when

ny =1, ny :=ny(e,my,my) = = e—— (5.10)
Clearly
e—(mi+my) e—7
nl(eam17m2)> my + mo > e :T_1>17

and hence ni(e, m1, m2)+1 > r. Thus the problem of minimizing mjmsninsy subject
to (5.1) and (5.6) is equivalent to the problem

minimize 7 := mimeani(e,my, my) = (e = mymymy subject to (5.9).  (5.11)

mi + mo

Fix my. Since the function mlt+t increases for ¢ > 0, the minimum of 7 in (5.11)
is achieved only in the following two cases:

1. Case I: mo=r—mpif 1 <my <r—1;
2. Case 2: mo=1ifmqg >r—1.

Consider first Case 1. Assume first that » = 2. Then my; = mo = 1, and the
minimum of 7 subject to Case 1 is (6;21)

Now assume that » > 3. Then 7 = f(my), where f(t) := w Note that
f(t) is a cubic with zeros at 0, r and e. Also f(t) < 0 for t < 0 and f(t) > 0 for
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t > e. Hence f'(t) = 0 for some t = t; € (0,r) and some t = t3 € (r,e). Note that
f(t) increases on (—oo,t1) and decreases on (t1,t2).
We need to find min,e[; ,—q) f(t). Clearly

rf'(t)=(r—t)(e—t) —tle—t) —t(r —t) = (r — 2t)(e — 2t) — t2.

As (r—2)(e—2)>e—2>7r2—1>8, we deduce that f'(1) >0. Asr—2(r —1) =
2—r<0Oand (e—2r+2) > (12 —=2r+3) = (r—1)2+2 > 0, it follows that
f'(r—1)<0. Sol<t <r—1. Hence

min f(t) = min(f(1), f(r —1)) = f(r — 1) = (e—r+1)(r— 1)’

te(l,r—1] r

which is achieved only for mq =r — 1 and mg = 1.
We now consider Case 2. In this case 7 = g(my), where
(e — t)t e+1

—etl—t— .
1 °f t+1

9(t) =
Thus on [0, 00), the function ¢'(¢) vanishes at the point
to=ve+rl-1>Vr2—1=r—1

Note that t( is the unique solution of (5.1), where m; = n; =t and mg = ng = 1. So
f(t) increases on [0,tp] and decreases on the interval [¢p,00). Our assumption that
mi1+mo =mq+ 1< ny+ng =n1+ 1 is equivalent to my; < nq1. Somy < tg < ny.
The assumption that mq+ms = mi+1 > r means that m; > r—1. Hence g(mq) has
a unique minimum at m; = r — 1. This corresponds to n; = %H Interchanging
(m1,mg) with (nq,ng) obtain the second solution (m1,ma) = (<2 1), (ny,ng) =
(r,1). ]

Theorem 5.5 Suppose one of the following conditions holds.
1. 7‘:2,e>3i50ddand2gp<q,l:%l<q.
2. 3<reNand (5.5) holds.

Then minge, (p,g,e) Amaz(G) 8 achieved only for Gp isomorphic to the graph ob-
tained from K,_1 ;41 by adding one vertex to the group of r — 1 wvertices and con-
necting it to | vertices in the group of | + 1 vertices.

PROOF Assume that Gp has the Ferres diagram given in Figure 2 with h = 2. Let
ny = r9 and ny = r1 — ro. Assume first that r = 2 and 3 < e is odd. Then m; > 1,
mo > 1, n =2 1landng > 1,50 mi + mg > 2 and nqy +no > 2. Then for e > 5
the theorem follows from Theorem 5.4 for r = 2 and Theorem 4.1. For e = 3 the
theorem is trivial. For r > 3 the theorem follows from Proposition 5.3, Theorem 5.4
and Theorem 4.1. m
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6 A special case of Problem 5.1

We now discuss a special case of Problem 5.1 that is not covered by Theorem 5.4.

Theorem 6.1 Lete = 3k+1, where k > 7 is an integer. Consider the minimum
of w = mymeoningy, where my, mo, n1 and no are positive integers satisfying the
constraints mi(ny + ng) + mony = e, my +ma = 3, ny + no > 3; in other words,
(5.1) and (5.6) with r = 3 hold. Then the minimum of w is 2k, and it is achieved
if and only one of the following cases holds:

(ml,mg) = (1,2), (nl,ng) = (k’, 1) (6.1)
(ml,mQ) = (k‘, 1), (nl,ng) = (1,2). (6.2)

PrOOF Clearly, if (6.1) or (6.2) holds, then w = 2k. Thus it is enough to show
that for all integer values of mqy, ms, n1 and nsy satisfying the constraints that are
different from the values given in (6.1) and (6.2), we have w > 2k.

Since we can interchange m; with ny and mey with ns, we assume without loss
of generality that ny + no > mi1 + mo. We denote the product mimsg by X. Since
mq + meo > 3, it follows that X > 2.

Case 1: my +mo > k. Since n1 + no = mq +mgo > k, we have mymo > k — 1
and ning > k — 1. This implies w = mymaning > (k — 1)? > 2k since k > 7.

Case 2: 3 < mjp+meo < k. Hence X > 3. Suppose X > k—1. Since n1+nq > 4,
we have ning > 3. Thus w = mymaning > 3(k — 1) > 2k since k > 7.

So for the remaining part of Case 2 we assume that X < k — 1, and hence
B{—kj > 2. We will now show that niny > B{—kj + 1, from which it will follow that
w=Xning > X?X—k = 2k, as required.

Assume to the contrary that nins < L%J + 1. Since ning < L?X—kj we have
ny+ no < L%J + 1, and hence n; < L%J We now obtain an upper bound for e.

Clearly

= m1(n1 +na) + < %+1+n< %+1+ d
€ =mi{nN1+"n2 many < My X mony x My X ma 2k | -

Observe that that for any 0 < a € R we have the inequality

mi(a+1) +moa <mime(a+1)+a=X(a+1)+a

2k 2k 2k 2k

Let f(z) =z + 2. Since f is strictly convex on (0,00), it follows that f(X) <
max(f(3), f(k —2)) = max(3 + %,ky -2+ k2—_k2) Hence f(X) < k+1 for k > 6.
We also note that in the range [3,k — 2], f(x) has a unique minimum at = = v/2k.
Furthermore, f(x) is strictly increasing after that point.

Consider the function g(x) = x+ L%J on the interval x € (0,00). Note that g(z)
is piecewise linear, where each linear piece has slope 1, and is continuous from the
left, with jumps at z; = 2£ for i € N. So g(z;) = f(z;) for i € N, and g(z) < f(z)

3

if 0 < @ # x; for i € N. This implies g(X) = X + [ %] < f(X) < k+1 for k > 6.

and hence
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Since g(X) is an integer, we deduce that g(X) < k when k > 6 and X € [3,k — 2].
Use (6.3) to deduce that

e< X {%J +9(X) <X%+9(X) < 2k + k = 3k.
X X
This contradicts the assumption that e = 3k 4+ 1, and completes Case 2.

Case 3: mq +mg = 3. Then mymo = 2 and e = 3ny + miny. Assume first that
m1 = 2 and my = 1. Since e = 3k+1 it follows that ny > 2. So 3ni1ny = na(e—2ns).
Since e > 22, the minimum of nyns is achieved either for ny = 2 or for the maximum
possible value of ny obtained when nqy = 1. For ny = 2 we have n; = k£ — 1 and
w=4(k —1) > 2k if k > 2. For n; = 1 we have ny = %2, which may not be an
integer, and w = (e — 3) = 3k — 2 > 2k for k > 2.

Assume finally that m; = and mg = 2. Then e = 3ny + no. Lemma 5.2 yields
that ningy > 6;31 = k, and equality holds if and only if no = 1 and n; = k. This
completes Case 3 and the proof of the theorem. n

We used software to show that Theorem 6.1 holds for &k = 2,3,4,5,6.

7 C-matrices

Let RY = {c = (c1,...,¢) ERP, ¢1 > -+ > ¢, > 0}. With each c € R we
associate the following symmetric matrix.

M(C) = [cmin(i,j)]f,jzl' (71)
The following result is well-known [4, §3.3, pp.110-111].

Proposition 7.1 Letc=(cy,...,¢,) € ]Ri\. Then all the minors of M (c) are
nonnegative. In particular M(c) is a nonnegative definite matriz. Ifc; > -+ > ¢y >
0, then all the principal minors of M(c) are positive, i.e., M(c) is positive definite.

Corollary 7.2 Let c = (c1,...,¢p) € R‘i\. Then the rank of M(c) is equal to

the number of distinct positive elements in {c1,...,cp}.

PROOF Let {¢;,,...,¢c;, } be the set of all distinct positive elements in {ci,...,¢,}.

Hence the rank of M(c) is at most k. Let F' be the principal submatrix of M (c)

based on the rows and columns {41, ...,i;}. Proposition 7.1 yields that rank F' = k.g
In what follows we assume that ¢ = (¢1,...,¢p) € Ri\ unless stated otherwise.

Assume that ¢; > -+ > ¢ > 0 = ¢q1 = -+ = ¢p. Denote by ¢ := (c1,...,¢n).

Then M(cy) is the principal submatrix of M(c) obtained from M(c) by deleting
the last p — m zero rows and columns. Let

Ar(e) = Aa(e) = -+ 2 Ap(c) 20

be the p eigenvalues of M(c). Let m’ be the number of distinct elements in
{c¢1,...,¢em}. Corollary 7.2 yields that M(c) has exactly m’ positive eigenvalues
and \;j(c) = Ai(cq) for i =1,...,m.
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Let S,,(R) be the space of m x m real symmetric matrices. Since A\;(M) is a
convex function on S,,(R) by

T A+ BZ < max||x||=1 x| Ax + max||y|=1 yTBy
2 )

we obtain the following result.

Proposition 7.3 Let C C Rﬂ\ be a compact convex set. Let E(C) be the set of
the extreme points of C. Then maxcec A1(€) = maxeeg () A1(c).

We show that A\ (Gp) = Ai(d) for a corresponding vector d € ]Ri\. Let D =
{dy > dy > --+ > d;n} be a set of positive integers. Assume that m < p and let
d = (dy,...,dpn,0,...,0) € ]Rp\ Let G(d) denote the chain graph with degrees
d, that is to say the chain graph Gp with p — m additional isolated vertices, where
D ={dy,...,dn}. Let A(d) be the representation matrix of G(d). Note that A(dy)
is the representation matrix of Gp. Clearly A(d)A(d)" = M(d). Hence

Amax(Gp)? = A (d) = Ai(dy). (7.2)

Thus M(d) can be viewed as a continuous version of G(d). The main idea of
the proof of Conjecture 1.2, under the conditions discussed in the Introduction, is
to replace the maximum discussed in Problem 1.1 with the maximization problem
discussed in Proposition 7.3 with a carefully chosen C.

We now bring a few inequalities for A\ (d) needed later, which can be viewed as
a generalizations of Proposition 2.1 and Theorem 4.1.

Proposition 7.4 Letc = (c1....,¢,) € RE . Then

e(c) := trace M(c) = Z ¢ = Z Ai(c), (7.3)
i=1 i=1
> Xile)? = trace M(c)® = Ep:(% — 1), (7.4)
i=1 1=1
Z )\z Z Cj(CZ' — Cj). (75)
1<i<j<p 1<i<j<p

Hence M\ (c) < e(c). Equality holds if and only if M(c) has rank one. Moreover,

> (2 —1)c.

i=1

(7.6)

A sharper upper estimate of Ai(c) for p = 2 is given as follows. Assume that the
set {c1,...,¢cp} consists of h > 2 distinct positive numbers. Then

(2a, — 1)e(c) + /e(c)? — dap 8
2ah

)\1(C) § s (77)
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where
ap = 72(]1 1) = g cj(ci —¢j).

For a fixed (3, the right-hand side of (7.7) is an increasing sequence for h = 2,3, ...,
and its limit as h — oo is the right-hand side of (7.6).

PROOF The equalities (7.3), (7.4) are straightforward. The equality (7.5) follows
from them and the identity

p 2 p
2 Z< Aidj = <Z)\> =Y A (7.8)
i=1 =1

1<i<i<p

Since all \;(c) are real, the inequality (7.6) follows from (7.4).

We now show how the estimate (7.7) follows from (7.5). By Corollary 7.2 the
rank of M(c) is exactly h, and therefore exactly h eigenvalues of M (d) are positive.
Thus in the left-hand side of the equalities (7.3)—(7.5), ¢ and j can run from 1 to h
only. For h =2, (7.7) follows with equality from (7.3) and (7.5).

Assume that h > 3. We let \1(c) = = and e(c) = e and rewrite (7.5) as follows:

zle—z)=8— Y Nil(e))(e). (7.9)

2<i<j<h

In (7.9) we are free to choose Az(c), ..., An(c) subject to z + 3 5, Ai(c) = e, and
wish to maximize .

Observe that the right-hand side of (7.9) is always nonnegative by (7.5) and
the definition of §. Thus (7.9) has two solutions = between 0 and e, and we
are interested in the larger one and want to maximize it. This is equivalent to
choosing Aa(c), ..., A\n(c) so as to minimize the right-hand side of (7.9), or equiva-
lently to maximize » o, ;<; Ai(c)Aj(c). It is well-known that a sum of the form
Z1<i <j<k Gij can only increase if the a; are each replaced by their arithmetic

mean % Indeed, (3>1-a;)? < (32123 a?) = kY a?. Therefore 23 icjaiaj =
_ 1 _ ok (Zai)?
(Caif - Ta? < () - HTa)? = (Ca?kt =2(5) (52)

Thus the upper estimate on z is achieved if we set each of Ay(c), ..., Ay(c) equal

to y. Then x and y are subject to x + (h — 1)y = e and z(e — x) + (h;l)y2 = f.
Eliminating y, we see that x should satisfy
h—2

2(h —1)

and the larger solution of (7.10) yields (7.7) for h > 3.

The left-hand side of (7.10) is a quadratic in x, which is positive for 0 < z < e
and increases with h. Therefore the larger solution of (7.10) increases with h. When
we take (7.10) to the limit h — oo, we obtain z(e—z)+1(e—z)% = 8, or equivalently

z(e—z)+ (e —x)% =3, (7.10)

P

w?=e?—28=" (2i— 1), (7.11)
i=1
and the positive solution of (7.11) is equal to the right-hand side of (7.6). n
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8 A proof of Conjecture 1.2 in certain cases

Theorem 8.1 Let 2 < r <1 be two positive integers. Assume that e = rl+r—1.
Suppose one of the following conditions holds:

1. r=2 and2<p<q,l:671<q;
2. 3<r<landr<p<l+1<q<l+1+ﬁ.

Let G141 be the graph obtained from K,_1 ;11 by adding one vertex to the group of
r — 1 wvertices and connecting it to | vertices in the group of | + 1 vertices. Then
Amaz(G) < Amaz(Griy1), for all G € K(p,q,e). Equality holds if and only if G is
isomorphic to Gy 41.

PROOF Corollary 3.6 implies that in order to find maxgeic(p,q,e), it i enough to
consider graphs Gp = (U,V, E), for some D = {d; > dy > --- > d,,}, where m < p
and d; < q. We are going to assume that #U = m < #V = dy (if this is not
satisfied consider the isomorphic graph G, = (V,U, F)). Let d = (dy,...,dy) be
the degree sequence of D.

Since K(e, p, ¢) does not contain a complete bipartite graph, we know that m > 2.
Proposition 5.3 yields that m > r for r > 3. Let 6; :=d; — d,, for i =1,...,m. We
define s by 85 > 0 = 6441 = --+ = O, and put & := (d1,...,0,) . Thus switching
from d to d amounts to deleting the first d,, columns of the Ferrers diagram of
d, and then deleting empty rows. The resulting Ferrers diagram has a total of
¢ :=e—mdy =), ,0; components equal to 1 and the rest are zero. Note that
01 <q—d,,. As h > 2, we have that 65 > 1. Hence ¢’ < e —1 and % > 1.

We now consider the following polyhedron in R®:

P:={(x1,...,x5) €R’, x> 19> >2,>0, Za:, =¢'}. (8.1)
i=1

Using the notation

1= (1,...,1,0,...,0)" €R" i=1,...,n, (8.2)
H',—/
(2
it is clear that the extreme points of P are %./1171-, i=1,...,s.
Let us define
T._ ¢ :
a;(d) = (a4,...,am;) = 71,7” +dnlmm, t=1,...,s. (8.3)

We note that d € C(d) := conv {a;(d),...,as(d)}. Indeed, § € P, and therefore
there exist o, ..., as > 0 satisfying > 7 ;a; =1 and Y7, aie—.lll,i = 4. Then

2

S S / S /
e e
g - aiai(d) = g Q; (71m,2 + dmlm,m> = < § ai71m,i> + dm]-m,m
1=

i=1 i=1
(di,....dg,dpm,. .. dm)" = (di,... dg,dsir,... dp)" =d.
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Since d is a convex combination of a;(d),...,as(d), it follows that M (d) is the same
convex combination of M (a;(d)),...,M(as(d)). Combine (7.2) with Proposition 7.3
to obtain

Aax(G)? = M (M(d)) < mae 2 (M (ag (). (8.4

The vector ag(d) has the form ag(d) = (z,...,z,9,...,y)" with z = %l + d,, and
k k

y = dy,. Therefore the first k rows of M (ax(d)) are equal to ax(d) and the last m—k

rows are equal to yl,,,,. Proposition 7.1 and Corollary 7.2 yield that M (ax(d)) is

a nonnegative definite matrix of rank 2. It satisfies

e/

M (M(ag(d))) + Ao (M(a(d))) = trace M (ag(d)) = k <% + dm> + (m —k)d,, =e.
(8.5)
The product A\i (M (ag(d)))\2(M(ag(d))) is equal to the sum

D XM (ag(d))) A (M (ar(d))),

1<j
which in turn equals the coefficient of A™~2 in the characteristic polynomial

[T = Xi(M(ar(d)))).

7

This coefficient equals in turn the sum of all 2 x 2 principal minors of M (ax(d)).
There are k(m — k) contributing minors, each of the form det(y¥) = y(z — y).
Therefore

e/

M(M(ay(d)A2(M(ar(d)) = w(ar(d)) := k(m — k)

. (8.6)

Hence

Al(M(ak(d))) _ e+ e? —24w(ak(d)) ) (87)

Thus the maximum possible value of A\ (M (ai(d))) is achieved for the minimum
value of w(ag(d)). This situation corresponds to the minimization problem we
studied in Theorem 5.4. We put

e/

mi=k, mo=m-—k, ni=dn, nQZE.
Clearly mqi 2 1andny > 1. Alsomo=m—k >s+1—k >1and no = % >
%/ > 1. Recall that m = m; +mo > r. We claim that for each 2 < r € N, the
inequality n1 + no > r holds. For r = 2 this inequality follows from the inequalities
ny = 1,n9 > 1. Assume now that r > 3. Observe that

e e’ e e —md e—d
k s m—1

m—1  m-1

Recall that Gp is not complete bipartite. Since dy > --- > d,,, we deduce that
dm < e;ml Hence
e—dp, e 1

> f(m) ::m—1+m(m—1)'

m—1
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So f(m) is a decreasing function for m > 1. For m =p =1+ 1, obtain f(I+1) >

% = TH’+_1 > r if r > 3. Hence nq + no > r for any r > 2. Theorem 5.4 implies the
inequality
r—1)(e—r+1
ol () < D, (8:8)
Hence

(r—1)(e—r+1) )2

e e2 —
Al(M(ak(d))) < il \/ ( == )\maX(Gr,l+1)27

2
where the last equality follows from Theorem 4.1. We use (8.4) to deduce
/\max(GD) < /\max(Gr,H-l) for any GD € K(p7 q, 6). (89)

It is left to show that equality holds in (8.9) if and only if D = D, :={d) = --- =
dp—y =1+1>d, =1}. Let de = (I +1,...,1+1,1) be the corresponding degree
sequence of D,. We now consider the equality case in (8.8). Theorem 5.4 asserts
that equality holds only if one of the two conditions in (5.7) holds.

Assume first that the first condition of (5.7) holds. So n; = <2t = [ On
the other hand n; = d,,. Sod,, = 1. Alsom = m;+mg9g =7r—-1+1 = 7.

Furthermore, ny = %l = 1. This can happen if and only if §; =--- = d; = 1. Hence
d=-+-=ds=1+1and dsy1 = d, = 1. Since ¢ = lr +r — 1, we deduce that
s=r—1.

Assume now that the second condition holds in (8.8). So d,, =n; =r — 1 and
%’:1. Hencedy =---=ds=r >dsy1 =+ =dn =r—1. We have m; = % =
Il=kand mg=1. Som=mq+mg =10+ 1. Since e = rl +r — 1, we deduce that
s=r—1 Hence D=D*={dy =---=d; =r >diy; =r—1}. Note that Gp-~

is isomorphic to Gp, = G141 = (Us, Vi, E). More precisely, Gp, = (Vi, U, E).
Assume first that » > 3. Then #V, =1+ 1 > r = #U,. This case is ruled out
since we agreed to consider only Gp = (U, V, E) where #U < #V. If r = 2, then
#V, = %1 =1[+ 1 and #U = 2. If e > 5, then this case is ruled out as above. If
e =3, then any G € K(2,2,3) is isomorphic to G 2, and the theorem trivially holds
in this case. In particular any Gp € K(2,2,3) is equal to Gp, .

Let Gp = (U,V,E) € K(p,q,e), and assume that #U < #V and D # D,.
The above arguments show that w(ag(d)) > w(a,—1(ds)) for k = 1,...,s. Hence
M (M(ag(d)) < Amax(Gri+1)? for k= 1,...,s, and (8.4) yields that A\pn.x(Gp) <
/\max(Gr,l+l)2' ]
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